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INTRODUCTION.

|.F R O M many propofitions difperfed through

the writings of the ancient geometers, and

more cfpecially from one whole treatife *, it
appears, that the procefs, by which they invefti-
gated the folutions of their problems, was for the
moft part the reverfe of the method, whereby they
demonftrated thofe folutions. But what they have
delivered upon the tangents of curve lines, and.
the menfuration of curvilinear fpaces, does not fall
under this obfervation ; for the analyfis, they made
ufe of in thefe cafes,. is no where to be met with in
their works. [In later times, indeed, a method for
invettigating fuch kind of problems has been in-
troduced, by confidering all curves, as compofed of
an infinite number of indivifible ftreight lines, and
curvilinear fpaces, as compofed in the like manner
of parallelograms. But this being an obfcure and in-
diftint conception, it was obnoxious to error.

2. S1r Ifaac Newton therefore, to avoid the imper-
fe@ion, with which this method of indivifibles was
juftly charged, inftituted an analyfis for thefe pro-
blems upon other principles. Confidering magpni-
tudes not under the notion of being increafed by a
repeated acceffion of parts, but as generated by a
continued motion or flux; he difcovered a me-
thod to compare together the velocities, wherewith

* Apollon. de Seftione Rationis, publifhed by Dr. Halley at
Osxford in 1706.

A 4 homoge-

. -



8 INTRODUCTION,

homogeneous magnitudes increafe, and thereby has
taught an analyfis free from all obfcurity and indi-
ftinéknefs. '

3. Moreover to facilitate the demonftrations for
thefe kinds of problems, he invented a fynthetic form
of reafoning from the prime and ultimate ratios of the
eontemporaneous augments, or decrements of thofe
magnitudes, which is much more concife than the
method of demontftrating ufed in thefe cafes by the
ancients, yet is equally diftinct and conclufive.

4. OF this analyfis, called by Sir Ifaac Newton his
method of fluxions, and of his dorine of primeand
ultimate ratios, Iintend to write in-the enfuing dif-
courfe. For though Sir lfaac Newton has very di-
ftinctly explained both thefe fubje@ls, the firft in his
treatife on the Quadrature of curves, and the other in
his Mathematical pringiples of natural philofophy ;
yet as the author’s great brevity has made a more
diffufive illuftration not altogether ‘unneceffary ; I
have here endeavoured to confider more at large each
of thefe methods; whereby, I hope, it will appear,
they have all the accuracy of the ftricteft mathemati-
cal demonttration.



DISCOURSE
OF
FLUXIONS &

5. YN .the method of fluxions geometrical mag-
I pitudes are not prefented to the mind, as
compleatly formed at once, but as rifing gra-
dually before the imagination by the motion of fome
of their extremes *. ,

6. Trus the line AB may be conceived to be tra-
cedoutgradually
by a point mov- A"
ir?g gn from A A _ B
to B, either with an equable motion, or witha
velocity in any manner varied. And the veloci-
ty, or degree -of fwiftnefs, with, which this point
moves in any part of the line A B, is called the fluxi-
on of this line at that place.

‘7. Acaln, fuppofe two lines ABand A Cto form
a fpa '

ce unbounded E C
towards BC; and
upon ABalineDE -
to be eretted.
8. Now, if this ,
line DE be putin ,
motion (fuppofe fo D& B

.as'to keep always parallel to itfelf,) as foon as it

* Newt, Introd. ad Quad. Curv.
has
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has paficd the point A, a fpace bounded on all fides
will begin to appear between thefe three lines.  For
inftance, when DEis - E G O
moved into the fitua- :
tion FG, thefe three
lines will include the
fpace AFH. Here
it is evident, that this
_fpace will increafe fa-
er or flower, ac-
cording to the degree
of velocity, where-
with the line DE fhall
move. It is alfo evi-
dent, that though the
line DE fhould move
with an even pace, the
fpace AFH would
not for that reafon in-

creafe equably ; but e T
where the line A C was , " §
fartheft diftant from Vv X W

AB, the fpace AFH wauld increafe fafteff. Now

 the velocity or celerity, wherewith the fpace AF H
at all times increafes, is called the fluxion of thae
fpace.

9. HERE it is obvious, that the velocity, wherewith
- the fpace augments, is not to be underftood lite-
rally the degree of {wiftnefs, with which either the
line FG, orany other line or point -appertaining
to the curve actually moves; but as this fpace, while
the line FG moves on uniformly, will increafe

more, in the fame portion of time, at fome places,
~ than at others; the terms velocity and celerity are
applied in a figurative fenfe to denote the degree,
wherewith this augmentation in every part proceeds.

10. But
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10. BuT we may diveft the confideration of the
Buxion of the fpace from this figurative phrafe, by
caufing a point fo to pafs over any ftreight line IK,
that the length 1L meafured out, while the line
DE is moving from A to F, fhall augment ia the
fame proportion with the fpace AF H. For
this line being thus defcribed fafter or flower in
the fame proportion, as the fpace receives its aug-
mentation ; the velocity or degree of fwiftnefs,
wherewith the point defcribing this line attually
moves, will mark out the degree of celerity, where-
with the fpace every where increafes. And here
the line IL. will preferve always the fame analogy
to the fpace AFH ; info much, that, when the line
DE is advanced into any other fituation M N O,
if IP be to IL in the proportion of the fpace
AMN to the fpace AFH, the fluxion of the tPa ce
at M N will be to the fluxion thereof at F H, as
the velocity, wherewith the point defcribing the
line IK moves ac P, to the velocity of the fame
at L. And if any other fpace Q R S T be defcribed
along with the former by the like motion, and at
the fame time a line VW, fo that the portion VX
fhall always have to the length I L the {ame propor-
tion, as the fpace Q RS T bears to the fpace AF H ;
the fluxion of this latter fpace at T S will be to the
fluxion of the former at F H, as the velocity, where-
with the line VW is defcribed at X, to the velocity,
wherewith I K is defcribed at L. It will hereafter
appear, that in all the applications of fluxions to
geometrical problems, where fpaces are concerned,
nothing more is neceffary, than to determine the
velocity, wherewith fuch lines as thefe are de-
fcribed *. : .

*§ 49
11, In
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11. In the fame manner may a folid fpace be con-
ceived to augment with a continual flux, by the mo-
tion of fome plane, whereby it is” bounded; and
the velocity of its augmentation (which may be efti-
mated in like manner) will be the fluxion of that

folid. .

12. FLUXIONS then in general are the ve-
locities, with which magnitudes varying by a con-
tinued motion increafe or diminith; and the magni-
tudes themfeives are reciprocally called the fluents
of thofe fluxions *, ,

18. Anwp as different fluents may be underftood to
be defcribed together in fuch manner, as conftant-
ly to preferve fome one known relation to each
other; the doltrine of fluxions teaches, how to
affign at all times the proportion between the veloci- .
ties, wherewith homogeneous magnitudes, varying
thus together, augment or diminifh.

14. THis doétrine alfo teaches on the other hand,
how, from the relation known between the fluxions,
to difcover what relation the fluents themfelves bear

to each other.

15. IT is by means of this proportion only, that
fluxions are applied to geometrical ufes; for this
dotrine never requires any determinate degree of
velocity to be affigned for the fluxion of any one
fluent. And that the proportion between the fluxi-
ons of magnitudes is aflignable from the relation
known between the magnitudes themfelves, I now
proceed to fhew. ’

* Motuum vel incrementorum velocitates nominando fluxio-
nes, & quantitates genitas nominando fluentes. Newton, Introd.

ad Quadr. Cusv.
‘ 16. In
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16. IN the firft place, letusfuppofe two lines A

and CD to be 4, I EG B
defcribed toge- T

ther by two ¢ KF H 7
points, one fet-- = 4 :

ting out from A, and the other from C, and to
move in fuch manner, thatif A E and CF are lengths
defcribed in the fame time, CF fhall be analogous
to fome power of AE, thatis, if AE be denoted
by the letter x, then CF fhall always be denoted by
pre=s] where a reprefents fome given line, and # any
number whatever. Here, I fay, the proportion be-
tween the velocity of the point moving on AB to
the velocity of that moving on CD, is at all times
aflignable.

17. For let any other fituations, that thefe mov-
ing points fhall have at the fame inftant of time, be
taken, either farther advanced from E and F, as at
G and H, or fhort of the fame, as at I and K3
then if E G be denoted by e, CH, the length
pafled over by the point moving on the line C D,
while the point in the line AB has paffed from A

to G, will be exprefled by *+9° and if E1 be |

aﬂél

denoted by ¢, CK, the length %aﬂ'ed over by the
point moving on the line CD, while the point mo-
ving in AB has got only to I, will be denoted by
x—e\”

X—¢": or reducing each of thefe terms- into 2
a1 : : S

i'cries; CH will be denoted by ,,ni b

a°

AN s 1'% 7—1 n—3 3
BK n—1, X208 nY n—1'Xn—2,x% e +
+ 2'““-‘ . bl Gan—x .

&e.-
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iy .
nP—le X n—+t, X" 2¢e
an-—l 2 an""i

&c. and CK by aﬁ: —

BXn—1 XB~—2y %7363

— — -} &c. Hence all the

ba n—gx
terms of the former feries, except the firft term, viz.

nx"le X n—I1 X2 . *
+ Y= ~+ &c. will denote FH 5

and all the latter feries, except the firft term, wiz.

an—l

o oax"TYe, pxn—1x"T2ee

T -+ &c. will denote KF.

18. WHEN the number # is greater than unite,
while the line A B is defcribed with - a uniform mo-
tion, the point, wherewith CD is defcribed, moves
with a velocity continually accelerated; for if IE
be equal to EG, FH will be greater than KF.

1g. Now here, I fay, that neither the proper-
tion of FH to EG, nor the proportion of KF
to I E. is the proportion of the velocity, which the
point moving on CD has at F, to the uniform
velocity, wherewith the point moves on the line
AB. ‘For, while that point is advanced from E

to G, thepoint , - y g g B
movingron fC D j—|—} .

~ has paffed from »

" FrtoH, andhas €, xrH >

moved through - o

that fpace with a velocity continually accelerated s
therefore, if it had moved during the fame interval
of time with the velocity, it hasat F, unifor
continued, it would not have pafled over fo long
a line ; confequently FH bears a greater proportion
to EG, than what' the velocity, which the point
moving on CD has at F, bears t the velocity of the
point moving uniformly on AB: . K
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20. In like manner KF bears to IE a lefs propor-
-tion than that, which the velocity of the point in
CD has atF, to the velocity of thatin AB. For -
as the point in CD, in moving fromK to F, pro-
ceeds with a velocity continually accelerated ; with
the velocity, it has acquired at F, if uniformly con.-
tinued, it would defcribe in the fame fpace of time
a line longer than KF. ‘

21. In the laft place I fay, that no line whatever,
that fhall be greater or lefs than the line reprefent-
ed by the fecond term of the foregoing feries (viz.

nxa—le

the term ——) will bear to the line denoted

by e the fame proportion, as the velocity, where-
with the point moves at F, bears to the velocity of
the point moving in the line AB; but that the ve-

locity at F i i
ocity at I is to that atEas-;;—_T o ¢ or as
B5°"1 to ¢,

22. Ir poffible Jet the velocity at F bear to the
velocity at E a greater ratio than this, fuppofe the ra-
toofptag. - o
23, In the feries, whereby CH is denoted, the
lin ¢ can be taken fo fmall, that any term propofed
in the feries » '

thatlexceedall A IRG R
the following ~ "~ , ‘
terms  toge- .

ther; fo that c-‘_ ]{P H L
the double of - :

that term fhall be greater than the whole colle@ion of
Athat term, and all that follow. Again, by diminifhing
v 3
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¢, the ratio of the fecond term in this feries, to twice

) . NXO=Te M X n—Ix"—2cp
the third, that is, of - 0 ——

— @t » or
the ratio of ¥ to #—1 X e, may be rendered greater
than any, that fhall be propofed; confequently the
line ¢ may be taken fo fmall, that twice the third

nXn—1X"2ce

“term, that is —, fhall be greater than

n—1I

all the terms following the fecond, and alfo, that the

nxX"=le  pXXn—I1Xx"2¢p )
to ¢ fhall lefs ex-

ratio of —— —~=

nx"—rte
aﬂ’-’l
whatever, that may be propofed.  Therefore Jet the

BX"Tle A n—1X""2¢p .
w1 T~ toebelefs than the

ceed the ratio of to ¢, . than any other ratio

ratjo of

nXB—1X""2¢¢
an-—-l

ratioof p tog; then, if. be alfo gréat-

er than the third and all the following’terms of the

. . . BXNTle oy xp—1 X026
feries, the ratio of the feries prom 4 =

-} &c. to e, thatis, theratioof FH to. EG fhall
be lefs than the ratio of pto ¢, or of the velocity
at F to the velocity at E; which is abfurd ;- for. it
has above been fhewn, that the firlt of thefe ratios
is greater than the laft. Therefore the velocity ar
F cannot bear to the velacity at E.any: greater pro-

. nn=re . _
portion than that of ——— to e. N
a1 ~ :

H

. 24. On the other hand, if poffible, lé: the 'v_clbcity:
at' F bear to the velocity at E-a lefs ‘ratio than

N 3 St that
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nxn—1e ‘
ai‘l—l

to ¢: let this lefler ratio be that of

that of

rtos

25. In the feries whereby CK is denoted, ¢ may be
taken fo fmall, that any one term propofed fhall
exceed the whole fum of all the following terms,
when added together. Therefore let ¢ be taken fo

. , . e NXn—1 X2 ¢p
fmall, that the third term ————— = ex.

2473

XB—IXN o 2x“'3£”
6an—l

ceed all the following terms z

BXn—IXns2 X7 gx"4et
XX 24ani 3 » &c: added togethet.

But ¢ may alfo be rendered fo fmall, that the ratio
nx""te  pXn—1x""%ee

of = —— » the double of the
third terni, fhall be greater than any ratio whatever
that fhall be propofed; and the ratio of ”5;;:‘

-‘_;___— h—2 .
XA ¢ thall come lefs fhort of the

an-—l

. nxt—1 e
ratio of —

to ¢, than any other ratio, that can

n—X
be named. Thereforé let this ratio exceed the ratio

nX n—1x02 ge
24"t

exceeda

of r.to s3 then the term

ing the whole fum of all the following terms
in the feries denoting CK, the whole feries

a1 BX n—IX""2ee a1
N a3 -+ &c. or KF, will in

a1 26°1

Vou. II. B every
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every cafe bear to e, or EI a greater ratio than that
of r to 5, or of the velocity at F to the velo-

~ city at E, which is abfurd. For it has above been

- {hewn, that the firft of thefe ratios is lefs than the
Iaft,

26. If n be lefs than unite, the point in the line
CD moves with a velocity continually decreafing ;
and if » be a negative number, this point moves
backwards. But in all thefe cafes the demonftration
proceeds in like manner.

2. Tuus have we here made appear, that from
the relation between the lines AE and CF, the
proportion between the wvelocities, wherewith they
are defcribed, is difcoverable; for we have thewn,
that the proportion of #x"—* to g™ is the trye
proportion of the velocity, wherewith CF, or

n

:a;:; augments, to the velocity, wherewith AE or

x is at the fame time augmented.

28. AGAIN, in the three lines AB, CD, EF,

A NG K B
c OHL zZ . »p
® ’ P I M. TF
Q VT X
N s
~4
w Y

where
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where the poings A, C, E are given, let us fuppofe
G, H and I to be three contemporary pofitions of
the points, whereby the three lines AB, CD, EF
are refpectively delcribeds and let the motion of the
point defcribing the line EF te fo regulated with
regard ¢o the. motion of the other two points, that
the rectangle under EI and fome given line may
be always equal to the rectangle under AG and
CH. Here from the velocities, or degrees of fwift-
pels, wherewith the points defcribing AB and CD
move, the degree of {wiftnefs, wherewith the poim
deferibing E I moves, may be determined.

29. THE points moving on the lines AB, CD
may either move both the fame way, or one for-
wards and the other backwards.

30. In the firft place fuppofe them to move the
fame way, advancing forward from A and C; and
fince fome given line forms with EI a reftangle equal
to that undef AG and CH, fuppofe Or:%‘ x EI
= AG x CH: then, if K, L, M are contem-
porary pofitions of the points moving on the lines
AB, CD, EF, when advanced forward beyond
G, HandI; and ?I, h?,fP, three other contem-

ra ions of the fame points, before the
groe agivfégﬁtt G, Hand 1; Q'F‘ X EM will alfo b)e:.
=AK x CL, and QT x EP = AN x CO; there-
fore the re€tangle under IM (the difference of the
lines EI and EM) andQ T will be=t AK x HL,

+ CH x GK, and IP x QT = AN x HO +-
CH x GN. )

31. Here the proportion of the velocity, . which
the point moving on AB Kas at G, to that, which
the point moving on CD hasat H, may either keep
always the fame, or continually vary fo, that one

2 of
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of thefe velocities (fuppofe that of the point mov-
ing on the line CID) fhall have to the other a pro-
portion gradually augmenting; that is, if NG and
GK are equal, HL fhall either be equal to OH or
greater. Here, fince 1M x QT is = AK x HL
4+ CHX GK, and IP x QT = AN x HO -
CH xG N, where CH x GK is =CH x GN
and AKxHL in both cafes greater than AN x HO,
IM will be greater than IP; in fo much that in
both thefe cafes the velocity of the point, where-
with the line EF is defcribed, will have to the velo-
city of the point moving on AB a proportion, gra-
dually augmenting. Here therefore the line IM will
bear to GK ' a greater proportion, than the velocity
of the point moving on the line EF, when at
I, bears to the velocity of the point moving on the
line AB, when at G; and the line PI will have a
lefs proportion to NG, than the velocity, which
the point moving on the line EF, has at I, to the
velocity, which the point moving on the line AB
has at G. : ‘

32. Now let R be to S as the velocity, which the

LA NG K B
c OHL Z D
E P I M TF
Q VI X
—
—
W Y

point
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point moving on AB has at G, to the velocity,
which the point moving on CD has at H; then']
fay, that the velocity, which the point moving on
EF has at I, will be to the velocity, which the point
moving on AB hasat G, as 'AG xS+ CHx R
to QT x R.

33. Ir poffible let the velocity, which the point
moving on EF has at I, be to the velocity, which
the point moving on AB has atG, as AG x S}
CH x R to the re¢tangle under R and fome line QV
lefs than QT. '

34. Take W to GK in the ratio of S to R ; then
wil AG XS4 CHx Rbe to R xQV as AGxW
+-CHxGK to QVxGK. Here, becaufe the ratio
of the velocity of the point moving on the line CD to
~ the velocity of the point moving on AB either re-

mains conftantly the fame, or gradually augments,
W is either equal to HL or lefs ; but when it is lefs,
by diminifhing HL the ratio of W to HL may be-
come greater than any ratio whatever, that may be
propofed, fhort of the ratio of equality. The like
1s trpe of the ratio of AG to AK by the diminution
of GK. Therefore let GK and HL be fo diminifh-
ed, that the ratio of AG x W to AK x HL fhall
be greater than the ratioof QV to QT'; then the
ratio of AGx W - CH x GK to AK x HL
.~ CH x GK, -that is, to QT x IM is greater
than the ratio of QV to QT orof QV x IM to
QT xIM; thesrefore AG x W4 CH x GK is.
greater than QV x IM; and the ratio of AG X W
4+ CH x GK to QV x GK is greater than the
ratio of QV xIM to QV x GK, or of IM to
GK; but the ratio of IM to GK is greater than
that of the velocity, which the point moving on E F
has at I, to the velocity, which the point movi:}g
on AB has at G; therefore the ratio of AG x N

B3
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+ CHx GK to QV x GK, or that of AG x S
4+ CH x R0 Q VxR, ftill more exceeds the ratio
of the velocity at I to the velocity at G; and con-
fequently the ratio of the velocity at | to the velo-
city at G is not greater than that of AGx S -
CHxR to QT%R. '

35. Acar, if poilible let the velocity, which the
‘point moving on EF has at I, be to the velosity,
which the point moving on AB hasat G, as AGxS
+CHxR to the rectangle under R and fome line-
QX greater than Q T, _ '

36. Here let Ybeto NG as S to R then will
AGxS4+CHxR be to RxQX as AGxY+4-
CHxNG to QXxNG. But Y will be either
greater than HO, or equal to it, and when greater,
by diminithing HO, the ratio of Y to HO may be-
come lefs than any ratio whatever, that fhall be pro-
pofed, greater than the ratio of equality. Thelike ig

A NG K B
C OHL Z D
E P I M IF

a VIX

wrue of the ratio of AG to AN by the diminution
of NG. Therefore let NG and HO be fo dimi-
nifhed, that the ratio of AGxY 1o ANXHO szll

4]
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be lefs than the ratio of QX to QT ; then the ratio
of AGxY4+CHxNG to ANxHO4-CHxNG,
that is, to Q TxIP, is lefs than the ratio of QX to
QT, or of QXxIP to QTxIP. Confequently
AGxY 4 CHxNG is lefs than QX xIP, and the
ratio of AGxY 4+CHxNG to QXxNG is lefs
than the ratio of QX xIP to QXxNG, or of IP
to NG. But the ratio of IP to NG is lefs than.
that of the velocity, which the point moving on EF
has at 1, to the velocity, which the point moving on
AB has at G. Therefore the ratio of AGx
CHxNG to QXxNG, or that of AGxS4-
CHxR to QX xR, is alfo lefs than the ratio of the
velocity at I to the velocity at G.  Confequently, the

ratio of the velocity at I to the velocity at G 1s not
lefs than that of AGxS--CHxR to QTxR.

37. IF the points defcribing AB and CD move
backwards together, the velocity at I will be the
fame, and the demonftration will proceed in like
manner.’ -

38. Bur if one of the points, as that moving on
CD, recedes, while the other on AB advances for-
ward, take in CD any fix’d point at pleafure Z ;
then the point on CD in refpect of Z moves alfo
forward. Again, take in the line EF, ET" to AG
33 CZ to QT; then AGxCZis=QTxET;
and AGxCH being =QTxEI, AGxHZ will
be =QTxF1I; and by the preceding cafe AG
xS+ ZHxR will be to QT xR as the velocity,
wherewith the point moving on E F feparates from
F, when at 1, to the velocity, which the point mov-
ing on AB has at G. But as AG is continually
increafing, and E T keeps always in the fame propor-
tion to AG; the point I' will itfelf be in motion,
and the velocity of the point I will be to the velo-
city at G, as the line EI' to AG, thatis,3s CZ to

_ B4 QT,
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QT, of as CZxR to QT xR ; therefore the velo-
city, wherewith the point moving on EF, when at1,
feparates from I', being to the velocity of the point
moving on AB, when at G, as AGxS+ZHxR
to QTxR; the abfolute velocity, which the point
moving on EF has at I, will be to the abfolute velo-
city, which the point moving on AB has at G, as
AGxS wCHxR to QT xR ; moving backwards,

A N 6 K B
c OHL. 7 D
E P I M TF
Q VIX
‘ R S
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when it feparates from I’ fwifter than the point I' |
itfelf moves, that is, when AGxS-}ZH xR is
greater than CZ xR, or AG xS greater than CHxR 3
and when the point moving on EF, at I feparates
from I' with a flower motion, than that wherewith
I' moves, that is, when CZxR is greater than
AGxS+ZHxR, or AGxS lefs than CH xR, the
point moving on EF, at I advances forward.

. 39. IN thefe demonftrations the fluxions of lines
only have been confidered ; but by thefe the fluxions
~of all other quantities are determined, For we have
already obferved, that the fluxjons of {paces, whether
fuperficial or folid, are analogous to the velocities,
wherewith lines are defcribed, that augment in the
fame proportion with fuch fpaces, 40. THUS
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'40. THUS we have attempted to prove the truth
of the rules, Sir Ifaac Newton has laid down, for
finding the fluxions of quantities, by demonftrating.
the two cafes, on which all the reft dépend, after a
method, which from all antiquity has been allowed
as genuine, and univerfally acknowledged to be free
from the leaft fhadow of uncertainty.

41. WE fhall hereafter * endeavour to make ma-
nifeft, that Sir Ifaac Newton’s own demonftrations
are equally juft with thefe here exhibited. But firft
we fhall prove, that in all the applications of this
dotrine to the folution of geometrical problems, no
other conception concerning fluxions is neceffary,
than what we have here given. And for this end it
will be fufficient to thew, how fluxions are to be ap-
plied to the drawing of tangents to curve lines, and
to the menfuration of curvilinear fpaces.

~ 42. IF upon the line AB be erected in any angle
~another ftreight line AC, and it be put in motion
upon the line AB towards B keeping always parallel
to itfelf, and proceeding on with a uniform velocity :
if a point alfo ‘ :
moves on the
line AC with
a velocity in
any manner
regulated 3
this point will |
defcrit e with-
in the angle A™D O H F K B
under C AB fome third line DE, which will bea
curve, unlefs the point nioves in the line AC like-
wife with a uniform motion,

* 8 144

43, Herg,
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43. Here, I fay, the line AC being advanced to
any fittation F' G, by what has already been written
on the nature of fluxions, without any adventitious
confid¢ration whatever, a tangent may be affigned to
the cutve at the point G.

44. WHEN the point moves on the line AC with
an accclerating velocity, the curve DE will be con-
vex to the ablciffe DB. Now if two other fitua~
tions HI and KL, of the line AC be taken, one on
each fide F G, and MGN be drawn parallel to AB;
while the line AC is moving from the fituation HI
to FG, the point in it will have moved through the
length 1M, and while the fame lire AC moves from
FG to KL, the point in it will have paffed over
the length NL. And fince the point moves with
an accelerated velocity, IM will be lefs, and NL,
greater than the fpace, which would have been de-
fcribed in the fame time by the velocity, the point
has at G,

45 Let FO be taken to FG in the proportion
of the velocity, wherewith the point F moves on

the line AB, .
¢ ¢ p | QE
S .
drawn cutting

to the veloci-

ty, which the

point moving

on theline FP

has at G, and

HIinR, and O -HFK B
KL in S; then FH will be to MR, and FK to
NS in the fame proportion. Therefore, from what
has been faid above, MR will be greater than M1,
and NS.lefs than NL; fo that the line OQ, which

line OGQbe

the ftreight
unites
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wnites with the "cusve at the point G, lies on both
fides the point G, on the fame fide of the curves
that #s, it does pot crofs, or cur the curve (as geow.
meters {peak) but gouches it only at the poim G,

46. Wain the point moves on the line A € with
a velocity gradually decreafing, the cdrve will be
concave towards the abfcifle; but in this cafe the
method of reafoning will be-ftill the fame.

47. Ir the curve DE be the conical parabola, the

latus rectum being T, and Tx FG=DFy, or
DF .

FG =—; the fluxion of DF will be to the
fluxion of ])Fq( that is, the fluxion of F G) as
T to 2 DF; therefore OF is to FG in the fame pro-
portion of T to 2DF, or of DF to 2 ¥G, and
OF is half DF, . '

48. IN like manner by the confideration of thefe
velocities only may the mestfuration of curvilinear
fpaces be effected. . :

49. Suppose the curvilinear fpace ABC to be ge-
nerated by the parallel motion of the line BC upon
the line AD with 2 uniform velocity, within the
fpace comprehended between she ftreight line AD
and the curve line AZy and let the parallelogram
AEFB be gsnerated with i by the motion of BF
accompanying BC. Suppofe another parallelogram
GHIF{ to be generated a¢ the fame time by the mo-
tion of the line GH equal ©o AE or BF, infifting
on the line GL in an angle equal to that under
CBD ; and’ let the motion of GH be fo regulated,
that the parallelogram GEIK be always equal thu;



28 DISCOURSE

the curvilinear fpace ABC. Then it is evident, by
what has been faid above in our explanation of the
nature of fluxions, that the velocity, wherewith the
parallelogram EABF increafes, is to the velocity,
wherewith the parallelogram GHIK, or wherewith
the curvilinear {fpace ABC increafes ; as the velocity,
wherewith the point B moves, to the velocity, where-
with the point K moves. «

\ | | VYT\ )
E W P :
H ¥ 1 R -
ck \K\K\Q L.
' M ,

50. Now I fay, the velocity of the point B is ta .
the velocity of the point K as BF to BC.

51. Surposk the curve line ACZ to recede far-
ther and farther from AD; then it is evident, that
while the parallelogram EABF augments uniform--

ly, the curvilinear fpace ABC will increafe fafter and
‘ ; fafter;
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“fafter ; therefore in this cafe the point K moves with
a velocity continually accelerated.

52. Here, if poffible, fuppofe the velocity of the
point B to bear a lefs proportion to the velocity of
the point K, than the ratio of BF to BC; that is,
let the velocity of B be to the velocity of K, asBF
to fome line M greater than BC. Then it is poffible
to draw within the curve ACZ towards D aline, as
ON, parallel to BC, which, though it exceed BC,
fhall be lefs than M ; and the ratio of the velocity of
- the point B to the velocity of the point K, will be lefs
than the ratio of BF to NO, or than the ratio of the
parallelogram BP to the parallelogram BO; therefore
ftill lefs than the ratio of the parallelogram BP to the
fpace BCON. Farther let the parallelogram KIRQ_
be taken equal to the fpace BCON, then will the
point K have moved from K to Q in the time, that
the point B has moved from B to N. Now the pa-
rallelogram B P is to the parallelogram KR as BN
to K Q, that is, as the velocity, wherewith the point
B paffes over BN, to the velocity, wherewith KQ
would be defcribed in the fame time with a uniform
motion. - But as the point K moves with a velo-
city continually accelerated, its velocity at K is lefs
than this uniform velocity now fpoken of ; therefore
the velocity of the point B bears a greater proportion
to the velocity of the point K than the parallelogram
BP bears to the parallelogram KR ; that is, than
the parallelogram BP bears to the fpace BCON; -
but the_firft of thefe ratios was before found lefs
than the laft ; which involves an abfurdity. There-
fore the velocity of B bears not to the velocity of K
a lefs proportion than that of BF to BC,

53. AcaIn, if poffible, let the velocity of B bear
to the velocity of K a greater proportion than that

ofBF to BC, that is, the proportion of BF to
, fome
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fome line S lefs than BC; and Jer the line TV be -
drawn parallel to CB, and greater than S, and the
parallelogram TB be compleated, Here the ratio
of the velocity of the point B o the velocity of the
point K will be greater, than the ratio of BF to
TV, or than the ratio of the parallelogram BW
to the parallelogram BT, therefore ftill greater than
the ratio of the parallelogram BW to the curvilinear

z .

) ' WEFP
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fpace VTCB. Now if the parallelogram XY1K
be taken equal to the fpace VT'CB, that the point -
defcribing the line GL. may have moved from X to
K, while VT has moved to BC ; fince the parallelo-
gram BW is to the parallelogram X1 as VB to XK,
that is, as the velocity, wherewith the point B has
pafled over VB, to the velocity, wherewith XI<CZl
‘ woul
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would be defcribed in the fame time with a uniform
motion, the velocity of the poing B bears a lefs pro-
portion to the velocity of the point K, than the pa-
rallelogram BW bears to the parailelogram X1, be-
caufe XK is defcribed with an accelerating velocity :
that is, the velocity of the point B bears a jefs pro-
portion to the velocity of the point K, than the pa-
rallelogram BW bears to the fpace VITCB. But
the firft of thofe ratios was before found greater than
the laft. Therefore the velocity of B does not bear
to the velocity of K a greater proportion than that
of BF to Bg. )

§4. Ir the curve line ACZ were of any other
form, the demonftration would fill proceed in the
fame manner. ‘

55. HENCE it appears, that nothing more is ne-
ceflary towards the menfuration of the curvilinear
fpace ABC, than to find a line GK f{o related to AB,
that, while they are defcribed together, the velocity
of the point, wherewith AB is defcribed, fhall bear
the fame proportion at any place B to the velocity,
wherewith the point defcribing the other line GK
moves at the correfpondent place K, as fome given

- line AE bears to the ordinate BC of the curve ACZ.

56. THE method of finding fuch lines is the fub-
jeét of Sir Ifaac Newton’s Treatife upon the Qua-
drature of Curves. :

57.. For example, if ACZ be a conical parabola
as before, and I'x BC=AByg; twking GK="
AB¢ : ABc
3TxGH’ the parallelogram HK = Py
+ABxBC, is equal to the fpace ABC ; for GK be-

- ABc .
ing equal to TTXGH’ the fluxion of GK or the

velocity
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velocity, wherewith it is defcribed at K, will be to tle
fluxion of AB, or the velocity, wherewith B moves,

as ﬁlﬁi or BC to GH or AE.

58. HAVING thus, as we conceive, fufficiently
explained, what relates to the proportions between
the velocities wherewith magnitudes are generated
nothing now remains, before we proceed to the fe-
cond part of our prefent defign, but to confider the
variations, to which thefe velocities are fubje&.

59. WHEN fluents are not augmented by a uni-
form velocity, it is convenient in many problems to
confider how thefe velocities vary. This variation
Sir Ifaac Newton calls the fluxion of the fluxion, and
alfo the fecond fluxion of the fluent; diﬁingui(hing
the fluxions, we have hitherto treated of, by the -
name of the firft fluxions. The fecond fluxions may
alfo vary in different magnitudes of the fluent, and
the variation of thefe is called the third fluxion of
the fluent. Fourth fluxions are the changes w0 which
the third are fubject, and fo on *.

60. In the two fluents AE and CF, whofe fluxions
we compared at §. 15, &c. where AE being deno-

minated by x,

CF was equal A, ILQ B
o l
toj— #Mc¢ KFEIL by

the fluxion of

AE bore to the fluxion of CF the proportion of
a"—1tonx"—1,  Hereitis evident, that the antecs-
. dent a"—* of this proportion being a fix’d quantity,
and the confequent #¥"—* a variable one; the fluxion

* Fluxionum (fcilicet primarum) fluxiones feu mutationes ma-~
s aut minus. celeres fluxiones fecundas nominare licet, &c.

i
glewt. Quadr. Curv. in Princip.
g of
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of AE does not bear to the fluxion of CF always
the fame proportion. If # be the number 2, the
fluxion of AE is to the fluxion of CF as 4 tothe
variable quantity 2 x; and if # be the number 3, the
fluxion of AE to that of CF will be as a*to 3 x*.
Therefore if AE be defcribed with a uniform velo-
city, when # is any number greater than unite, CF is
fo defcribed with a velocity continually accelerating,
that when 7 is = 2, this velocity augments in the
fame proportion as CF itfelf increafes; and when
m is= 3, it augments in the duplicat¢ of that pro-
portion, &c.

61. Here therefore we fee, that while one quan-
tity flows uniformly, the other is defcribed with a
varying motion ; and the variation in this motion is
called the fecond fluxion of this quantity.

62. It is evident farther, that in this inftance,
when # is = 2, the variation of the velocity is uni-
form ; for the velocity keeping always in the fame
proportion to x, while x increafes uniformly, the
velocity muft alfo increafe after the fame manner.
But when 7 is = 3 ; fince the velocity is every where
as ¥, and ¥* does not increafe uniformly ; neither
will the velocity augment uniformly. So that it
appears by this example, that the variation in the
velocity, wherewith magnitudes increafe, may alfo
vary, and this variation is called the third fluxion of
the magnitude. '

63. In'the fame manner may the fluxions of the
following orders be conceived 3 each order being the
variation found in the preceding one. And the
confideration of velocities thus perpetually varying,
and their variation itfelf changing, is a ufeful fpecu-
lation ; for moft, if not all, the bodies, we have any

Vou. IL C ac-
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acquaintance with, do actually move with velocitics
thus madified,

64. A sTone, for inftance, in its dire&t fall to-
wards the earth has its velocity perpetually augment-
ed ; and in Galileo’s Theory of falling Bodies, when
. the whole defcent is performed near the furface of
the earth, it is fuppofed to receive equal augmenta-
tions of velocity in equal times. In this cafe there-
fore the velocity augments uniformly, and the fecond
fluxion of the line defcribed by the falling body will

in all parts of that line be the fame ; fo that third
" fluxions cannot take place in this inftance; fince the
variation of the velocity fuffers no change, but is

every where uniform.

65. But if the ftone be fuppofed to have its gra-
vity at the beginning of its tgll lefs than art the fur-
face of the earth, the variation of its velocity at firft
will then be lefs than the variation toward the
end of its motion; or in other words, the fecond
fluxions in the beginning and end of its fall would be
unequal ; confequently, third fluxions would here
take place, fince the variation would be fwifter, as
. the body in its fall approached the earth.

66. Tue ftone in this laft inftance then not only
moves with a velocity perpetually varying, as in the
preceding example, but this variation continually
- changes. In the true theory of falling bodies, nei-

ther this laft variation nor any fubfequent one can
ever be uniform; fo that fluxions of every order do
here actually exift.

67. THE fame is true of the motion of the planets
in their elliptic orbs ; of the motion of light at the
-confines of different mediums, and of the motion
of all pendulous bodies. - g

68. In



Or FLUXIONGS & 43

68. In fhort, a uniform unchangeable velccity is
pot to be met with in any of thofe bodies, that fall
under our cognizance ; for in order to continue fuch
a motion as this, it is neceflary, that they fhould
not be diflurbed by any force whatever, either of
impulfe or refiftance ; but we know of no fpaces, in
which at leaft one of thefe caufes of variation-does
not operate:

69. HA VING thus explained the general con-
ception of fecond, third, and following fluxions ; and
having fhewn, that they are applicable to the cizcum-
ftances, which do really occur in all motion, we are
acquainted with ; we will now endeavour to declare
the manner of affigning them.

#0. AND in the firft place fecond Auxions may
be compared together as{foilows. Suppofe any line
to be fo defcribed by motion, that it always preferve
the fame analogy to the firft fluxion of any magni-
tude ; then the velccity, wherewith this line is de-
fcribed, that is, the fluxion of this line, will be ana-
logous to the fecond fluxion of the aforefaid magpni-
tude. For it is evident, that this line will perpetually
alter in magnitude in the fame proportion, as the
fluxion, to which it is analogous, varies,

71. Suppose AB to be a fluent defcribed with a
varying motion ; ‘the fecond fluxion at any one potnt
C may be compa-

red with the fe- ﬁ CrL D 8
cond fluxion at a-

ny other point D, E GTL L
by caufingthe line i

EF to be defcribed by the motion of a point, fo as
to keep always the fame analogy to the fisft fuxion
of the fluent AB.  Suppofe EG be 0 EH, as the

: . - Caz2 : firlt
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firft luxion at C to the firft fluxion at D3 then the
fecond fluxion at C will be to the fecond fluxion at

D, as the firft fluxion of the line EF at G, to the
firft fluxion of the fame at H. ‘

42. In like manner, if another fluent IK be gene-
rated along with the former fluent AB, and alfo de-
fcribed with a varia- I
ble motion; the fe- — ¥
cond fluxion of this ,
latter fluent IK at any M O N
- place L may be com- * i
pared with the fecond fluxion at any part of the
former fluent AB, by defcribing the line MN with
fuch a motion, as always to preferve the fame ana-
logy to the firft fluxion of the fluent IK, as the line
EF bore to the firft fluxion of AB. Suppofe MO
to be to EG, as the firt fluxion of IK:at L to the
firft fluxion of AB at C; then the fecond fluxion at
L will be to the fecond fluxion at C, as the velocity,
wherewith the line MN is defcribed at O, to the ve-
locity, wherewith the line EF is defcribed at G.

K

73. In the fame manner if a line be defcribed ana-
logous to the fecond fluxion of any magpitude, the
" fluxion of this line will exprefs the third fluxion of
that magnitude, and fo of -all the other orders of
fluxions. '

74. In the next placé the rciation, in which the
feveral orders of fluxions ftand with regard to each
~ other, will appear by the following propofition.

75. LeT the line AB be defcribed by the motion
of the point C moving with a varying velocity, and
fet a feries of lines be adapted to this line AB in fuch
manner, that the point D moving upon the firft line
of this feriesat the fame time with the point C, may
' ever
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ever terminate a line ED analogous to the velocity
of the point C; the point F at the fame time termi-
nating upon the fecond line of this feries a line GF
analogous to the velocity of the point D ; and HI
upon the third line being by the motion of the point
I made ever analogous to the velocity of the point
F; & :

A c__ BK M L
E D Q
c R o
I -
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76. Ir now another line KL be defcribed by the
motion of the point M, and if a feries of lines be
adapted to this line KL in the like analogy by the
motion of the points N, O, P, fo that QN be to ED
as the velocity of the point M to the velocity of
the point C, RO to GF as the velocity of the point
‘N to that of the point D, and SP to HI as the velo-
city of the point O to thatof ‘F; I fay, that if the
velocity of the point C has to the velocity of the
point M always the fame proportion at equal diftances
from A and K, that then the velocity of D to that
of N will be in the duplicate of that proportion ; the
velocity of F tothat of O in the triplicate of thac
proportion ; the velocity of I to that of P in the
?uadrup]icate of that proportion, and fo on in the
ame order, as far as thefe feries of lines are ex-
tended. - - .

Cis 77. Sup-
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7. Supposk the velocity of the point C be always
to the velocity of the point M, 4s the line T to the
}ine V, when thefe points are at equal diftances from
A and K. Then, fince the times, in which equal
lines are defcribed, are reciprocally as the velocitics.
of the defcribing points 3 the time, in which AC
receives any additional increment, will be to the
time, in whichh KM fhall have received an equal
increment, as Vto T. :

78: Now ED isalways to6 QN in the proportion
of TtoV. Therefore the variation, by increafe or
diminution, that ED fhall receive to the like varia-
tion, which QN fhall receive, while the lines AC,
KM are augmented by equal increments, will be
alfoas T to Y'z But the time, wherein ED will re-
ceive that variation, %o the time, wherein QN will
receive its variation, will be as V to T. Confequent-
ly, fince the velocities, wherewith different lines are
defcribed, are as the lines themfelves direétly, and as
the times of delcription reciprocally, the velocity of
the point D to that of the point N will be in the
duplicate ratio of T w0 V.

. 79. Acaln, the velocity of D being to the velo-
city of N, when AC and KM are equal, always in
the fame duplicate ratio of T.to V, and GF being
. always to RO as the velocity of the point D to the
velocity of the point N, the variation, by increafe or
diminution, of the line GF to the like variation of
RO, while AC and KM receive equal augmenta-
tion, will alfo be as the velocity of D to the velocity
of N, thatisin the duplicate ratio of T to V. But
the time, in which the line GF receives its variation,
will be to the time, in which RO receives its varia-
sion, as YV to T, Hence the velocity of the point F

i - owill
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will be to the velocity of the point O in the tripli-
carte ratioof Tto V. 4

80. Av-ria the fame manner, the velocity of the
point I will appear to havs to the velocity of the
point P the quadruplicate of the ratio of T to V.

A c B XK ™M L

E D Q N

e F R o
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81. Bur from what we have faid above, it is evi-
dent, that the velocity of the point D is to the velo-
city of the point N, as the fecond fluxion of AC
to the fecond fluxion of KM the velocity of the
point F to the velocity of the point O, as the third
fluxion of AC to the third fluxion of KM and the
velocity of the point I to the velocity of the point P,
as the fourth fluxian of AC to the fourth fluxion of

"KM. And hence appears the truth of Sir Ifaac
Newton’s obfervation at the end of  the firft propo-
fition of his book of Quadratures, that a fecond
fluxion, and the fecond power of a firft fluxion, or
the product under ewo firft fluxions ; a third fluxion,
and the chird power of a firft, or the product under
a firft and fecond, and fo on ; are homologous terms
in any equation. For, as it appears by this propo-
fition, that if the velocity, wherewith any fluent is
augmented, be in any proportion increafed ; its fe-
cond fluxion will increafe in the duplicate of that
: Cs propor-
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proportion, the third fluxion in the triplicate, and
the fourth fluxion in the quadruplicate of that fame
proportion 3 it is manifeft, that the terms in any
equation, that fhall involve a fecond fluxion, will
preferve always the fame proportion to the terms in-
volving the fecond power of a firft fluxion, or the
product of two firft fluxions ; the terms involving
a third fluxion will preferve the fame proportion to
the terms involving the third power of a firft, of the
product of a firft and fecond, or the produt of
three firft fluxions ; and the terms containing a fourth
fluxion will keep the fame proportion to the terms
containing the fourth power of a firft, the product
of a fecond and the fecond power of a firft, the
fecond power of a fecond, or the produét of a firft
and third ; &c. however be increafed or diminithed
the firft fluxion, or the velocity, wherewith the fluents
augment. . : ;

- 82. IN the problems concerning curve lines, which
relate to the degree of curvature in any point of thofe
curves, or to the variation of their curvature in dif-
ferent parts, thefe fuperior orders of fluxions are
ufeful 3 for by the inflexion of- the curve, whilft its
abfciffe flows uniformly, the fluxion of the ordinate
muft continually vary, and thereby will be attended
with thefe fuperior orders of fluxions.

83. For example, were it required to compare the
different degrees of curvature either of different
curves, ar of the fame curve in different parts, and
in order thereto a circle fhould be fought, whofe
degree of curvature might be the fame with that of
any curve propofed, in any point, that thould be
affigned ; fuch a circle may be found by the help of
fecond fluxions. When the abfciffes of two curves
flow with equal velocity ; where the ordinates have
equal firft fluxions, the tangents make equal alm

: gles
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les with their refpective ordinates. If now the
econd fluxions of thefe ordinates are alfo equal, the
curves in thofe points muft be equally deflected
from their tangents, -that is, have equal degrees of
- curvature. Upon this principle fuch circles, as have
here been mentioned, may be found by the following -
method.

84. Tue_curve ABC being given, let it be re-
quired to find a circle equally incurvated with this
curve at the point B. Suppofe EFG to be this cit-
cle, in which the tangent FH at the point F makes -
with the ordinate FI the fame angle, as the tangent

BK, drawn to the other curve ABC at the point B,
makes with the ordinate BL, of that curve. Now
if the two abfciffes AL and EI are defcribed with
equal velocities, the firft fluxions of the ordinates LB
and IF will be equal; and therefore, if the two
curves are equally incurvated at the points B and ﬁ‘,

: the
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the fecond fluxions of thefe ordinates will be alfo
equal. M M be the center of the circle EFG, and
ME be denoted by 4 and MI by x, IF will be
=xy/aa—xx 3 and, by the rules for finding Auxions,
the firft fuxion of I will be to the fluxion of MI,

e ———

or of ¥, as ¥ to yag—xx.'

85. Now fuppofe the line NO to be fo defcribed,
that the fluxion of MI, or of #, fhall be to the
firft fluxion of IF, as fome given line ¢ to NP in
the linc NO, then willk NP be = —=—— Suppofe

. - “ i § Ba—XX
‘likewife the line QR to be fo defcribed, that the
fluxion of AL in thé curve ABC fhall be to the firft
fluxion of LB, as the fame given line £ to QS in the
line QR. Here the firft fluxions of 1F and LB
being equal, NP and QS are equal. And fince the
fecond fluxions of IF and LB are equal, the fluxions
of NP and QS are alfo equal. But NP was

ex

= =—===, and by the rules for finding fluxions, the
v aa—xx

fluxion of NP-will be to the fluxion of MI as caz

to aa—xx o that is, as exEMyg to TFc.  Therefore
in the curve ABC the fluxion of QS to the fluxion
of AL will be in the fame proportion of ex EMg to
IFe. Hence by finding firft QS, then its fluxion,
from the equation exprefling the nature of the curve
ABC, the proportion of exEMg to 1Fc will be
given. Confequently the proportion of e to IF will
be alfo given, becaufe the ratio of EMg to IFg is
the fame with the given ratio of HFg to Hlg, or of
KBg to KLg. And hereby the circle EFG will be
given, whofe curvature is equal to the curvature
of the curve ABC at the point B, -

| 86. Sup;
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86. Suprose the curve ABC to be the conical
parabola, where ALg. fhall be equal to X LB, ¢ be-
ing the latus re€tum of the axis. Here ¢ will be to
QS as ¢ to 2AL; for that is the ratio of the fluxion
of AL to the fluxion of BL: therefore QS is

=% AL, and confequently the fluxion of QS to the

V4
fluxion of AL (that is exx EMg to 1F¢) as 2¢to 4, of
% 2¢XEMg to yxEMg; in fo much that IFcis =

ATK L

3¥XEMg, and ‘the given rato of IFs to EMg
(namely the ratio of KLqg to KBg) is the fame with
the ratio of ;g to IF : thatis, IF is equal to half
the latus retum appertaining to the diameter of the
. parabola, ‘whofe vertex is the paint B,

_ - 87. THIS is all we think neceflary towards giving
a juft and clear idea of the nature of fluxions, and
for proving the certainty of the deduétions made -

) ' from
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from them. For it muft now be manifeft to every
~ reader, that marhematical quantities become the pro-
per objett of this doctrine of fluxions, whenever -
they are fuppofed to increafe by any continued motion
of . prolongation, dilatation, expanfion or other kind
of augmentation, provided fuch augmentation be
directed by fome general rule, whence the meafure
of the increafe of thefe quantities may from time to
time be eftimated. And when different homogeneous
magnitudes increafe after this manner together, ong
“may vary fafter than another. Now the velocity of
increafe in each quantity, is the fluxion of that
quantity. This is the true interpretation of Sir Ifaac
Newton’s - appellation of fluxions, Incrementorum
velocitates. For this dotrine does not fuppofe the
fluents themfelves to have any'motion. Fluxions
are not the velocities, with which the fluents, or even
the increments, which thofe fluents receive, are
themfelves moved; but the degrees of velocity,
wherewith thofe increments are generated.  Subjects
incapable of local motion, fuch as fluxions them-
felves, may alfo have their fluxions. In this we do
not afcribe to thefe fluxions any actual motion ; for
to afcribe motion, or velocity to what is itfelf only
a velocity, would be wholly unintelligible. The
fluxion of another fluxion is only a variation in the
velocity, which is that fluxion. In fhort, light,
heat, found, the motion of bodies, the power of
gravity, and whatever elfe is capable of variation,
and of having that variation affigned, for this reafon
comes under the prefent doftrine; nothing more
being underftood by the fluxion of any fubject, than
the cci’egrce of fuch its variation.

88. T O aflign the velocities of variation or in-
creafe. in different homogeneous quantities, it is ne-

ceflary to compare the degrees of augmentation,
. ' which
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which thofe quantities receive in equal portions of
time; and in this dorine of fluxions no farther
ufe is made of fuch increments: for the application
of this doétrine to geometrical problems depends
upon the knowledge of thefe velocities only. But
the confideration ofg the increments themfelves may
be made fubfervient to the like ufes upon other prin-
ciples ; the explanation of which lea<rs us to the fe-
cond part of our defign.




- 463 -
"OF

| PRIMI? and ULTIMATE
RATTIOS.

89. F'F\HE 'primary method of comparing toge-
? T ther Ehc ‘magpnitudes of re&iﬁnearg fpa%is ,
is by laying them one upon another: thus all the
right lined fpaces, which in the firft book of Euclide
are proved to be equal, are the fum or difference of
fuch fpaces, as would cover one another.  This me- .
thod cannot be applied in comparing curvilinear
fpaces with rectilinear ones; becaufe no part what-
ever of a curve line can be laid upon a ftreight line,
+ fo as wholly to coincide with it. For this purpofe
therefore the ancient geometers made ufe of a me-
thod of reafoning, fince commonly called the method
of exhauftions ; which confifts in defcribing upon
the curvilinear fpace a reilinear one, which though
not equal to the other, yet might differ lefs from it
than by any the moft minute difference whatever,
_that fhould be propofed ; and thereby proving, the
two f{paces, they would compare, could be ncither
greater nor lefs than each other.

go. For example, in order to prove the equality
between the fpace comprehended within the circum-
ference of a circle, and atriangle, whofe bafe thould
be equal to the circumference of that circle, and its
altitude to the femdiameter, Archimedes takes this
method. |
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method. About the circle he defcribes a polygon
as ABC, and makes it appear, that by,multiy}ying
the fides of this polygon, there may at leagth be
defcribed fuch a one, as (hall exceed the circle Jefs
than by any difference, that thall be propefed, how
minute foever that difference be. By this means ;¢
was eafy to prove, that-the triangle DEF, whofe
bafe EF fhould be-equal to the circumference of the

A
B
C
r\
T \ F (.

circle, and altitude ED equal to the femidiameter, is
not greater than the circle. For were it greater,
bow {mall foever be the excefs, it were poffible to
defcribe about the circle a polygon lefs than the
triangle ; but the circumference of the polygon is
greater than the circumference of the circle, there-
fore the polygon can never be lefs, but muft be
always greater than the triangle ; for the polygonis
c?ual to a triangle, whofe altitude is the femidiameter

of the circle, and bafe equal to the circumference of .
the polygon. It appears therefore impofiible for the

triangle DEF to be greater than the circle.

g1. Tuus far Archimedes makes ufe of the poly-
gon circumfcribing the circle and no farther: but
in{cribing another within the circle he proves, by a
fimilar procefs of reafoning, that it is impoffible fgr
the
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the- t;iangle to be lefs than the circle; becaufe if
- it were lefs, a polygon might be infcribed within the
circle greater than this triangle, which he alfo proves
to be impofiible; whereby at length it becomes cer-
tain, that the triangle DEF is neither greater nor
lefs than the circle, but equal to it.

92. HewevVER, the triangle may be proved not to
be lefs than the circle by the circumfcgbed olygon
alfo. For were it lefs, another triangle DEG, whofe

!]\
r F .

bafe EG is greater than EF, might be taken, which
fhould not be greater than the circle. But a polygon
can be circumicribed about the circle, the circum-
ference of which fhall exceed the circumference of
the circle by lefs than any line, that can be named,
confequently by lefs than FG, that is, the circum-
ference of the polygon fhall be lefs than EF, and
the polygon lefs than the triangle DEG ; therefore it
is impoflible, that this triangle fhould not exceed the
circle, fince it is greater than the polygon : confe-
- quently the triangle DEF cannot be lefs than the

circle.

93. THUS the circle and triangle may be
proved to be equal by comparing them with one
‘ polygon
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polygon only, and Sir Ifaac Newton has inftituted
upen this princjple a briefer method of conception
and expreflion for demonitrating this fort of prapo-
fitiops, than what was ufed by the ancients 3 and his
ideas are equally diftin&, and adequate to the fub-
ject, with theirs, though more complex. It became
the firft writers to choofe the moft fimple form of
-expreflion, and the leaft compaunded ideas poffible.
Bur Sir lfaac Newton thought, he fhould oblige the
mathematicians by ufing brevity, provided he. in-
troduced no modes of conception difficult to be
eomprehended by thofe, who are not unfkilled in
the ancient methods of writing.

94. THe concife form, inte which Sir Ifaac New-
ton has caft his demonftratians, may very poflibly -
create a difficulty of apprehenfion in the minds of
fome unexercifed in thefe fubjets. But otherwife
his method of demonftrating by the prime and ulti-
mate ratios of varying magpitudes is nat only juft,
and free from any defet in itfelf 5 but eafily to be
comprehended, at leaft by thofe who have made
thefe fubjefts familiar to them by reading the an-
cients. -

95. IN this method any fixed quantity, which
fome varying quantity, by a continual augmenta-
tion or diminution, (hall perpetually avproach, bug
never pafs, is confidered as the quantity, to which
the varying quantity will at laft or ultimately become
equal; provided the varying quantity can be made
in its gpproach to the other to differ from it by lefs
than by any quantity how minute foever, that cap
be affigned *. -

96. Uron this principle the equality between the
fore-mentioned circle and triangle DrF is at once
® Princ. Philof. Lib. L. Lem. 1.

Yor. IL. D dedu-
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deducible. For, fince the polygon circumfcribing the
circle approaches to each according to all the con-
ditions above fet down, this polygon is to be confi-
dered as ultimately becoming equal to both, and
confequently they muft be efteemed equal to each
other. '

-+ gy. THaAT this is a juft conclufion, is moft evi-
dent. For if either of thefe magnitudes be fuppofed
Jefs than the other, this polygon could not approach
to the leaft within fome affignable diftance.

98. RATIOS alfo may fo vary, as to be con-
fined after the fame manner to fome determined
limit, and fuch limit of any ratio is here confidered
as that, with which the varying ratio will ultimately
coincide *. : 1

99. From any ratio’s having fuch a limit, it does
not follow, that the variable quantities exhibiting
that ratio have any final magnitude, or even limit,
which they cannot pafs. :

10o. For fuppofe two magpitudes, B and B+A,
whofe difference fhall be A, are each of them per-
petually increaling by equal degrees. It is evident,
that if A remains unchanged, the proportion of
B+A to B is a proportion, that tends nearer and
nearer to the proportion of equality, as B becomes
larger ; it is alfo evident, that the proportion of
B+ A to B may, by taking B of a fufficient magni-
tude, be brought at length nearer to the proportion
of equality, than to any other affignable proportions
and confequently the ratio of c?uality is to be con-
fidered as the ultimate ratio of B4A to B. The
ultimate proportion then of thefe quantities is

* Princ. Philof. Lib. I. Lem, 1.
here
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bere affigned, though the quantities themfelves have
no final magpitude.

101. Tae fame holds true in decreafing quantitics.

102. THE quadrilateral ABCD bears to the qua-
drilateral EBCF the proportion of ABJ-DC to
‘BE-CF, provided the two lines AE and DF are
“parallel.  Now if the line DF be drawn nearer to
AE, this proportion of AB+DC to BE-L.CF wijll
not remain the fame, unlefs the lines DA, CB, FE
“produced will meet in the fame point ; and this pro-
“portion, by diminithing the diftance between DF
and AE,mayatlaft bebrought g 27
nearer to the proportion of ]
AB to BE, than to any other
whatever. Therefore thepro- A
portion of AB to BE is to be G C
confidered as the ultimate B L—1""
proportion of AB4+DC to -
BE-[-CF, or as the ultimate
proportion of the quadrijate- . E I
‘ral ABCD to the quadrilateral EBCF.

103. HErE thefe quadrilaterals can never bear
one to the other the proportion between AB and BE,
‘nor have either of them any final magnitude, or
even fo much as a limit, but by the diminution of
the diftance between DF and AE they diminifh con-
_tinually without end : and the proportion: berween
"AB and BE is for this reafon called the ultimate
_proportion ‘of the two quadrilaterals; becaufe it is
the proportion, which thofe quadrilaterals can never
atually have to each other, but the limic of that

proportion. C SO
104. TH'z"qﬁadrilatcrals may be contin.uall){"dimi-
nifhed, cither by dividing BC in any known, propor-
- : Dz R tion
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tion in G drawing HGI parallel to AE, by divid-
" ing again BG in the like manner, and by continu-
ing this divifion withoutend ; or elfe the lipe DF
may be fuppofed to advance towards AE with an
uninterrupted motion, ’till the quadrilatesals quite
difappear, or vabifh. And under this latter notion
thefe quadrilaterals may very properly be called va-
nithing quantities, fince they are now confidered, as -
never having any ftable magnitude, but decreafing
‘by a continued motion, ’till they come to nothing.
And fince the ratio of the quadrilateral ABCD to
the quadrilateral BEFC, while the quadrilaterals di-
mipith, approaches to that of AB to BE in fuch
manner, that this ratio of AB to BE is the neareft
limit, that .can be affigned to the other ; .it is'by no
means; a forced conception to confider the ratio of
AB to BE:under the notion of the ratio, wherewith
the guadrilaterals vanifh ; and this ratio may pro-
perly jbe called the ultimate ratio of two vapifhing
quantities. : , )

10§. TuE reader will perceive, I am endeavour-
g to explain Sir #faac Newton’s expreflion Ratio
ultima quantitatum evanefcentium; and I have ren-
dereg the ‘Latin participle evanefcens, by the Englith
‘onc vanithing, and not by .the word evanefcent,
which ‘having the form of a.noup adje&ive, does
not fo certainly imply that .motion, .Whiﬁ:h -ought
here tp be kept carefully in mind. The quadrila-
‘terals 'ABCD, BEFC became vanithipg quantities
from the-time, we firft afcribe to them this perpe-
“tual diminution ; that is, from.that time they are
quantities going ‘to -vanith. - And as ‘dyring their
diminutivn” they have continually different propor-
" tions to each other; fo the ratio betwéen AB- and
BE is pot to be called merely Ratio harugn quanti-
-tatam evanefgentium, but Ultima ratio *..

' -* Vid. Princ. Philof. Lip, I. Lem. xi. in Schol.
— 106, SHouLD
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106. SHouLD we fuppofe the line DF firft to co-
incide with the line AEI’S and then recede from it,
by that means giving birth . D~
tg the quadrilaterals ; under H/
thiis conception the ratio of (
AB to BE may veryjuftlybe A~ ]
confidered as the ratio, G c
wherewith the quadrilaterals ¢ ’
by this motion commence ;
and this ratio may alfo pro-
perly be called the firft or E I F
prime ratio of thefe quadrilaterals at their origine.

LY

107. Here I have attempted to explain in like
manner the phrafe Ratio prima quantitatum nafcen-
tium ; but no Englith participle occurring to me,
whereby to rendek the word nafcens, I have been
obliged to ufe circumlocution. Under the prefent
conception of the quadrilaterals they are to be called
nafcentes, not only at the very inftant of their firft
prodution, but according to the fenfe, in which
fuch participles are ufed in common fpeech, afters
the fame manner, as when we fay of a body, which
has lain at reft, that it is beginning to move, though
it may have been fome little time in motion : on
this account we muft not ufe the fimple expreffioa
Ratio quantitatum nafcentium ; for by this we fhali
not {pecify any particular ratio ; but to denote the
ratio between AB and BE we muft call it Ratio
prima quadrilatetum nafcentium*. .

108. WE fee here the fame ratio may be called
fometimes the prime, at other times the ultimate ratio
of the fame varying quantities, as thefe quantities are
confidered cither under the notion of vanifhing, or

* Vid. Ibid.
D3 of
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of being produced before the imagination by an

uninterrupted motion. The doétrine under exami-

nation receives its name from both thefe ways of
expreflion, .

; :
109. THUS we have given a general idea of the.
manner of ‘conception, upon which this doétrine is
built: But as in the former part of this difcourfé we
confirmed the doctrine of fluxions by demonftrations
of the moft circumftantial kind ; fo here, to remove
~all diftruft concerning the conclufivenefs of this me-
thod of reafoning, we fhall draw out its firft princi-
ples into a more diffufive form. '

110. FOR this purpofe, we fhall in the firft place
define an ultimate magpnitude to be the limit, to
which a varying magnitude can approach within any
degree of nearnefs whatever, theugh it can never
be made abfolutely equal to it.

111. Trus the circle difcoutfed of above, accord-
ing to this definition, is to be called the ultimate
e magpnitude of the polygon circum{cribing it; be-
caule this polygon, by increafing the number of its
fides, can be made to differ from the circle, lefs than
by any fpace, that can be propofed, how fmall foever 3

and yet the polygon can never become either equal to
the circle or lefs.

112. In like manner the circle will be the ultimate
magpitude of the polygon infcribed, with this dif-
ference only, that as in the firft cafe the varyin
magnitude is always greater, here it will be lefs than
the ultimate magnitude, which is its limit.

113. Acain, if EG, the bafe of the triangle
DEG, be fuppofed always equal to the circumference
of the polygon, the triangle DEF will be the ulti-

mate
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.mate magnitude of the triangle DEG, fince the
bafe EG will conftantly be greater than the bafe
EF, equal to the circumference of the circle only,
and yet EG may be made to approach EF nearer
than by any difference, that can be named.-

A

C
(!\

114. UPON this definition we may ground the
following propofition 3 That, when varying magni-
tudes keep conftantly the fame proportion to each .
other, their ultimate magnitudes are in the fame
proportion. ‘

115. LeT A and B be two varying magnitudes,
which keep conftantly in the fame proportion to each
other; and let C be the ultimate magpnitude of A,
and D the ultimate magnitude of B. 1 fay, that Cis
to D in the fame proportion.

115, As A is a varying magnitude continually
approaching to C, but can never become equal toit,
A may be either always greater ot always lefs than
C. In the firft place fuppole it greater.

When A is greater than C, in ap- A. B,
proaching to C it is continually dimi- C. D.
nithed ; therefore B keeping always ’
in the fame proportion to A, B in ap- E.
proaching to its limit D is alfo conti-

nually diminithed. - Dy 117. Now,
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117. Now, if poflible, let the ratio of Cto D be
greater than chat of A to B, that is, fuppofe C to
have to fome magnitude E, greater than D, the fame
proportion as A has to B. Since C is the ultimate
magnitude of A in the fenfe of the preceding defini-
tion, A can be made to approach nearer to C than by
any difference, how fmall foever that fhall be pro-

ofed, but can never become.equal toit, or lefs. .
Therefore, fince C is to E as A 10 B, B will always
exceed E ¢ confequently can never approach to D fa
near as by the excefs of E above D : which is abfurd.
For fince D is fuppofed the ultimate magnitude of B,
it can be approached by B nearer than by any afligned
difference. :

118. ArTeER the fame manner, neither can the
ratio of D to C be greater than that of B to A.

119. Ir the varying magnitude A be lefs than C,
it follows, in like manner, that neither the ratio of
C to D can be lefs thin that of A to B, nor the fitia
of D to C lefs than thatof Bto A,

120, It is an evident corollary from this propofi-
tion, thit the ultimate magnitudes of the fame or -
tqual varying magnitudes are equal.

121. NOW from this propofition the fore-men-
tioned equality between the circle and triadgle DEF
wil] again readily appear. For the circle being thé
ultimate magnitude of the polygon, and the triangle
DEF the ultimate magnitude of the triangle DEG,
when the polygon and the triangle DEG are equal,
by this propofition the circle and triasigle DEF will
be alfo equal, g

122. I
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122. Ir the preceding propofition be admitted, as
4 genuine deduction from the definition, upon which
i is grounded; this demonftration of the equality
of the circle and triangle cannot be excepted to.
For no objection can lie againft the definition itfelf,
as no inference is there deduced, but only the fenfe-
explained of the term defined in it.

123. THE other part of “this method, which
concerns varying ratios, may be put into the famé
form by deéfining ultimate ratios, as follows.

124. IF there be two quantities, that are (one or
both) continually varying, either by being continu-
ally augmented, or continually diminifhed; though
the proportion, they bear to each other, fhould
by this means perpetually vary, but in fuch a man-
ner, that it conftantly approaches nearer and nearer
to fome determined proportion, and cah alfo be’
brought at length in its approach nearer to this de-
termined proportion than to any other, that can be
afigned, but can never pafs it: this determined

roportion is then called the ultimate proportion, or
the ultimate ratio of thofe varying quantities.

125. TO this definition of the fenfe, in which the
term ultimate ratio; or ultimate proportioh is to be
underftood, we muft fubjoin the following propofi-
tion: That all the ultimate ratios of the fame varying
tatio are the fame with each other.

126. Svppose the ratio of A to B continually
vaties by the variation of one or both of the terms
A and B. If the ratio of Cto D be the ultimate
ratio of A to B, and the ratio of E to F be likewife
the ultirhate ratio of the fame; I fay, theé ratio of C
to D is the fame with the ratio of E to F.

127,
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~127. IF pofiible, let the ratio of E to F differ
from that of C to D. Since the ratio of C to B
is the ultimate ratio of A to B, the ratio of A to B,
in its approach to that of C to D, can be brought
at length nearer to it, than to any other whatever.
Therefore if the ratio of E to F differ from that of
C to D, the ratio of A to B will either pafs that of
- Eto F, or can never approach fo near it, as to the
ratio of C to D : in fo much that the ratioof E to F
cannot be the ultimate ratio of A to B, in the fenfe
of this definition. s

128. THE two definitions here fet down, toge-
ther with the general propofitions annexed to them,
comprehend the” whole foundation of this method,
we are now explaining. '

129. We find in former writers fome attempts
toward fo much of this method, as depends upon
the firft definition. Lucas Valerius in a molt excel-
lent rreatife on the center of gravity of folid bodies,
has given a propofition nqthing difterent, but in the
form of the expreffion, from that we have fubjoined
to our firft definition; from which he demonftrates
with brevity and elegance his propofitions concern-
ing the menfuration and center of gravity of the

fphere, fpheroid, parabolical and hyperbolical co-

noids. ~ This author writ before the doétrine of in-
divifibles was propofed to the world. And fince,
Andrew Tacquet, in. his treatife on the cylindrical
. .and annular folids, has made the fame propofition,
though fomething differently exprefled, the bafis of
his demonftrations, at the fame time very judicioufly
expofing the inconclufivenefs of the reafonings from
indivifibles. However, the confideration of the li-
mits of varying proportions, when the quantities ex-
prefling thofe proportions have themfelves no lir{llitsi;
. whic

-
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which renders this method of prime and ultimate
ratios much more exenfive, we owe intirely to Sir
Ifaac Newton. That this method, as thus com-
pleated, is applicable not only to the fubjets treated
by the ancients in the method of exhauftions, but to
many cthers alfo of the greateft importance, appears
from our author’s immortal treatife on the Mathema-
tical principles of natural philofophy. '

130. HOWEVER, ,we fhall farther illuftrate
this doctrine in applying it to the fame general pro-
blems as thofe, whereby the ufe of fluxions was above
exemplified.

131. WE have already given one inftance of its
ufe in determining the dimenfions of curvilinear
fpaces; we fhall now fet forth the fame by a more
general example.

132. LeT ABC be a curve line, its abfcifie AD,
and an ordinatc DB. If the parallelogram EFGH,
formed upon the given line EF under the fame an-

le, as the ordinates of the curve make with its ab-
%ciﬁé, be in all parts fo related to the curve, that
the ultimate ratio of any portion of the abfciffe AD
to the correfpondent portion of the line EH, fhall
be that of the given line EF to the ordinate of the
curve at the beginning of that portion of the ab-
fciffe; then will the curvilinear fpace ADB be equal
to the parallelogram EG.

133. In the curve let the abfciffe AD be divided
into any number of equal parts Al, IL, LN, ND,
and let the ordinates 1K, LM, NO be drawn, and
alfo in the parallelogram EG the correfpondent
lines PQ, RS and TV. In the curve compleat the
parallelograms IW, LX, NY, and in the parallel-
ogram EG make the parallelogram PZ equal to t:lc

. ‘ paral-
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arallelogram IW, the parallelogram RF equal to
X, and the parallelogram TA equal to NY: then

the whole figure IKWMXOYD will be equal to

the whole figure PZCAH. But in the curve, by
increafing the number and diminithing the breadth
of thefe parallelograms, the figure IKWMXOYD

¢y

will approach nearer and nearer in magnitude to the
eurvilinear fpace ADB; in fo much that theit differ-
erice may be reduced to lefs than any fpaee, that fhall
be affigned; therefore the cutvilintar fpace ADB is
the ahimate magnitude of the figure IKWMXOYD.
Farther, fince the parallelogram EG is in all parts fo
telated to the carve, that the ultimate ratio of every

. por-
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portion, as LN, of the abiciffe AD to RT, the
correfpondent portion of EH, is the fame with the
ratie of EF or RS, to LM; the ultimate ratip of
the parallelogram LX, or its ec}ual RF, to the
parallelogram RYV, is the ratio of equality. This
is alfo true of all the other correfpondent parallelo-
grams; therefore, the pltimate ratio of ;E: Agure
PZFAH to the parallelogram PG is the ratio of
equality ; that is, the figure PZI'AH, by increafing
the number of its parallelograms, can be brought
nearer to the parallelogram PG than by any differ-
ence whatever, that may be propofed. Moreover,
by increafing the number of ordinates in the curve,
the refidgary portion Al of the abfciffe can be reduced
to lefs than any magpitude, that fhall be propofed;
whereby the parallclo ram EQ, correfponding to
this portion of the abiciffe, may be alfo reduced to
lefs than any magnitude, whatever propofed; and
the parallelegram PG be brought to differ lefs from
EG than by any affigned magpnitude how fmall fo-
ever. Since therefore the figure PZTAH can be
brought nearer to the parallelogram PG than by any
difference, that can be affigned; the figure PZFAH
can be brought alfo nearer to the parallelogram EG
than by any difference that can be affigned. Con-
fequently the parallelogram EG js the ultimate mag-
nitude of the figure PZ TAH. Therefore the figures
PZFAH and IKWMZXOYD being equal varying
‘magnitudes, and the ultimate magnitudes of equal
varying magnitudes being equal, the curvilinear fpace
ADB is equal to the parallelogram EG.

134. Supposk the curve ABC were a cubica] pa-
rabola cenvex to -the abfcifle, that is, fuppqle ®
9 given line, and ©¢ x LM = Al¢ it EH be
- AD o
& ol shen e pamlllogram £G will be

egyal to the fpace ADB:
' ‘ As
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. —_— _‘"q—:q 1 — — qq
135 ASE[]IS = oaxk F, ER wnll bc pumact quF

' AN :
and ET = I@qui;“‘F’ confequently RT =
ALcxLN L2 ALgxLNg -1 ALxLN¢ ~+ +LNgg
o , OgxEF :
. Therefore the parallelogram EG is here fo related in

all parts to the curve, that LN is to RT as egxEF
to ALc4- 3ALgx LN - AL x LNg 4 ;LNe.
Now it is evident, that the ratio of LN to RT can
" never be fo great as the ratio of ©gxEF to ALc;
but yet, by diminifhing LN, the ratio of LN to
RT may at length be brought nearer to this ratio than
: 3 to
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to any' other ‘whatever, that fhould be propofed.
Confequently by the preceding definition of what is
to be underftood by an ultimate ratio, the ratio of
€7 x EF -to 'AL¢ is the ultimate ratio of LN to
RT. But ALc being = 09 x LM, ©7 x EF is to
ALc as EF to LM. Therefore the ratio of EF to
LM is the ultimate ratio of LN to RT. Con-
fequently, . by the preceding general propofition,
the parallelogram EG is equal to the curvilinear
fpace ADB. And this parallelogram is cqual to
+AD x DB. . ,

. 136, AGAIN this method is equally wheful in
determining the fituation of the tangents to curve
lines.

1 37 IN thc curve ABC, whofc abfcnﬁé is AD let
EBbea tangent at the point B. Let BF be the ordi-
nate at the fame point B, and GH another ordinate
parallel to it, which fhall meet the tangent in 1, and
the line BK,
parallel to the
abfcifle AD,in
K. Here the
ratio of . HK,
the diﬁ’emnce
of = the ordi-
nates, to BK
can never be . — :
the amewith A E- F G .. , D
the ratio of BF - S
to FE, ‘unlefs by the figure of the curve thc tangent
chance to cut it in fome point remote from B this
ratio of BF to FE being the fame with that of IK
to KB. But it is farther evident, that the nearer
GH is to ‘FB, -the ratio of KH to KB will approach
fo much the nearer to the ratio of 1K to KB; and
the angle, " which the curve BC makes with the

tangent
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sangent BI' being lefs than any right-lined angle,
it is manifeft, that GH may be made to approach
towards FB, ’till the ratio of HK to KB, thall at
length approach nearer to the ratio of IK to KB, or.
of BF to FE, ' )
than to any
other  ratio .
whatever, that
thall be pro-
pofed; that is,

the ratio of.
BF to FE is
the ultimate (jee & _ .
ratio of HK A £ F G ' b
toKB. There-

fore, if from the properties of the curve ABC the
ratio of HK to KB be determined, and from thence
their ultimate ratio afligned ; this ratio thus affi
il be the ratio of BF to FE; becaufe all the ulti-
mate ratios of the fame variable ratio are the famg
with each other. ’

. 138. Supposk the curve ABC again to be a cubi-
_cal parabola, where BF is = ész' and GH ==

q .
Fx A
.{\qu‘.'. Here HK will be = 3AFx GEEG + FG 3

therefore HK is to FG, or BK, as 3AF x AG r
FGgq to Zg. Confequently the ratio of HK 1o BK
can never be fo fmall as the ratio of 3AFg %0 Zg;
but by dimjnithing BK it may be hrowght pearer 29
that ratio than 0 any othes determinage ratio whatr
ever; that is, the ratioof gAKg to Zg js the ylrigate
ratio of HX to KB. Therefore, if BF bear to FE
the ratio of 3AFy to Zg, the lipe BE will souch the
curve in B: agd EF will be gqual to 3 AF. . .

139.
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139 AFTER the ftuation of the tangent has
beea thus determined, the muagpitude of HI, the
part of the ordinate intercepted between the tangent
and the curve, will be known. For example, in
this inftance: fince BF is to FE, that is IK to FG,
as 3 A¥g to Zg, IK will be = 3ATIXFC oy

HK being = SAFXAGXFG 4 FGe 1y )

| 2
be = 3AFxF§g-!—FG; = E%zx3AF+F(r.

Now by this line HI may the curvature of curve
lines be compared.

140. LeT the ftreight line AB touch the curve
CBD in the point B; CE being the abftiffe of the
curve, and BF the ordinate at B. Take any other
point G in the curve, and through the points G,B,
defcribe the circle BGH, that fhall touch the line
AB in B; lattly, draw IKGL parallel to FB. Here
are two angles formed at the point B with the circle,
one by the line BK, the other by the curve; and
the proportion of the firft of thefe angles to the
fecond will be different in different diftances of the
point G from the point B. And by the approach
of G to B the "angle between the circle and curve
will be diminithed, even fo much as at length to
bear a lefs proportion to the angle between the circle
and tangent, than any, that can be propofed. That
is, by the approach of the point G to B the angle
between - the tangent and circle may e broughe
nearer to the angle between the tangent and the
curve, than by any diffetence how minute foever
homogeneous to thofe angless therefore the mag-
nitude of the circle being continually varied by the
. gradual approach of G wo B, and the angle between -
the tangent and circle thereby alfo varied; the angle

Vou. IL E -between
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between the tangent and curve is the ultimate mag-
nitude of thefe angles. That is, the ultimate of
thefe circles determines the degree of curvature of
the curve CBD at the point B. But in the circle
the re¢tangle under LKG is equal to the fquare of
BK. And while the magnitude of KL varies per-
tually by the approach of the point G towards
;3 if BM, taken in FB produced, be the ultimate
magpnitude of KL, the circle defcribed through M
and B to touch the tangent AK in B will be the
circle, by which the curvature of the curve CBD in
B is to be eftimated. ,

141. Supposk the curve CBD to be the cubical
parabola as before, where Zg x FB is = CF¢, then

KG will be = =4 x 5CF F FI. Hence LK
BKgq¢ ZqBKq Zq

(=XG) = Fi, *3cF L F1 Dot

is evident, thatin a given fituation of the tangent

AB the ratio of BKg to Flg is given; therefore
LK
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LK will be reciprocally as 3CF 4~ FI, and will
continually increafe, as the point G approaches to
the point B, but can never be fo great, as to equal
BKg , 24
Flg * 3CF
toB, LK may be brought nearer to this quantity than
by any difference, that fhould be propofed. There-
fore, by our former definition of ultimate magni-

5 yet by the near approach of G

tudes, %I%q X :;*%_% is the ultimate magnitude of
LK. Confequently, if BM be taken equal to this
%K-: x é%%" t'hc 'circle 'dcff:ribcd through M is
that required.

142. WE have now gone through all, we think
needful for illuftrating the doétrine of prime and ulti-
mate ratios; and by the definitions, which have been
here given of ultimate magnitudes and proportions,
compared with the inftances fubjoined of the appli-
cation of this doétrine to geometrical problems, we
hope our readers cannot fail of forming fo diftin&t a
conception of this method of reafoning, that it fhall
appear to them equally geometrical and {cientific
with the moft unexceptionable demonftration.

143. Tuererore we fhall in the next place pro-
ceed to confider the demonftrations, which Sir lfaac
Newton has himfelf given, upon the principles of
this method, of his precepts for affigning the fluxions
of fowing quantities.
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n oy o .

1k

oF
Sir Isaac NEwTONS
M ETHOD

Of demontftrating his Rules for MHg

ther line CD to be denoted by -a-f—__;, or by éoﬁﬁd‘c’t:
ing a as unite, CD will be denoted by x"

146. Supposk the pointsBandD to move in equal
fpaces of time into two other pofitions E and F3
then DF will be to BE in the ratio of the velocity,
wherewith DF would be defcribed with a uniform

motion,
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motian, ta the velocity, wherewith BE will be de-
fcribed in the fame time with a uniform motion. '
But if the point
defcribing  the B T
line AB moves 1 —
- uniformly; the

4

velogity, where- ——
with the line ¢ D T
CDisdefcribed,

will not be uniform. Therefore the fpace DF is
pot defcribed with a uniform velocity ; in fo much
that the velocity, wherewith DF would be uni-
formly defcribed, is never the fame with the velo-
city at the poiat D. But by diminithing the mag-
nitude of DF, the uniform velocity, wherewith DF
would be defcribed, may be made to approach at
pleafure to the velocity at the point D. ‘Therefore
the velocity at the poiat D is the ultimate magnitude
of the velocity, wherewith DF would be uniformly
defcribed.  Confequently the ratio of the velocity at
D to the velocity at B is the ultimate ratio of the
velocity, wherewith DF -would be uniformly de-
fcribed, to the velacity, wherewith BE is uniformly
- defcribed.  But DF being to BE as the velocity,
wherewith DF would be uniformly defcribed, to that,
wherewith BE is uniformly defcribed, the ultimate
ratio of DF to BE is alfo the ultimate ratio of the
firt of thefe velocities to the laft; becaufe all the
ultimate ratios of the fame varying ratio are the fame
with each other. Therefore the ratio of the velocity
at D to the velocity at B, that is, of the fluxion
of CD to the fluxion of AB, is the fame with the
ultimate ratio of DF to BE.
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147 Ir now the augment BE be denoted by o, the-
nXn—I

2

augment DF will be denoted by nxa=1 4

X

xn=2p* L fj”__é_’_‘_’_‘__z_ xn—ig3 4 &c. And here -
it is obvious, that all the terms after the firft taken -
together may be made lefs than any part whatever of
the firft, that fhall be affigned. Confequently the pro-
portion of the firft term #x32—74 to the whole augment
may be made to approach within any degree whatever
of the proportion of equality; and therefore the ulti-

nXn—i

mate proportion of #xn—1o 4 x2—20* 4

NXN—I X Hn—2 ' ! | -
3 %3¢ 4 &c. to o, or of DF to

BE, is that of #«"=% only to o, or the proportion
of #x»=1 to 1.

148. AND it has already been proved, that the pro-
portion of the velocity at D to the velocity at B is the
fame with the ultimate proportion of DF to BE;
therefore the velocity at D is to the velocity at B, or
the fluxion of »* to the fluxion of #, as #mx*—1 to 1.

149. IN the firft propofition of the treatife of Qua-
dratures the author propofes the relation betwixt
- three varying quantities #, y, and 2 to be expreffed

by this equation x’—xy* + 2%z — 4 = o. Suppofe
thefe quantities to be augmented by any contem-
poraneous increments great or fmall. Let us alfo
fuppofe fome quantity ¢ to be defcribed, at the
fame time by fome known velocity, and let that
velocity be denoted by my the velocity, wherewith
the augment of x would be uniformly defcribed in
that time be denoted by 3 the velocity, wherewith
the augment of y would be uniformly defcribed in
the
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the fame time by y; and laftly the velocity, where-
with the augment of z would be uniformly defcribed

in the »fame time by 2. Then ff, ‘-’Z, and &2
m’ m m

will exprefs the contemporaneous increments of
% y, and z refpectively. Now when x is become

x+:—:, yis,becomey+fmz and z become z 4
2 gx%ox

—; the former equation will become »* +

gxo*Ax | 0’x? . oxy*  2xoyy
Pt T T W T .
_ MYy xyy  EOY§ . 90E
m * m taz+ m

5 = o. Here, as the firft of thefe equations exhi-
-bits the relation between the three quantities x, y, 2,
as far as the fame can be exprefled by a fingle equa-
tion; fo this fecond equation, with the affiftance of
the firft, will exprefs the relation between the aug-
ments of thefe quantities. But the firft of thefe equa-
tions may be taken out of the latter; whence will

3R

. S . axtox X0 XX
arife this thitd equation 3 3 :
- . L m .
3%  oxy*  2x0jy  2Xo'yy  xo'yy
™ m . om m* - om

. s s
— 20 2% — oy which alfo expreffes the
relation between the feveral increments; and like-
wife if o be a given quantity, this equation will
equally exprefs the relation between the velocities,
wherewith thefe feveral increments are generated
refpectively by a uniform motion. And this equa-
tion being divided by ¢ will be reduced to more
fimple terms, and yet will equally exprefs the rela-
tion of thefe velocities; and then the equation will

E 4 become
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become Xy 3OXX | 00X

.t . .m
2xyy 2%0)ly %0y _ Xy, @'%
w  m S omr T m + =

Now let us form an equation out of the terms of
this, from which the quantity ¢ is abfent. "This
N 2 ) 20
equation will be zi—fr—’g— -— ,’:ﬁl._;_ a—E»—_:o;
m m m m
and this equation multiplied by m becomes 3x*x
Xy* — 2xyy -~ a*z =o. It is evident, that this
equation does not exprefs the relation of the fore-
mentioned velocities; yet by the diminution of o
this equation may come within any degree of ex-
preﬂix}g that relation. Therefore, by what has
been fo often inculcated, this equation will exprefs
the ultimate relation of thefe velacities. But the
fluxions of the quantities x, y, 2 are the ultimate
magnitudes of thefe velocities; fo that: the ultimate
relation of thefe velocities is the relation of the
fluxions of thefe quantities. Confequently this Jaft
“equation reprefents the relation of the fluxions of the
quantities #, ¥, z.

‘150. 1T is now prefumed, we have removed all dif-
ficulty from the demonftrations, which Sir Ifaac
Newton has himfelf given, of his rules for finding
flyxions.

151, IN the beginning of this difcourfe we have en-
deavoured at fuch a defcription of fluxions, as mighe
not fail of giving a diftin& and clear conception of
them. We then confirmed the fundamental rules
for comparing fluxions together by demonftrations
of the moft formal and unexceptionable kind. And
now having juftified Sir Ifaac Newton’s own de-
monftrations, .-we have not only fhewn, that his
do&trine of fluxions is an unerring guide in the fo-

lution



IS

Or FLUXIONS & %3

lution of geometrical problems, but alfo that he
himfelf had fully proved the certainty of this me-
thod. For accomplifhing this laft part of our un-
dertaking it was neceffary to explain at large ano-
ther method of reafoning . eftablithed by him, no
lefs worthy confideration; fince as the firft inabled
him to inveftigate the geometrical problems, where-
by he was conduted in thofe remote fearches into
nature, which have been the fubje® of univerfal °
admiration, fo to the latter method is owing the
furprizing brevity, wherewith he has demonftrated
thofe difcoveries.

CONCLU-
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CONCLUSION.

152. HUS we have at length finithed the

whole of our defign, and fhall therefore
put a period to this difcourfe with the explanation
of the term momentum frequently ufed by Sir Ifaac
Newton, though we have yet had no occafion to
mention it. ‘

153. Anp in thisI fhall be the more particular, be-
caufe Sir Ifaac Newton’s definition of momenta, That
they are the momentaneous increments or decrements

.of varying quantities, may poffibly be thought obfcure,
" Therefore I fhall give a fuller delineation of them,

and fuch a one, as fhall agree to the general fenfe of
his defcription, and never fail to make the ufe of this
term, in every propofition, where it occurs, clearly
to be underftood. : '

154. IN determining the ultimate ratios between the
contemporaneous differences of quantities, it is often
previoufly required to confider each of thefe differ-
ences apart, in order to difcover, how much of thofe
differences is neceffary for expreffing that ultimate

‘ratio. In this cafe Sir Ifaac Newton diftinguifhes,

by the name of momentum, fo much of any differ-
ence,



OfF FLUXIONS & 73

ence, as conftitutes the term ufed in expreffing this
ultimate ratio.

155. Tuus in § 147, where BE is =0, and DF
nxz—_x yn—2t + ﬂXﬂ—EXé—Z
Xx2—3* 4 &c. the ultimate ratio of DF to BE
Ing the ratio of :
nx>—lotoo,fuch 4

equal to =19 |-

a part only of , B &
DFasisdenoted

by nxn—1g,with- —t
out the addition - C D I
of any ef the fol-

lowing terms of the feries, conftitutes the whole of
~ the momentum of the line CD; but the momentum
of AB is the fame as the whole difference BE, or o.

155. In like manner, if A and B denote varying
quantities, and their contemporaneous increments
be reprefentéd by 4 and 4; the rectangle under any
given line M and & is the contemporaneous in-
crement of the reCtangle under M and A, and
Axb 4+ Bxa 4 axb is the like increment of the
reCtangle under A, B. And here the whole incre-
ment M x g reprefents the momentum of the rect-
angle under M, A; but Axj,+ Bxa only, and
not the whole increment Axé 4+ Bxa 4 axb, is
called the momentum of the rectangle under A, B;
becaufe fo much only of this latter increment is re-
quired for determining the ultimate ratio of the
increment of Mx A to the increment of AxB, this
ratio being the fame with the ultimate ratio of
Mxa to Axb 4+ Bxa; for the ultimate ratio of
Axb+Bxa to Axb 4+ Bxa+4 axb is the ratio
of equality. Canfequently the ultimate rat}el of

xa
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Mxa to Axb + Bxg differs not from the ultis
mate ratio of M x4 to Axb + Bxa 4 axb..

- 157, THESE momenta equallyrelate to,the decre-
ments of quantities, as to their increments, and the
ultimate ratio of increments, and of decrements at
the fame place is the fame; therefore the momentum
of any quantity may be determined, either by con-
fidering the increment, or the decrement of that
quantity, or even by confidering both together.
And in determining the momentum of the reétangle
under A and B Sir Ifaac Newton has taken the laft
of thefe methods; becaufe by this means the fupar-
fluous rectangle is fooner difengaged from the de-
monftration, v

158. HERE it muft always be remembered, that
the only ufe, which ought ever to be made of thefe
momenta, is to compare them one with another,
and for no other purpofe than to determine the ulti-
mate or prime proportion between the feveral incre-
ments or decrements, from whence they are deduced *.
Herein the method of prime and ultimate ratios
eflentially differs from that of indivifibles 3 for in.the
method of indivifibles momenta are confidered abfo-
lutely as parts, whereof their refpetive quantities are
aftually compofed. But though thefe momenta have
no final magpitude, which would be neceffary to make
them parts capable of compounding a whole by accu- .
mulation; yet their ultimate ratios are as truly affign-
able as the ratios between any quantities whatever.
Therefore none of the objections made againft the
doétrine of indjvifibles are of the leaft weight againft
this method: but while we attend carefully to the ob-
fervation here laid down, we fhall be as fecure againft
error, and the mind will reccive as full fatisfattion,

* Neque {pefatur magnitudo mamentorum, fed prima paf-

centium, proportio. Newt. Princ. Phil. Lib, II. Lem. z.
a5
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as in any the moft unexceptionable demonftration of
Euclide.

159. WE fhall make o alPology for the length of
this difcourfe: for as we can {carce fufpec, after what
has been above written, that our readers will be at
any lofs to remove of themfelves, whatever little
difficulties may have arifen in this fubje&® from the
brevity of Sir Ifaac Newton’s expreffions; fo our
time cannot be thought mifemployed, if we. fhall at
all have contributed, by a more diffufive phrafe, to
the eafier underftanding thefe txténlive, and cele-
brated inventions. ) :

AN
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AN :
ACCOUNT
~ OF THE
PRECEDING DISCOURSE.

| Firft pri’nted in The Prefent State of the Republick
of Letters for O&ober 1735.

1. QY OME doubts having lately arifen concern-

S ing Sir Ifaac Newton’s dottrines of fluxions,
and of prime and ultimate ratios; this treatife was
written with defign to give fuch an idea of both thefe
fubjeéts, as might clear them from uncertainty,
without entering into the difcuffion of any particular
objections. _

2. For this end the author has been careful, not
anly to diftinguith both thefe methods from that
- ufually kfdown by the name of indivifibles, but alfo
from each other. ' ,

3. The manner wherein the ancients demonftrated,
what relates to the menfuration of curvilinear fpaces,
not giving any diftinct notion of the principles, upon
which they built their analyfis of fuch problems;
about thirty years before Siglfaac Newton invented
his method of fluxions, Cavalerius, a mathematician
of Italy, propofed in thefe problems a new form of
reafoning®*. He fuppofes, that all furfaces might

* In Geometria Indivifibilibup promota, Edit. 1635.
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be filled up with parallel lines, and all folids by
parallel planes; and then lays down this fundamental
propofition, That different planes are in the fame
proportion to each other as all the lines contained in
each, and different folids in the fame. proportion as
all the planes contained in them. As this is 2 man-
ner of expreffion hardly accompanied with any ideas ;
fince it is not at all intelligible to fpeak of the colle&-
ive number of lines or planes, where their number is
wholly undetermined -and infinite: this method was
from the beginning oppofed, as ungeometrical, -and
in no meafure agreeable to that clearnefs of concep-
tion and expreflion, for which the mathematical
fciences had ever been celebrated. But however, as
by proper cautions error in the conclufions might be
avoided, and this method promifed great affiftance
_in the analyfis of a fubjeét, wherein the ancients had
‘made the leaft progrefs; it was warmly efpoufed by
Torricellius, and others of the moft illuftrious geo-
meters. Our countryman Dr. #allis, and many
after him, thought it an improvement of this me-
thod to fubftitute, in the room of lines, parallelo-
grams, whofe breadth was to be called infinitely fmall;
and for the planes, whereby folids were fuppofed to
be filled up, prifms or cylinders of an infinitely fmall
altitude: tI:) that the method of indivifibles at length
{uppofed all geometrical magnitudes, whether lines,
furfaces, or folids, to be compofed of an infinite
’?umbcr of homogeneous magpitudes, each infinitely
mall. ' : ’
4. But this is a mode of expreffion no way more
intelligible than the other. Sir Ifaac Newton there-
fore inftituted a manner of conception upon quite
different principles. He obferving (to ufe his own
‘words) that indivifibles have no being either in geo-
metry or in nacurct ; inftead of this infinite and in-

- *® Philof. Tranfa&. No. 342. p. 205. or Commer. Epiftolic.

P 38. .
con-
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conceivable fubdivifion of magnitudies already formed,
he confidered them as produced before the imagina-
tion by fome motion. And thus th¢ fame magni-
tude will in fom¢ parts increafe fafter-than in others,
and different magnitudes. defcribed together increafe
by different degrees of fwiftnefs. - Now if the pto-
portion between the celerity of incteat of two mag- °
nitudes produced together is in all parts keown; it is
evident, that the relation between tho magnitudes
themfelves muft from thence bt difcoverable.

5. This is the foundation of his' méthod of fluxis
- ons. And to form a true idea thereof, we muft
diftinguith between the increafe, which a line or
figure receives in any given fpace of titne, and the
velocity, wherewith that increafe is generated: for
though by the velocity, wherewith any line or figure
continually augments, - the quantity of its increafe
may be known; and on the contrary, from the
quantity of the increafe the velocity, wherewith that
increafe was produced ; yet the quantity thus added
is not the velocity, wherewith it 1s genérated. And
the method of fluxions requires the knowledge of
thefe velocities of increafe only: as Sir Jfaac New-
2on’s other method of prime and ultimate ratios pro-
ceeds entirely upon the confideration of the increments
produced.

6. In the method of Auxions are introduced no
forms of expreffion, but what convey very clear and
diftin& ideas, and fuch as have not the leaft affinity
with the mode of conception fchemed out in that of
indivifibles. This manner therefore of confidering
magnitudes, as they are gradually preduced before
the mind, is a genuine way of difcovering the
relation between fuch magnitudes, which may after-
wards be proved to bear that relation by a fubdiviien
into parts, as practifed by the ancient geometers;
fince it is fhewn in this difcourfe, that the rules.for

finding
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finding fluxions are demonftrable according to the
ancient forms.

7. The demonftration here given for the fluxion
of a power, is formed upon the model of that deli:
vered by Sir Ifaac Newton himfelf; but may be other-
wife performed after the following manner.

8. Let A, BC, DE, FG, HI, KL, and A, BM.
DN, FO, HP, KQ_be two feries’s of continued
proportionals beginning with the fame term A; then
if b be a number denoting the diftance of the terms
KL, KQ_from A, and £ a number denoting the

Ar———ry
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diftance of the terms FG, FO from the fame; the
ratio of L.Q, the difference of the terms KL, KQ
the moft remote from A, to GO, the difference of
the other terms FG, FO, is greater than the ratio
of bxKL to kxFG, and lefs than the ratio of
bxKQ_to #xFO. - '

. 9- The ratio of DE to DN is the duplicate of the
ratio of BC to BM; for the ratio of DE to A is the
duplicate of that of BC to A, and the ratio of A to
DN is the duplicate of that of A to BM; therefore,
by equality, the ratio of DE to DN is the duplicate
of the ratio of BC to BM.

"Voxr.II, F 10p
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10. In like manner the ratio of FG to FO is the
triplicate of the ratio of BC to BM, and fo of the
re(g. Infomuch that between any two terms in thefe
feries’s, equally diftant from the firft term A, as
many mean proportionals in the ratio of BC 1o BM
will fall, as are the number of the intermediate terms
in either feries between thefe terms and A. Thus
between FG and FO fall the mean preportionals FR,
FS, and between KL, KQ, the mean proportionals
KT, KV, KW, KX. ere the difierences GR,
‘RS, SO will be equal in number to £, by which is
denoted the diftance of the term FG from A, and
the differences LT, TV, VW, WX, XQ will be
equal in number to 5. Now KL isto FGas LT to .
GR, and LT, TV, VW, WX, XQ_are in the
fame continued proportion as GR, RS, SO: there-
fore KListo FG as LW, the fumof LT, TV, VW,
- whofe number is &, to GO, the fum of GR, RS,
SO, whofe number is likewife £. But the ratio of
LQ to GO is compounded of the ratio of LQ_ to
LW, and of that of LW to GO. Now the ratio
of LQ to LW is greater than the ratio of 4 to &;
therefore the ratio of LW to GO being the fame
with that of KL to FG, the ratio of LQ_to GOl is
greater than that compounded of the ratio of 4 to &,
and of that of KL to FG; that is, greater than the
ratio of 4xKL to £xFG.

11. Again: KQ is to FO as QX to QS there-
fore QX, XW, WV, VT, TL being in the fame
continued proportion with OS, SR, RG; KQ is to
FO as QV, the fum of QX, XW, WV whofe
number is ¥, to GO. But the ratio of LQ to GO
is compounded of the ratio of LQ te QV, which is
lefs than the ratio of 4 to &, and of the ratio of QV to
GO, or of the ratio of KQ_to FO. Therefore the

ratio of LQ_to GO is lefs than that of £xKQ to
kExFO, o ’

" 2.

-
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- 12. Again, 1 fay, thay LQ and GO may be taken
fo fmall, that the ratip of LQ to GO fhall be lefs
than any ratio, that fhall be propofed greater than
the ratio of #xKL to kchy'. or greater than any
ratjo, that fhall be propofed lefs than the ratio of
b x‘izQ to kx FO.

" 13. Let DE, DN be the terms in thefe feries’s
at the fame diftance from A, as KL is from FG;
" then DE will be to A as KL to FG, and bx DE
to kxA as bxKL to £xFG; likewife DN to A
as KQ to FO, and £#xDN to £xA as 5xKQ to
£ x EO, : -

14. Now in the firf} place take 5 x DN in a lefs
ratio to kx A, than the ratio propofed greater than
that of b x KL to &x FG. Then the ratio of
beKQ to kx FO will be lefs than the ratio pro-
pofed; hut the ratio of LQ_to GO is lefs than thap .
of bxKQ_to £xFO, and therefore will be lefs than
the ratio propofed.

5. In the next place, let xDE be taken to
kx A in a greater ratio than the ratio propofed lefs
than that o% bxKQ_to £xFO. Then will the
ratio of bxKL to £xFG be greater than that now
propofed.  But the ratio of LQ_to GO is greater
than that of & x KL 10 £xFG, confequently grester
than that now propofed. ',

A 1EG B
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16. Now in the figure at § 16. of this book,
AE being denoted by x, let CF be denoted by

n
%‘, m and  reprefenting any two whale numbers.

"D

Fa2 Then
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Then AE and CF will be two terms in a feries of
proportionals beginning from &, the number # de-
noting the place of AE, and m the place of CF.
Here I fay, the velocity, wherewith the point de-
fcribing CD moves at F, is to the velocity of the
point moving on AB at E, as mxCF to #xAE;

—_ . m-—n m—n

. x® , ‘mTa .
that is, as mx——to XX Oras —x toa”.
= - n o
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17. In the firft place G and H, as likewife I and

K being other contemporary’pofitions of the points
moving on AB and CD; AG and CH will be terms
in a feries of proportionals beginning from a4, and
likewife AI and CK terms in another feries of pro-
portionals alfo beginning from & fituated in like
manner, as the terms AE and CF in the feries, to
which they belong. Therefore, if m be greater than
#, from what has above been written, FH bears a
greater proportion to EG, and KF a lefs proportion
to EI than m x CF bears to #x AE. Confequently,
if IE be equal to EG, KF will be lefs than FH;
infomuch that if the point on AB moves with'a uni-
form velocity, the point on CD moves with a velo-
city continually accelerated. - C
18. Now, if poflible, let the velocity at F bear to
the velocity at E a greater proportion than that
affigned, fuppofe the ratio of p to g. °
19. Becaufe the ratio of p to ¢ is greater than that
of mxCF to nx AE, let the ratio of mxCH to
nx AE be lefs than the ratio of p to g. Then, by
what has been above written, the ratio of FH to
EG is lefs than the ratio of mxCH to nx AE,
confequently lefs than the ratio of pto ¢, or of the
velocity at F to the velocity at E; which is abfurd,

“the firft of thefe ratios being greater than the laft.

#0. Again, fuppofe the velocity at F bear to the
- ‘ ; velocity -



- Tue PREcepING Discoursz. 85
velocity at E a lefs proportion than that affigned,
fuppofe the ratio of r to s.

21. The ratio of r to s being lefs than that of

mxCF to nx AE, let the ratio of m x CK to
nx AE be greater than the ratio of r to 5. Then
the ratio of KF to IE will be greater than the ratio
of mxCK to nx AE; confequently greater than the
ratio of r to s, or of the velocity at F to the velo-
city at E; which is abfurd, the firft of thefe ratios
being lefs than the laft.
22, If the point on the line AB fhould move from
I to G, not with a uniform velocity, but with a -
velocity continually increafing; fince, when IE is
equal to EG, KF is lefs than FH, the point on CD
will move with a velocity more accelerated; and if
the point moving from I to G proceed with a de-
creafing velocity, the motion from K to H will at
leaft decreafe flower: infomuch that in thefe cafes alfo
the proportion of FH to EG will be greater, and that
of KF to IE les than that of the velocity at F to
the velocity-at E. Therefore the demonftration will
here proceed in the fame manner as before.

23. If m be lefs than #, KF will be greater than
FH, and ¢he point on the line CD move with a de-
creafing velocity, when the motion from I to G is
uniform; but the demonftration will here alfo pro-
ceed after the like manner. Nor will it be ditferent
when one of the numbers m or 7 is negative.

24. The doétrine of fluxions, as delivered by Sir
Ifaac Newton, conlfifts of two parts; the form of
conception we have above defcribed, and the method
of applying it for the folution of mathematical pro-
blems. The furprizing improvements Sir Jfaac
Newton has made in the analytical part of geometry
by thefe principles, his immortal treatife on the qua-
drature of curves abundantly fets forth. But the
author of this difcourfe defigning only to confider

the mode of conception propofed in this doétrine, he
F 3 has
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bas avoided any particular explanation of the formts
of calculation, that having been largely performed
by others. But as the introduction to this fubjeét,
the moft read, has accommodated thefe calculations
to the fyftem of indjvifibles*, it has occafioned the
true mode of conception, fo neceffary to give this
doétrine a place in geometry, to be very ruch nég-
Je@ed. The author therefore has fhewn at large,
how we may carry along with us the genuine form
of conception in the application of this dottrine to
the menfuration of curvilinear fpaces, the drawin
- of tangents, and other problems, to which theg

principles are to be applied.

25. FLuxions not affording the moft convenient
means for {ynthetic dementtration, Sir [fzac Newton,
who in all his writings has fhewn the ftrongeft defire
of ufing brevity, invented ftill anothet form of rea-
foning, from what he calls the prime and ultimate
ratios of the increments or decrements of varying
quantities, whereby to avoid the length of the ancient
demontftrations by exhauftions. '

26. This method is as effentially different from
that of indivifibles, as the former; but howevet,
requires fomewhat greater artention to aveid falling
into that faulty manner of conception. It depends
'on the firft lemma of his mathematical principles of
natural ‘philofophy, the genuine meaning of which
is, That thofe quantities are to be efteemed ultimately
equal, and thofe ratios ulsimately the fame, which
are perpetually approaching each other in fuch a
manner, that any difference how minute foever be-
ing given, a finite time may be afligned, before the
end of which the difference of thofe quantities or
yatips fhall become lefs than that given difference.

:1 Analyfe des infiniment petits, ' Par le Marquis de I’Hg.
pitah . o

27.'
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2. What Sir Jfaac Newton intends we fhould un-
derftand by the ultimate equality of magnitudess
and the ultimate identity of ratios propofed in this
lemma, will be beft known from the demonttration
annexed to it. By that it appears, Sir Jfzac New-
ton did not mean, that any point of time was affign-
able, wherein thefe varying magnitudes would be-
come aCtually equal, or the ratios really the fame;
but only that no difference whateyer could be named,
which they fhould not pafs. The ordinate of any
diameter of an hyperbola is always le(s than the fame
continued to the afymptote; yet the demonftration
of this lemma can be applied, without changing a |
fingle word, to prove their ultimate equality. The
fame is evident from the lemma immediately follow-
ing, where parallelograms are infcribed, and others
circum{cribed to a curvilinear fpace. Here the firft
lemma is applied to prove, that by multiplying the
number and diminithing the breadth of thefe paral-
lelograms sn infinitum, that is, perpetually and with-
out end, the infcribed and circumfcribed figures be-
come ultimately equal to the curvilinear fpace, and
to each other; whereas it is evident, that no point
of time can be affigned, wherein they are actually
equal; to fuppofe this were to affert, that the varia-
tion afcribed to thefe figures, though endlefs, could
be brought to a period, and be perfectly accom-
plithed; and thus we fhould return to the unintelli-
gible language of indivifibles, The excellence of
this method confifts in making the fame advantage
of this endlefs approximation towards equality, as
by the ufe of indivifibles, without being involved in
the abfurdities of that do&rine. In fhort, the differ-
ence between thefe two may be thus explained.

28. There are but three ways in nature of com-
paring fpaces: one is by thewing them to confift of
fuch, as by impofition on each other will appear to
occupy the fame place: another is by thewing their

: F 4 pro-
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roportion 'to fome third; and this method can only
Ec directly applied to the like fpaces as the former,
for this proportion muft be finally determined by
fhewing, when the multiples of fuch fpaces are ¢qual,
and when they differ: the third method, to be ufed
where thefe other two fail, is by defcribing upon the
fpaces in queftion fuch figures, as may be compared
by the former methods, and thence deducing the
relation between thofe fpaces by that indiret mannes
of proof commonly called deductio ad abfurdum; and
this is as conclufive a demontftration, as any other,
it being indubitable, that thofe things are equal,
which have no difference. Thus Euclide and Archi-
medes demontftrate all they have writ concerning the
comparifon and menfuration of curvilinear fpaces:
The method advanced by Sir Ifazc Newton for the
fame purpofes differs from theirs, only by applying
this indire&t form of proof to fome general propofi=
tions, and from thence deducing the reft by a direct -
form of reafoning. Whoever compares the fourth
of Sir-Ifaac Newton’s lemmas with the firft, will fee,
that the proof of the curvilinear {paces there confi-
dered having the proportion named depends wholly
upon this, that if otherwife the figure infcribed within
one of them could not approach by fome certain
diftance to the magnitude of that fpace: and this is
precifely the form of reafoning, whereby Euclide
proves the proportion between different circles. As
this method of reafoning is very diffufely fet out in.
the writings of the ancients, and Sir [fzac Newiton
has here exprefled himfelf with that brevity, that the
turn of his argument may poffibly efcape the unwary ;
the author has recommended the reading the ancients,
as the beft introduction to the knowledge of this
method.  The impoffible attempt of comparing
curvilinear {paces without having any recourfe to the
forementioned indirect method of arguing produced
the abfurdity of indivifibles.

29\
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:29. As the magnitudes called in this lemma ulti-
mately equal may never abfolutely exift under that
equality; fo the varying magnitudes holding to each
other the variable ratios here confidered may never
exift under that, which is here called their ultimate
ratio. Of this Sir Ifaac Newton gives an .inftance,
which the author .of this treatife l%as repeated after -
him, from lines increafing together by equal addi-
tions, and having from the firft a given difference.
For the ultimate ratio of thefe lines in the fenfe of
this lemma, as Sir Ifaac Newton himfelf obferves,
will be ‘the ratio of equality,” though thefe lines can
never have this ratio; fince no point of time can be
affigned, when one does not exceed the other. :

30. In like thanner the "quantities, called by Sir
Ifaac Newton vanifhing, may never fubfift under that
proportion, here efteemed their ultimate.

31. In § 137. of this treatife, where BF bears the
fame proportion to the fubtangent FE, as that where-
with the lines HK, KB vanifh, thefe lines muft not
be conceived, by the name of evanefcent or any other
appellation, ever to fubfift under that proportion;

f=x=

A E F G D

for thould we conceive thefe lines in any manner to
fubfift under this proportion, though at the inftant
of their vanifhing, we fhall fall into the unintelligi-
ble notion of indivifibles, by endeavouring to repre-
fent to the imagination fome inconceivable kind of
exiftence of thefe lines between their having a real

- mag-
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magnitude, and becoming abfolutely nothing. Sir
Jfaac Newton was himfelf appichenfive, that this
shiftake might be made; for as he thought fit (in
comnpliance with the bad tafte, which then prevailed)
to continue the ule of fome loofe and indiftinét ex-
preflions refembling thofe of indivifibles, for which
he has himfelf -apologifed, he exprefsly cautions us
againft mifinterpreting him in this manner, when he
fays: 8i quando dinevo quantitates quam minimas, vel
evamefcenses, vel sdtimas, ecave inselligas quantitates
udine deserminatas, [fed cogita [emper diminuendas
Jine limite*. Thus exprefsly has he declared to us, that
vanithing quantities, or whatever other lefs accurate
appellation he names them by, are to be confidered
as indeterminate gquantities bearing to each other
under cheir diffcrent magnitudes different propor-
tions; and that the limit of thefe proportions, which
the guantities themfelves can never obtain, is that,
for the fake of which, thefe quantities are confidered:
infomuch, that fince thefe quantities have different
proportions, while they obtain the name of vanithing
aamwities, the aothor of this treatife has juftly ob-
erved the term ultimate to be neceflarily added to
denote that proportion, which is the limit of an
endlefs number of varying ones. The like remark is
neceffary, when thefe quantities are confidered in the
other light as arifing before the imagination: for then
the proportion intended muft be fpecified by calling
it the firft or prime proportion of thefe quantities.
And as this additional epithet is neceffary to exprefs
the proportion intended, fo it is abfurd to apply it
to the quantities themfelves; as Sir Jfaac Newton fays,
there are rationés prime guantitatum nafcentsam, but
not guantitates prime nafcensest.
32. The author of this treatife thought, the rea-
dieft method to guard againtft al] errors of this kind
# Princip. Phil. Lem, xi. in fchol.
+ Philofophical Tranfe®. No. 342. pag. 205. or Commer.
Epiftelic. p. 38. . was
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was to reprefent the ptinciples of prime and ultimace
ratios, and their application to geometrical fubjelts
uder fuch a form of expreffion, as might be fo to-
tally inconfiftent with indivifibles, as not to be capa-
ble by any mifinterpretation of being accommodated
10 that erroneous manner of conception. But at the
fame time he took care, that his phrafe fhould not
differ effentially from Sit Ifzac Newton's; as will
appear by comparing the two modes of expreflion in
the following inftance, being the feventh of Sir Jfaac
Newron’s lemmas concerning prime and ultimate ra-
tios, which is to this effect. ’ -
33. If any arch ABC be fubtended by a chotd
AC, and at A, where the curvature is underftood te
be uninvetrupted, it be touched by the ftreight line
ADj if the point C be fuppofed to approach towards
A, till thofe points coincide, the ultimate ratio of
the chord, arch, and tangeat will be the ratio of
equality; provided the tangent AD be terminated

A___ 7 F

by fome tine DC drawn from C, the extremity of the’
arch, fo as always to make fome angle with the tane
gent AD, ,

34. This Sir Jfaac Netwton thus demonttrates.

35. While the point C approaches to the point A,
fuppofe AC and AD always to be produced to the
diftant points E and F, and EF to be drawn parallel
10 CD; and let the arch AGE be always fimilar ltlo

the
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the arch ABC. Now when the points A and € co-
alefce, the rectilinear angle under EAF muft vanifh;
-therefore the right lines AE, AF, which are always
of a finite magnitude, and alfo the intermediate arch
"AGE muft coincide, and confequently become equal.
Therefore the ultimate ratios of the ftreight lines AC,
AD, and the curve ABC, all which vanith, when
the point C coincides with A, will be the ratio of
_equality. :

36, Now 'in the phrafe of this book, it muft be
faid, that the arch AGE can never be equal to the
chord AE; nor the chord AE equal to the tangent
AF, unlefs when the angles under AEF and under
AFE chance to be equal. But, by caufing the point
C to approach the point A, the ratios of thefe three
lines to each other may at laft be brought nearer to

the ratio of equality than to any other whatever.

Therefore, according to the definition in § 124. of
this treatife, the ultimate ratio of any one of thefe
three lines to either of the others is the ratio of equal-

ity. And again, fince the ftreight lines AC, AD, and

the arch ABC are always to each other in the fame
proportion with the lines AE, AF, and the arch
AGE; the ultimate ratios of the three lines AC,
AD, ABC will be the fame with. the ultimate ratios
between AE, AF, AGE, by the propofition fub-
joined to that definition: therefore the ultimate ratio
between any two of thefe lines AC, AD, ABC is
the ratio of equality.

37. By this inftance it is manifeft, that the ftyle,
under which the author has treated this fubjed, is
only an interpretation of Sir Jfaac Newton’s; and
fuch an incerpretation he thought alone fufficient to
anfwer- the . purpofe of his writing. No objection
had been made againft the truth of the conclufions
drawn from this method of reafoning. Indeed all
error of that kind may be avoided by proper circum-
fpection even in the ufe of indivifibles. But as the

r only
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only fufpicion lay againft the propriety in the con:
ception and expreffion advanced.in this dotrine; if
his interpretation involves in it no perplexed or im-
perfect ideas, which the author flatters himfelf will
be allowed, it is a full juftification of this method. .
- 38. The author believes himfelf as defirous, as
any one can be, to preferve propriety of expreflion
and perfpicuity of conception in mathematical fub-
je@ts. He therefore freely acknowledges, that he has
not vindicated this do&ripe, unlefs he fhall be found
to have accommodated to it a clear and unexception-
able mode of expreffion, nor freed the inventor from
cenfure, unlefs he has alfo fhewn, that the turn of
phrafe recommended by Sir Ifaac Newton, without
any forcible conftruction, is adapted to convey the
fame ideas. The author has often lamented the neg-
ligence of geometrical writers in regard to their ftyle
and di¢tion. The introduction of the terms of arith-
metic into geometry by Des Cartes, and the favour-
able reception of the unintelligible jargon of indivifi-
blés have overwhelmed the mathematical fciences
with fuch a profufion of intricate and inconceivable
forms of fpeaking, that they began to be no longer
that guide to found reafoning, which they had hi-
therto been thought. To reftore in fome meafure
geometry from this corruption was the defign of Sir
Ilfaac Newton in advancing the’doCtrine of prime and
ultimate ratios; and how far the author of this treat-
ife has proved him fuccefsful, muft be fubmitted to
the judgment of the publick. A

39. Sir Ifaac Newton has made ufe of prime and
ultimate ratios chiefly for fynthetic demonftrations;
yet as they furnifh a dire manner of proof; it is
manifeft they may be alfo applied to the analyfis of
problems. o :

40. To compleat the defign of this treatife, it was
neceflary to explain Sir Jfaac Newton’s own demon-
firations of - his rules for finding fluxions; for which
- S purpofs
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purpofe nothing more was thought neceflary than to
dilate Sir Ifaac Newton’s words by a {mall paraphrafe.
- For though Sir Ifzac Newton demonftrates thefe ruleg
upon the principles of prime and ultimate ratios, yet
agcr what had been written, it feemed fcarce poffible
any longer to confound thefe two methods together.
Indeed when the author confiders, how exprefsly Sir
Izac Newton himfelf has diftinguithed them, he owns
himfelf furprifed, that this miftake fhould ever have
been made. o

41. The treatife concludes with an explication of
what is to be underftood by the momentum of quan-
tities, which is a term a ,rtaioinﬁ to the dottrine
of prime and yltimate ratlos only *.

42. The term momentum being of no other ufe
than to give the expreffion in particular cafes greater
brevity, the truth of this do@rine has no dependance
on the fenfe of this term; therefore it was not necel*
fary to be taken notice of in this general account;
but as it has been conceived to contain fomething
very abftrufe, if not wunintelligible, the author has
explained it at large. ' '
~ 43. And here the author confefles, he met with
the greate ftdifficulty ; for it muft be acknowledged,
that Sir Jfaac Newton’s defcription is capable g? an
interpretation too much refembling the language of
indivifibles. But were we to allow Sir Jfzac New-
ton’s definjtion of momenta to be founded entirely
upon that erropeous-doétrine, the urmoft, that will
follow from fo large a conceffion, is only this, that
though he invented the do&rines of fluxions, and of

rime and ultimate ratips; yet he has demonftrated
ome of the propofitions in his mathematical prin-

* Thefe fymbols o' and & are put for. things of a different
kind: the one is a moment; the other a fluxion or velocity.
. - Mir. Leitnitx hath no fymbols of Auwxions in his method. He
wled the fymbols of moments or differences dx, &y, dx, Philgf -
Tran/. M. 342. p. 204. and Comumer. Epiftolic. p. 37, 38.

ciples
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ciples of natural philofophy by the means of in.
divifibles. It cannot hence be inferred, thar his
* do&rine of prime and plrimate ratios has any cop-
nexion with indivifibles, or was infufficient for thefe
cafes. ‘The author of this treatife has certainly freed
the doctrine from this latter imputation by thewing,
that fuch a fenfe may be put ypon the word momen-
tum, as will render thofe very demonftrations of Sir
Ifsac Newian, where this word is ufed, as juft as any
other upon the princx;ples of prime.and ultimase ra-
tios. For this purpofe the author, without confining
himfelf to the exprefs words of Sir Jfzac Newson,
has given fuch a definition of this term, as he thought
moft {uitable to the principles of that method. \
44. The author of this treasife undertook not ¢

rove, that Sir Ifaac Newton has never deviated
g‘om the utmoft propriety of exprefion, nor that
he never demonttrated any.propofition upon the
principles of indivifibles, He knows Sir Jfaar New-
ton did fometimes make ufe of that method of rea-
foning; but ‘this he contends for, that the methods
under confideration are abfolutely different from that

rine.

45. When Sir Jfsac Newton firf} invented his me-
thod of fluxions, he demonftrated the rules of that
method by indivifibles, as he acknowledges himfelf *,
That in his calculus he made ufe of the charafter -or
fymbal o to denote an infinitely fmall quantity. This .
he.did both in his treatife of feries and fluxions writ~
ten in the year 1671, and alfo in his treatife on qua-
dratures as he at firft writ it, from which we have a

_® Philof. Tranf No. 342. p-'205. or Com. Epik. p. 38
In his (Newwton’s) calculus there is but but ene infinitely little
quantity reprefented by a fymbel, the fymbol o.

Mr. Neavton ufed the letter o in his analyfis, and in his beok
of quadratures, and in his priscipia_philofopbiz, and fill ules it
in the very fame fenfe as at firft. Philof, Tranf, Ibid. p. 264.
or Com. Epiftol. p. 37.

' tranfcrips
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tranfcript in' Dr. #allis* not as he afterwards cor-
refted it in his own edition of that treatife. He has
likewife made ufe of the fame in one propofition of his
Principles of natural philofophy+.  And he informs
us, that though in demonftrating any propofition he
chofe to ufe the letter o for a finite moment of time,
&¢c. and perform the whole calculation ‘by the geo-
metry of the ancients in finite figures or fchemes
without any approximation, and when the calcula-
tion was at an end, and the equation reduced, to
fuppofe the moment o to decreafe in infinitum and va-
- nifh, yet in the inveftigation, when it would make
difpatch, he would fuppofe the moment ¢ to be infi-
nitely litcle, ufing all manner of approximation,
which he conceived would produce no error in the
conclufion|l. Accordingly we find in his treatife of
quadratures, he freed his demonftrations from this
defe®t, under which they firft laboured; and the
propofition of his principles of philofophy, where'he
continued the ufe of indivifibles, is only the analyfis
- of a problem. o

46. Thus it appears, that Sir Ifzac Newton did
fometimes allow himfelf the ufe of indivifibles; but
it alfo appears, that he always had a diflike to that
method, as we learn from his own words, when he
fays, - Since we have no ideas of infinitely little quan-
tities, he introduced fluxions, that he might proceed
by finite quantities as much as poffible§. * But as
the brevity, wherewith he chofe to write, obliged
_him fill to have recourfe to indivifibles for demon:
ftrating the rules of this new method, he at length
invented his other method of prime and ultimate
ratios, and thereby entirely got over that difficulty.

* Oper. Vol I p. 392.

* 4 Lib II. prop. 10. "

- || Philof. Tranf. No. 342. p. 179. or Com. Epiftol. p. 9.
§ Philof. Tranf. Ibid. p. zo5. or Com. Epiftol, p. 38.
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" “47. We may likewife hence learn, how it came to
pafs, that his definition of momenta thould contain
expreflions bearing fome analogy to thofe of indivifi-
bles: for he informs us, that originally he ufed the
word moment in a fenfe agreeable to that doctrine;
telling us, That from the moments of time he gave
the name of moments to the momentaneous increafes,
or infinitely fmall parts generated in moments of
time*; though in his principles of philofophy he
dire€ts us to interpret his meaning according to the
dodtrine of prime and ultimate ratios, where he fays,
neque [peciatur magnitudo momentorum [ed prima naf-
cemtium proportiot; and the author of the prefent
treatife has accommodated his defcription of momenta
to this, which he conceives to be Sir Ifazc Newson’s
intention. -
48. As the proportion between the increments of
" magnitudes is in this dotrine confidered only for
difcovering, what is here called their ultimate ratioy
when the real proportion of thefe increments is not
to be expreffed, but by terms too complex, ‘it is
convenient, by negleting fome fuperfluous part of
the increments, or by a proper addition to them, to
form new quantities, which fhall not only bear to
each other a more fimple proportion, but the ultimate
ratio alfo of each quantity, thus formed, to the in:
crement, whence it is deduced, fhall be the ratio of
equality: for by the proportion of fuch quantities
the ultimate ratios of the increments are more readily
affignable. Thefe are the quantities called momenta.
For example; if the increment of any line denoted
by x be reprefented by s, the increment of the line

denoted by any power #" will be #x*=%0 4 #x -~
- %22 g0 4 &c. Here as the ultimate ratio of the

® Phil. Tranf. Ibid. p. 178. or Com. Epift. p. 7.
# Lib. II. Lem. 2. .
Vor. II. G - firlk
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firft of thefe increments to' the laft is that of o to
#x2—10, the line denoted by this term zx"—'0 only is
fufficient to exprefs that ultimate proportior, and
therefore may be affumed for the momentum of »*;
-and then, to preferve a fimilitude of phrafe, the en-
-tire increment of x is alfo to be called the momentum
of that line. ,

49. Although it is a great miftake to fuppofe the
validity either of the do¢trine of fluxions, or of that
of prime and ultimate ratios, to depend upon what
Sir Ifaac Newton has demonftrated concerning the
momenta of quantities; yet fince his demonftration
of the momentum of a retangle had been contro-
wverted, the author has given a brief account of the
principles, upon which that demonftration proceeds.
And this may be reprefented more at.large as
follows. ‘

- 50. To give this demonftration its utmoft extent,

fuppofe fome third variable line Z, to which A. and
B, the fides of the reftangle in queftion, are in any
manner related; and let 2 and 4 not be the real: in-
crements of A and B, but bear to the increment of
Z the moft fimple relation, whereby they can ex.
prefs the ultimate ratie of the incremests of A
and B to the correfpondent increment of Z; then
may a and & be called the momenta of A and B
refpetively. And fince, at the fame magnitudes
of Z, A, and B the ultimate ratios between their
~ qgecrements are the fame with thofe between their
increments, by the fame magpitudes 4 and 4 may
be alfo exprefled the uvltimate ratios of the decre-
meréts of A and B to the eorrefpondent decrement
of Z.

51. In like manner the ulimate ratio of the in-
crement of the reftangle under A, B to the corre- .
fpondent increment of any other retangle under A
and fome given line M will be the fame with the
ultimate ratio of the decrement of the reGangle AxB
. : . . to

!
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to the correfpondent decrement of the reltangle
AxM at the fame magnitudes of A and B. There-
fore the ultimate ratio of the increment of Ax B to
the correfpondent increment of A x M, will be the
fame with the fum of fuch increment and deciement
of AxB to the fum of the correfpondent increment’
and detrement of A x M. _

52. Farther, the ultimate ratio of the increment
of AxB to the correfpondent increment of A x M
will be the. fame with the ultimate ratio of that
augmentation, which the reftanglé under A, B will
receive by increafing the fides, either by their re-
Ipe€tive momenta, or by analogous parts of thofe
momenta, to the augmentation, which the rectan- -
gle under A, M will receive from the moment
of A, or a fimilar part thereof. Therefore the
ultimate ratio of the increment of A xB to the
corréfpondent inérement of A xM will be the fame
with the ultimate ratio of that augmentation, which
the rectangle A x B will receive from increafing
‘its fides A and B by hali their momenta 4 ang
b, to the augmentation, which A x M will reccive
from intrealing A by half its momentum 4. In
like manner the ultimate ratio of the decremént
of A xB to the correfpondent decrement of A x M
will be the fame with the ultimate ratio of that
diminution, which the reCtangle A x B will receive
by taking from each of its fides half its momentum,
to the diminution, which the retangle A x M will
receive from half the momentum of A.

53. Hence it follows, that the ultimate ratio of
the increment of A xB to the correfpondent in-
crement of AxM is the fame with the ultimare
ratio of the fum of the augmentation and dimi-
nution, which the refangle A x B will receive
from half the momenta of its fides, to the fum
of the augmentation and diminution, which the

reGtangle AxM will receive from half the mo-
' G2 - mentum
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mentum of A; that is, the fame with the ulti-
mate ratio of £ exB 4+ 5+ bxA 4 Fasband ; axB
+ 5 bx A — ; ab together, or of axB 4+ 5x A,
to ax M. ,

54. As the fquare is comprehended under this
general propofition for all rectangles, fo by a fimilar
artifice we may demontftrate the momentum of any
other power. For inftance, in the cube of any va-
riable quantity A, whofe increment or moment is o,
if we gividc that increment into two parts p and ¢,
that the ratio of p to ¢ may be fubduplicate of
the ratio of 3A — ¢ to 3A 4+ p; 3Axpp 4+ p?
will be equal to 3A x g9 — ¢°, whereby the cube
of A4 p, or A3 4+ 3A% 4 3Ap* + 2%, will ex-
ceed the cube of A — g, or A* — 3A% 4 3A¢"
—qu by 3A*x p 4 ¢, or 3A* x o, the momentum
of A3,

- 55. Here dividing the increment o into two equal

arts will not anfwer the purpofe intended; for

y deduéting the cube of A — o, or A’ —3A%
+ 1Ao0* — ;o3, from the cube of A -~ 1o, or
A3+ 3A% 4 3A0* + 303, the refidue will be
3A%0 4 o3, exhibiting more than is neceffary
for the momentum of the cube of A; for the mo-
mentum fhould be the fimpleft «erm, whereby the
intended ultimate ratio can be exprefled.

56. In other compound quantities the demonftra-
tion may be conduted upon the fame model by
fuch a divifion, as each particular cafe fhall re-
quire, of the moments of the original quantities,
whereof thofe under confideration are compounded;
but when fuch divifion is of too perplex a kind,
another method of demonftrating is to be pre-
ferred.

57- This is abundantly fufficient for explaining
the demonftration in queftion. . And as the author
of this difcourfe prefumes, he has given through-

- out a genuine reprefentation of Sir [faac Newton’s

) S ' real
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real and fole intention: fo he hopes it will appear,
-that however lefs exact in,the choice of his ex-
preflions that great man may have been at an

other time; yet when he purpofely defcribes thefe
methods, and explains their principles, he is not
only perfectly confiftent with himfelf, but has alfo
delivered his meaning with fuch perfpicuity, that
we need not have recourfe to any deference for his
authority to be fully fatisfied. of the truth of thefe

do&rines.

G3 A RE-
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A

REVIEW

Some of the principal Objettions that have
been made to the Doétrines of Fluxions
and Ultimate Proportions; with fome
Remarks on the different Methods, that
have been taken to obviate them.

Firf} publifted in The Prefent State of the Re-
publick of Letters for December 1735.

I. HE obje&iops, that have been made to the
~ conception and patuie of fluxions, have

. principally arifen, either from confounding this doc-
trine with the method of indivifibles, and the differ-
ential calculus of foreigners, or from fuppofing (as
fluxions are faid to be velocities) that the fluxion of
4 quantity, and the velocity of a quantity, were fyno-
nimous terms; forgetting that it is not to the quanti-
ties themfelves, but to their degree of increafe or
decreafe, that this velocity intended by the fluxion is
afcribed. But as thefe miftakes can be no longer made
without the greateft negligence or difingenuity; it
may be reafonably fuppofed, that no exception of
this kind will for the future be infifted on, We l:’hall‘
oL . thErcs
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therefore at this time confine ourfelves to the objecti-
ons of another kind ; fuch as have been urged againft
thofe operations, by which the propertion of the
fluxions of different flowing quantities are deter-

2. Thefe objettions have been particularly levelled
at that expreflion of Sir /faac Newton, Fluxiones fumt
8 prima ratione augmentorum nafcentium, — or in uk
tima ratione pariium evanefcentium®. Which being
ufually thus tranflated, that fluxions are in the privse
ratio of the mafcent augments, — or in the ultimate
ratio of the evanefcent parts+y it has been from
hence afked, What thefe nafcent or evanefcent parts,
augments or decrements are? If of any magnitude,
then it will be confeflfed by the efpoufers of this
doctrine, that their ratio is not the fame with the
ratio of the fluxions. If it is anfwered, that they are
of no magnitude; it is then faid, that to talk of the
ratio of nothings, is fuch a ftrain of language, as it

. is fuppofed, the warmeft followers of the inventor
will fcarce undertake to defend.

3. To obviate this objettion, two explanations
have been given of this quotation. .

4. The firft endeavours to thew, how this imagined
difficulty may be avoided, not by confidering thefe
nafcent aogments and evanefcent decrements as being
attually vanithed, in which cafe they can have né
proportion, nor yet as being of -any real magnitude,
when their proportion cannot be the fame with the .
proportion of the Auxions; but by fuppofing that there
can be reprefented to the mind fome intermediate
ftate of thefe augments or decrements at the very
inftant, in which they vanith.

5. Another writer, in his difcourfe concerning
the nature and certainty of Sir [faac Newton’s -me-

* Introdull. ad Quadrat. Curv.
+ Harris’s Lexicon Technicum, Vol. IL. in the word Quadra-

ture,
G4 : thods



104 REVIEW

-thods of fluxions and of prime and ultimate ratios,
has endeavoured to fthew, that this objection is
-founded on an erroneous hypothefis; for that by the
-yltimate proportion of varying quantities was only
meant the limit of their varyjng proportions, and not
‘a proportioh, that thefe varying quantities could ever
exift under during their variation; and confequently
that the true explication of this pafiage fhould be,
-fluxions are in that proportion, which is the ultimate
toall thofe varying proportions, that the decrements
bear to each other, whilft they are vanifhing or di-

_minithing; that is, the limit of the proportions, that =

the decrements bear to each other, as they diminifh,
is-the true proportion of the fluxions. By this inter-
. pretation, which is fupported by Sir Jfaac Newton’s
own wards,. the above-mentioned objeétion imme-
diately falls to the ground; fince it is altogether
founded on the fuppofition, that the decrements in
their imagined evanefcent ftate did really bear to each
nther. the proportion of the fluxions; whereas this
paflage, when truly underftood, does not fuppofe,
that the decrgments can, in any circumftance what-
ever, bear to each other that proportion; but afferts
on the contrary, that the proportion of the fluxions
js only a proportion limiting all the varying propors
tions, that thefe decrements have to each other in
* their various degrees of diminution. : '
., 6. At the fame time that this obje@tion was raifed
againft the do€trine of fluxions, the method of prime
and ultimate ratios was excepted to:. in particular it
was urged, that the quantities or ratios, afferted in
his method to be ultimately equal, were frequently
uch, as could never abfolutely coincide. As for
inftance, the parallelograms . infcribed. within the
curve in the fecond Lemma of the firft book of Sig
Ifaac Newton’s Principia, cannot by any divifion be
made equal to the curvilinear fpace they infcribed;
whereas in that Lemma it is aflerted, that they ar
ultirpately equal to that fpace. 7. Ang
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#. And here again two different methods of ex-
lanation have been given. The firft, fuppofing that
by ultimate equality a real aflignable coincidence is
intended, aflerts, that thefe parallelograms and the
curvilinear fpace do become attually, ‘perfectly, and
abfolutely equal to.each other. But the author of the
above-mentioned treatife has given fuch an interpre-
tation of, this method, as-did no ways require any

fuch coincidence. '

8, In his explication of this doétrine of prime and
ultimate ratios he defines the ultimate magnitude of
any varying quantity to be the limit of that varying
quantity, which it can approach within any degree of
nearnefs, and yet can never pafs. And in like manner
the ultimate ratio of any varying ratio is the limit of
that varying ratio. - Thefe definitions being premifed,
he demonftrates, that when varying magnitudes keep
always in the fame proportion, then their ultimate
magnitudes will be in that fame proportion; and that
all the ultimate ratios of any particular varying ratio
isthe fame. From thefe propofitions thus eftablithed,
all, that has at any time been demontftrated by the -
ancient method of exhauftions, may be moft eafily
and elegantly deduced; and that by a method not
yielding in brevity to the artlefs inconclufive procefs
by indivifibles. '

9. Itis evident, that no coincidence of the varying
quantity and its limit is at all fuppofed neceffary in
this method; fince the ultimate magnitude of a vary-
ing one is not to be denominated from any fuch co-
incidence of the varying one with it, but from its
being that magnitude, which the varying one can
approach within any degree of nearnefs.

1o0. It has been fuppofed, that the accuracy of the
demonftrations founded on this dotrine did in reality
depend on this coincidence; but this miftake has
arifen from forgetting, that the demonftrations de-
duced from this method are applied to the limits of

varying
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varying magnitudes and proportions, and not to the
varying quantities or proportions themfelves.

~r1. Thus, if by means of a polygon defcribed
about 2 circle, we were to demonfirate the equality
of that cirdde to a triangle, having for its bafe the
circumference of that circle, and the femidiameter
for its altitude, the proof would not be founded on
the real coincidence of the polygon and circle, fince
this could not be effefted by any diminution of - the
fides of the polygon; but its demonftration would
altogether proceed by thewing, that as the circum-
fcribed polygon could approach both the circle and
triangle within any degree of nearnefs, and yet could
pafs neither of them; therefore the circle and erian-
gle, thus fhewn to be the limits or ultimate magni- -
tudes of the fame varying magnitude, cannot differ
from each other. )

12. In like manner in demonftrating the propor-
tion that the fluxions of two flowing quantities bear
to each other, the demonftration is not founded on
the coincidence of the proportion of the decrements
with that proportion, which is given for the propor-~
tion of the fluxions; for the coincidence of thefe
prapartions cannot by any diminution of the decre-
ments be ever effected: but the proof depends upon
this, that, fince by diminithing the decrements the
proportion of thofe decrements can be brought within
any degree of nearnefs to that given proportion, and
alfo to the proportion of the fluxions, and yet can
never pafs either of them; therefore that given pro-
portion, and the proportion of the fluxions, cannot
differ from each other, they being thus thewn to be
each of them the limit or ultimate proportion of the
fame varying proportion.

13. From hence it appears, that the coincidence
of the variable quantity and its limit, could it be
always proved, would yet bring no addition to the
accuracy of thefe demonftrations; and fince by the

. divifion
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divifion 'of magpnitudes no fuch coincidence can ever
take_place, why to the natural difficulty of thefe
fubjeéts fhould the obfcurity of fo ftrained a concep-
tion be added ? certainly neither brevity, perfpicuity,
nor exattnefs can be at all promoted, by fuppofing
in thefe demontftrations that circumftance to be ever
neceffary, which in numberlefs inftances is not poffi-
ble; and ‘which by its taking place or not, can no
ways affect the juftnefs of the conclufion. .

14. Bat it has been urged againft this explication,
that Sir Jfaac Newton does in his firt Lewma of his
firf book affert fuch a coincidence; and therefore,
though the method of managing prime and ultimate
proportions here defcribed may be conclufive, yet it
1s not a true intdrpret:atioh of Sir Ifasc Newten.
15, What foundation, there is for this charge,
will beft appear by confidering the Lemms ; and that
this may be done.with more convenience, we will
infert a literal tranflation of it. . :

16. Quantities, and the ratios of quantities,. thad
during any finsse time conflantly appreach . each other,
and before the end of that time approach mearer than
any given differsnce, are ullimately equal.

17. In order that the coincidence between the
variable quantity and its limit fhould be intended in
this Ezmma, it is neceffary, that the phrafe of. given
diffsrence fhould mean a difference, that may be taken
at pleafure, after the celerity or degree of approach
of shefe quantities or ratios i3 in every part deter-
mined.

18. But if, according to the moft ufual and au-
thentic fignification of this phrafe, there is meant by
the given difference, in this Lemma, a difference firft
afligned, according to which the degree of approach
of thefe quantities may be afterwards regulated ;
then variable quaatities or ratios, and their limits,
though they do never atually coincide, will come
wihin the defeription of shis Zemma; fince the differ-

cneg
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" - ence being once affigned, the approach of thefe quan-
-tities may be fo accelerated, that in lefs tham any
given time the variable quantity, and its limit, fhall
(differ by lefs than the afligned difference.

19. Now that the Jatter fenfe is the true interpre-
tation, will appear from the demonftration and ap-
plication of the Lemma.

20. In the firft place, the demonftration of this
Lemma may, without the change of a fingle word,
be applied to prove, that the ultimate ratio of the
ordinate of the hyperbola to the fame ordinate con-
tinued to the afymptote is the ratio of equality; and
yet it is confeffed, that in this cafe there can never be
an actual coincidence.

21. In the next place, the quantities in many of
the fucceeding Lemmas, to which the firft is applied,
are fuch, where the approach is determined by a
fubdivifion into parts; but by this method of pro-
ceeding it is obvious, that no coincidence can ever
be obtained.

22. However it is faid, that by motion this coin-
cidence may be actually made to take place even in
thefe quantities; as, fuppofe in the fecond Lemma
a point E to defcribe the line EA with a continued
motion in the fpace of an hour, and let it be con-
ceived, that in every point of time during that hour,
a rectangle, as AB/, is raifed upon AB, that point
of the line EA, which at that point of time is yet
undefcribed; alfo upon every other part of the line
equal to AB let other reftangles be erected, as in the
figure, at the fame point of time. It is faid that by
this means, at the end of the hour, when the point
E arrives at A, the curvilinecar fpace and the in-
fcribed figure will actually coincide.

23. To this it may be replied, that fuppofing the
coincidence could by this means take place, it would
prove, that no fuch coincidence was ever intended by

Sir lfaac Newton; fince had he regarded it as a
5 neceflary
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~ neceffary circumftance, he would certainly have ap-
plied to this Lemma a method of infcribing the figure,

a I.:f
K : m
L > 7y
(o}
M—
A Bf‘c D E

by which fuch a coincidence might be fhewn; whereas
by defcribing the parallelograms by a continual divi-
fion, and making their bafes conftantly equal, and
always fome aliguot part of the whole, he has necef-
farily excluded the defcription of them by motion,
by which means only it is fuppofed, that this coin-
cidence can be brought about. .

24. But farther, this fuppofed demonftration, that
‘an actual coincidence of the infcribed figure may be
cffeted by the forementioned motion, is really in-
conclufive; fince from a like method of proceeding
may be deduced this abfurd conclufion, that hyper-
bolas coincide with their afymptotes.

25. Suppofe an hyperbola BD, its diameter AH,
and its afymptote AF, Now let the line AH revolve
about the center A with an angular motion, till it
coincides with the line AF; then, fince it is damoné

’ rate
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ftrated by geometers, that every right line drawn
within the angle FAH will, if prodiiced, meet with
the hyperbola; it is evident, that the line AH will
meet with it in every part of its motion through the
angle FAH. Moreover, as the line approaches the
afymptote, the interfection thereof with the curve
will continually become lefs and lefs diftant from the
afymptote; infomuch that this line may be made to
,approach fo néar the afymptote, that this interfec-
tion fhall be lefs remote from it, than by any diftance, -
how minute foever, that can be famed. Now let ug

A . B' H

fuppofe the line AH to employ any given fpace of
time, as an hour, in paffing over the angle HAF;
then does the interfection of the revolving line with
the hyperbola continually approach to the afymptote
during the fpace of this hour, and before the end of
the hour this point in the hyperbola will approach
nearer to the afymptote than by any difference, that
can be propofed; confequently by the method of
reafoning above made ufe of, we muft concludé¢, that
at the end of the hour the hyperbofa -actually coin-
cides with the afymptote. :

26. If it be examined, wherein lies the fallacy

of thefe conclufions, it will be found, that though
the



or OBJECTIONS. i1

the meeting of the hyperbola and its afymptote, and
the coincidence of the infcribed figure and the curvi-
linear fpace, feem to be pointed out and determined
by this form of reafoning; yet to continue the hyper-
bola and afymptote till they actually meet, requires
the delineation of a line longer than any line, that
can be affigned; and to defcribe a figure within the
curve under the fuppofed circumftance of coincidence,
requires the delineation of a line lefs than any line,
that can be affigned : both which operations are equally
impoffible. : '

27. It may perhaps be worth while to examine,
how it happens, that the meeting of the hyperbola
and its afymptote fhould be acknowledged impofii-
ble, and yet the coincidence of the inferibed figure
and curvilinear fpace fo ftrongly contended for, when
they each of them require a conffruion equally in-
conceivable and unattainable. The reafon, I fuppofe,
for this extraordinary partiality is, that as a quantity
in augmenting without limit did moft obvioufly pafs
beyond the utmoft firétch of imagination, it was
without difficulty granted, that the delineation or
conception of any fuch magpitude was impofiible.
Whereas, when a quantity .diminithed without
limit, the imagination could trace it during the whole
time of its diminutions and confequently the con-
ception of a quantity lefs than any whatever, has
been thought poffible by fome, who allow the ab-
furdity of pretending to conceive a quantity greater
than any whatever. ,

28. If it be faid, that though the hyperbola and
its afymptote cannot be defcribed under the circum-
ftance of meeting each other; yet the infcribed figure
and the curvilinear {pace can be defcribed under the -
circumftance of coincidence; fo that the curvilinear
fpace itfelf is the laft form of its infcribed figure.

29. I anfwer, this is not true; for the fuppofed
lait form of the infcribed figure muft effentially differ

: . from
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from the curvilinear fpace, the perimeter of the ifr-.
" fcribed figure contiguous to the curve being in every
defcription, and confequently in this imagined laft
equal to the fum of the lines A, AE: whereas if the
curvilinear fpace was really the laft form of the in-
fcribed figure, their perimeters could not differ.
Since then the curvilinear fpace is not the laft form
of the infcribed figure, and fince the laft form of this
figure cannot be defcribed, but by the delineation or
conception of a'line lefs than any line, that can be
affigned ; it is evident, that the coincidence in this
cafe does equally, with the meeting of the hyperbola
and its afymptote, involve an impoffibility. o
30. But the ftrongeft proof, that Sir [Jaac Newton
does not always confider this coincidence of the varia<
ble quantity, or ratio and its ultimate, as neceflary
in his method, is, that he himfelf tells us, that if two
lines increafing without limit have always a given dif-
ference, then their ultimate ratio will be the ratio of
equality. Now the phrafe of ultimate ratio is pecu-
liar to him and to his method, and cannot poffibly
be fuppofed in this place to have a fignification differ~
ent from what, it had in the firft and fubfequent
Lemmas; confequently the ultimate ratio is, by his
own exprefs defcription, a ratio, that the variable
one, it is afcribed to, cannot always coincide with,

A DIS:
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DISSERTATION
| SHEWING,

- That the account of the doftrines of
Fluxions, and of prime and ultimate
‘Ratios, deljvered in a treatife, en-
titled, A difcourfe concerning the
nature and certainty of Sir Jfzac
Newton’s methods of fluxions, and
of prime and ultimate ratios, 7s a-
greeable. to the real fenfe and mean-

ing of their great inventor. &

Firft publifbed in The Prefent State of the Re-
publick of Letters for April 1736.

I HE principal purfuit of the geometers of

the laft century was in fearch after general
methods for difcovering the nature and properties of
curved figures.  Sir /[faac Newton fucceeded fo hap-
pily in this attempt, as to eftablifh a very extenfive
method of computation for thefe purpofes. And
being diffatisfied with the doctrine of indivifibles, or
of infinitely {mall quantities, which had been hither-
- Vou. IL H 1)
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to employed in thefe enquiries, he introduced his
doctrines of fluxions, and of prime and ultimate ra-
tios; as jufter principles, whereon to found this me-
thod of computation. The book, wegare now go-
ing to confider, is confined to the explanation of
thefe principles.

2. The fubftance of what we have there faid with
rélation to the conceptiort and nature of fluxions, i§
as follows.

- 4 -7
r

A ¢ =B

3. Let the line AB be fuppofed to be tracing out
by the motion of a point feetihg forward from A ;
then the velocity of that peint in any part of its mo-
tion, as at C, will be the fluxion of the line AC
at that time defcribed.

4. And as the velocity of this point in different
parts of its motion may be fuppofed to be any how
increafed or diminifhed; the degree of this increafe
or diminution at C is the fécond fluxion ‘of the line
AC.

" 5. Again, fince this increafe or diminution thay
be of different degrees at different places, it may it-
felf alfo have a change, which at different placés will
be greater or lefs. And the degree of this change at
the place C is the third fluxion of the line AC.

6. The fluxion of other quantities is not the ve-
locity of the motion, whereby they are increafed, but
the rate of that increafe. And here the terms velo-
city, celerity, and degree of {wiftnefs, which origi-
nally belong to actual motion, being applied to this
rate of increafe in a fenfe fomewhat figurative, Sir
Ifaac Newton in lines chofe to call the attual motion,
wherewith they are defcribed, the fluxion of thofe
lines, as being an idea more obvious than the rate of
their increafe, which otherwife might have been af-

: : - figired
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figned for the fluxion of lines, as well as of all other
quantities *.

7. The cafe of lines being thus the fimpleft in the
doérine of fluxions, we have fhewn in our difcourfe,
how that of all other flowing quantities may be re-
duced to this by caufing a point fo to pafs over any
ftreight line, that its length meafured out, while the
-other flowing quantity is defcribing, fhall augment
in the fame proportion with fuch flowing quantity.
So that the fluxion or velocity of increafe of this
fluent, will be ever proportional to the actual velocity
of the point defcribing the line. And from this con-
fideration we demonttrated in particular, that when
a curvilinear fpace is fuppofed to be defcribed by the
uniform and parallel motion of an ordinate, the
fluxion of that fpace will be every where as the length
of the ordinate. ’ )

8. That our account of fluxions is the fame with
that given by Sir [faac Newton, will appear from his
own words. In the introdution to his treatife of
Quadratures he fays, Quantitates mathematicas, non
ut ex partibus quam minimis conflantes, fed ut motn
continuo defcriptas hic confidero.  Linee defcriountur,
oc defcribendo gemerantur, mom per appofitionem par-
tium, fed per mosum continuum punilorum, [uperficies
per motum continuum linearum, &5c.  Corfiderando igi-
tur, quod quantitates equalibus temporibus crefcentes, &
crefcendo gemite, pro velocitate majors vel minori qua
crefeunt ac generantur, evadunt majores vel minores s
methodwm querebam determinandi quantitates ex veloci-
tatibus motuum el incrementorum, quibus- generantar

* As is done in Dr. Walli’'s Works, Vol. IL p. 391. where
itis faid of him, Perfluentes quantitates inteliigit indeterminctas,
id el que in generatione curvarum per motum localem perpetus augena
tur el diminuuntur, et per earum fluxionem intelligit celeritatdm ina
crementi wel decrementi. And alfo in the quotation §. 8. from
the Quadratures, Sir Ifaac Newton, {peaking of the fluxions of
fluents in general, fays, Et earum fluxiones j%u celeritates crefecnds.

H 2 &
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&S bas motuum wvel incrementorum velocitates nominandé
_Sfluxiones, & quantitates genitas nominando fluentes, &e.
Again, in the book itlelf he fays, Quantitates inde-
terminatas, ut motu perpetuo crefcentes vel decrefcentes,
id eft, ut fiuentes vel defluentes, in fequentibus confidero,
defignoque literis z, y. X, v, & earum fluxiones, [en
celeritates crefcendi noto iifdem literis punéiatis. Sunt
I barum fluxionum fluxiones, five mutationes magis aut
minus celeres, quas ipfarum z, y, X, v fluxiones fe-
cundas rominare licet, ¢&9c. Moreover, in fome ob-
fervations he made on a letter of Leibnitz, which
were printed at the end of Raphfon’s Hiftoria Fluxio-
num*, he declares, That in a paper written by him
{o long ago as 1665, the direct method of fluxions
was fet down in thefe words : An equation being given
expreffirg the relation of two or more lines X, 'y, z, &c.
defcrived in the [ame time by two or more moving bodies,
A,B, C, . to find the relation of their velocities,
P § I, &e.  And in the Philofophical Tranfacti-
ons, N°¢ 342, p. 19071, he fays, When he confiders
lines as fluents d [cr:bed by points, whofe velocities in-
creafe or dccreafe, the velocities are the firfp fluxions,
and their increafe the [econd. And thefe laft have
particular regard to the firft part of his defcription of
Huxions, where he calls them welocitates motuum.

9. Here it moft manifefily appears, that our de-
fcription of fluxions is the very fame, Sir Jfaac New-
ton has himfelf delivered; and as he has never at-
tempted to reprefent them in any other light, we
cannot {ufficiently admire, how he came to be-charg-
ed by a late writer with having given {o various and
inconfiftent accounts of them|. And this notion of
fluxions and their differént orders is evidently free

- not only from any impofiible, but even obfcure fup-

AT 6, or Recueil de diverfes Pieces fur la Philofophie, &'c.
i Amfterd. 1720, Tom. IL p. 89. ’

+ Or Commercium Epiftolic " p. 10. i

|| Defenfe of Free-Thinking i Mathematicks, p. 41.
pofitions.
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pofitions.  Infomuch that this writer, for the fup-
“port of his objections againft this dotrine, found it
neceffary to reprefent the idea of fluxions as infepa-
rably conneéted with the doétrine of prime and ulti-
mate ratios, intermixing this plain and fimple de-
fcription of fluxions with the terms ufed in that other
doftrine, to which the idea of fluxions has no rela-
tion: and at the fame time by confounding this lat-
ter do&trine with the method of Leibnitz and the fo-
reigners, has proved himfelf totally unfkilled in both.
10. Thefe two methods ‘of Sir [faac Nciiton are
fo abfolutely diftin¢t, that their author had formed
his idea of fluxions before his other method was in-
vented, and that method is no otherwife made ufe of
in the doétrine of fluxions, than for demonftrating
the proportion between different fluxions.  For, in
Sir lfaac Newton’s words*, as the fluxions of quan-
tities are nearly propdrtional to the contemporaneous
increments generated in very {mall portions of time,
fo they are exactly in the firft ratio of the augmenta
nafcentia of their fluents. With regard to this pal-
fage the writer of the Analyft has made a twofold
miftake. Firft, he charges Sir Ifaac Newton, as fay-
ing thefe fluxions are very nearly as the increments
of the flowing quantity generated in the leaft equal
particles of time.  Again, he always reprefents thefe
augmenta nafcentia, not as finite indeterminate quan-
tities, the neareft limit of whofe continually varying
proportions are here called their firft ratio, but as
quantities juft ftarting out from non-exiftence, and
yet not arrived at any magnitude, like the infinitefi-
mals of the differential calculus. But this is con-
trary to the exprefs words of Sir /faac Newton, who
after he had fhewn how'to affign by his method of

* Fluxiones funt quam proxime ut fluentium augmenta z-
qualibus temporis particulis quam minimis genita, &, ut accu-
rate loquar, funt in prima ratione augmentorum nafcentium.
Newton, Introd. ad Quad. Carv. ’ )
H3 A grime .
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prime and ultimate ratios the proportion, that diffe-
rent fluxions have to one another, he thus concludes.
In finitis autem quantitatibus Analyfin fic infiituere, &
finitarum nafcentium vel svamefcentium raliones primaqs
- el ultimas invefligare confunum eft geometrie veterum :
& wolui oftendere, quod in methodo fluxionum non cpys
Jit figuras infinite parvas in geometriam introducere.

11. And this leads us to confider Sir [fgac New~
ton’s doftrine of prime and ultimate ratios, which js
of the greateft ufe in demonfirations relating to
curves. It is no other than an abbreviation and im-
provement of the form of demonftrating ufed by
the ancients on the like occafions. For this reafon
we premifed to our explanation of prime and ultj-
mate ratios a fhort defcription of that method, which
we fhall now corfider more at large.

12. As no two different curves can be fo laid on
each other as to coincide either in whole or in part,
it is evident, that the fpaces bounded by fuch curve
lines cannot be immediately compared either with
each other, or with right-lined figures; nor for the
- fame reafon can fuch fpaces be the fums or diffe-
rences of others, that are capable of being thus com-
pared. In examining then the dimenfions and pro-
porticns of thefe curvilinear fpaces, fome other me-
thcd muft be made ufe of, than thofe that are re-
quired in the comparifon of right-lined figures.

13- Suppofe a fpace bounded by the curve AC,
and the right lines AB, BC. Let the bafe BC be
divided into any number of parts, and on thofe di-
vifions let parallelograms be drawn forming the fi-
gures ADOEPFQGCB and KOIPHQRB, the firft
cizcumfcribing, and the laft infcribing the givep
fpace ACB. It is now obvious, that by diminithing
the breadth of thefe parallelograms, thefe figures
may te made to differ from the fpace ACB, and
from each other by lefs than any fpace, how minute
foever, that fhall be named; that is, the circum-

fcribed

Ed
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fcribed figure can be made lefs than any fpace greater
than the curvilinear fpace, and the infcribed figure
greater than any fpace lefs than that curvilinear fpace.

14. If by confijdering the properties of thefe in-
fcribed and circumicribed figures, which arife from
the nature of the curve, they are adapted to, a right-
lined fpace LMN can be afligned, that fhall be
greater than every infcribed figure, and lefs than e-
very circymicribed figure, this right-lined fpace LMN
may be proved tg be equal to the curvilinear fpace
ACB.

15. For were it greater, a circumfcribed figure
could be made lefs ; and if it were lefs, an infcribed
figure could be made greater.

"~ 36. Inftead of both ipfcribed and circumfcribed
figures, we might have made ufe of one of them on-
ly, fuppofe of the infcribed, by proving the fpace
MLN ta be greater than every infcribed figure, and
alfo capable of being approached by fuch a figurg
within lefs than any given difference. For thus the
fpace MLN can neither be lefs nor greater than the
curvilinear fpace. If it were lefs, an infcribed figure
would exceed it; and if it were greater, no infcribed
figure could approach it fo near as its excefs above
the curve.

H4 17.. Again, |
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18. For no fpace greater than ACB can have to
MON this proportion ; fince if it could, a figure
might be circumfcribed about ACB lefs than this .
fuppofed greater fpace, and this circumfcribed figure
to .its correfpondent figure circumfcribing MON
would be in the fame proportion, as the fuppofed
g-eater {pace to the curvilinear fpace MON ; that s,
tour quantities being in the fame propcrtion, the firft
would be lefs than the third, and the fecond greater
than the fourth. Nor can any fpace lefs than ACB
have to MON the conftant proportion of the figures

. in



Discourse oF FrLuxtons, &r. 121

‘in one curve to the figures in the other. For if it
could, a figure might be infcribed within ACB,
which would be greater than this fuppofed lefler
fpace ; and this infcribed figure to its correfpondent
figure infcribing-MON would- be in the fame pro-
portion, as this imagined leffer {pace to the curvi-
linear fpace MON ; thar is, -four quantities being in
the fame proportion, the firft would be greater than
the third, and the fecond lefs than the fourth. ‘Thus
no fpace but ACB can be to MON in the conftant
proportion of the circumfcribed and infcribed figures.

19. if the proportion of the circumfcribed fi-
gures, or of the infcribed is not the fame in every
defcription, -but conftantly changing (fuppofe. one
of the ratios perpetually increafing, and the other
diminithing) as the breadths of the parallelograms
are contracted ; then it will be fhewn by a fimilar
procefs, that the ratio, which is greater than eve
increafing proportion, and lefs than every diminifh-
ing proportion, will be the true ratio of the curvili-
near {paces. '

20. The demonftration may here too proceed by
the infcribed or circumf{cribed figures only, as in the
firft example, if they bear a conftant unchangeable
ratio in every defcription, or if the ratio can be
found, which the ratio of thofe figures does per-
petually approach, and to which by diminifhing the -
parallelograms it will at laft come nearer, than to any

other ratio, that fhall be given. o

- 21. Though we have here made ufe of parallelo-
grams, yet any other method of defcribing the circum-
{cribed and infcribed figures, may equally take place;
provided the figures arifing from fuch defcription
can be made to differ from the curvilinear fpace by lefs
than any difference whatever, that fhall be propofed.
And in the defcription of thefe figures lies the great
artifice of thefe demonftrations ; for they ought to
be fo drawn, that the right lined fpace in our firft in-
. ftance,

-
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ftance, greater than the infcribed, and lefs than the
circumfcribed figure, may from the confideration of
thefe figures be moft eafily determined ; or that the
propartions of thefe figures in the following in-

fiFta.nces,_ may in every defcripgion be eafily affignable,
. 22. In the manner here defcribed did the ancient
Feomcters demonftrate, whatever they difcovered re-
iatipg to the dimenfiops or proportions of curve
lines, curvilinear fpaces, and folids bounded by
curved furfaces. And this is the form of demon-
ftration, which is naw called the method of ex-
hayftions. But as thefe demonftrations, by deter-
mining diftin¢tly all the fevera] magpitudes and
roportions of thefe infcribed and circumfcribed
figures, did frequently extend to very great lengths,
og::’.r methods of demonftrating had been contrived,
whereby to avoid thefe circumftantial deduétions.
The firft attempt of this kind, known to ps, is that
we mentioned to have been made by Lucas Valerius.
But afterwards Cavalerius, an Italian, about the year
1635, advanced his method of indivifibles, in which
he p_ropofes not oply to abbreviate the ancient demon-
frations, but to remove the indirect form of reafon-
ing ufed by them of proving the equality or propor-
tion between lines and fpaces from the impoflibility
of their having any different rejation ; and to apply
10 thefe curved magnitudes the fame direét kind of
praof, that was before applied toright lined quantities.
23. This method of comparing magnitudes in-
vented by Cavalerius, fuppofes lines to be com-
‘pounded of points, furfaces of lines, gnd folids of
planes; or, to make ufe of his own defcription,
furfaces are confidered as cloth confiffing of parallel
threads, and folids-are confidered as formed of parallel
planes, 3as a book is compofed of its legves, with
this reftriction, that the threads or lines, of which
furfaces are compounded, are not to be of any con-
ceivable breadth, nor the leaves or planes of folids of
anx
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any thicknefs. He then forms thefe propofitions,
that furfaces are to each other as all the lines in one
to all the lines in the other, and folids in like man-
ner in the proportion of all their planes.

24. But this method of indivifibles, as here ex-
plained, is manifeftly founded on inconfiftent and
impoffible fuppofitions. For while the lines, of
which furfaces are fuppofed to be made up, 3re regl
lines of no breadth; it is obvious, that no number
of them can form the leaft imaginable furface : if
they are fuppofed to be of fome fenfible breadth, in
order to be capable of filling up fpaces, that is, ip
reality to be’ parallelograms, how minute foever be
their altitude, the furfaces may not be to each other
in the proportion of all fuch lines in ope to all the
like lines in the other; for furfaces are not always ip
the fame 'Proportion to each other with the paralle]g-
grams infcribing them. ‘ _

25. The fame contradiftory fuppofitions do ob-
vioufly attend the compofitiop of folids by parallel
planes, or of lines by fych imaginary points.

26. This heterogeneous compofition of quantity,
and confufion of its fpecies, fo different from thac
diftin&nefs, for which the mathematicks were ever
famous, was oppofed at its firft appearance by feveral
eminent geometers, particularly by Gu/dinus and
Tacquet, who not only excepted to the firft princi-
ples of this method, but tax the conclufions formed
upon'it, aserroneous. But as Cavalerius took care,
titat the threads or lines, of which the furfaces to be
compared together were formed, fhould have the
fame breadth in each (as he himfelf exprefles it) the
conclufions deduced by his method might generally
be verified by founder geometry 3 fince the compari-
fon of thefe lines was in effet the comparing toge-
ther the infcribed figures. :

27. As in the application of this method, error
by proper caution might be avoided, the affiftance

: 1t
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it feemed to promife in the analytical part of geo-
metry, made it eagerly followed by thofe, who were
more defirous to difcover new propofitions, than:
follicitous about the elegance or propriety of their
demonftrations. - Yet fo ftrange did the contradic-
tory conception appear of compofing furfaces out of
lines, and folids out of planes, that in-a fhors time
it was new modelled into that form, which it ftill
retains, and which now univerfally prevails amongft
the foreign mathematicians. e .
28. In this reformed notion of indivifibles, fur-
faces are now fuppofed as compofed not of lines, but
of parallelograms, having infinitely little breadths
and folids in like manner as formed of prifms having
infinitely little altitudes. By this alteration it was
imagined, that the heterogeneous compofition of
Cavalerius was fofficiently evaded, and all the ‘ad-
vantages of his method retained. L
29. But here again the fame abfurdity occurs, as
before. For if by the infinitely little breadth of thefe
parallelograms we are to ‘underftand, what thefe
words literally import, that is, no: breadth at all;
then they cannot, any more than the lines of Cava-
lerius, compound a furface ; and if they have any
breadth, "the right lines bounding them cannot coin-
cide with“a furtace bounded by a curve line. '
30. The followers of this new method grew bolder
than the followers of Cavalerius; and- having trans-
formed his points, lines, and planes, into infinitely
little lines, furfaces and folids, they pretended, they
no longer compared togeth-r heterogencous quan-
tities, and infifted on their principles being now be-
come genuine : but the miftakes. they frequently fell
into, were a fufficient confutation of their boafts.
For notwithftanding this new model, the fame limi-
tations and cautions were ftill neceffary. For in-
ftance, this agreement between the infcribing figures

‘and the curved fpaces, to which they are adapted, is
- only

+
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only partial, and in applying their principles to pro-,
pofitions already determined by a jufter method of
reafoning, they eafily perceived this defect : both in
furfaces and folids it was evident at the firft view,
that the perimeters difagreed.  But as no one inftance
can be given, where thefe indivifible or infinitely lit- -
tle parts do fo compleatly coincide with the quan-
tities, they are fuppofed to'compound, ‘as in every
circumftance to be taken for them without producing
erroneous conclufions ; we find where a furer iguide
to correct their réafoning was wanting or difregarded,
thefe figures were often imagined to agree, where
they ought to have been fuppofed to differ.

31. We might produce numerous inftances of fuch
errors from the writings of modern computifts. The
moft celebrated of thefe, Leibnitz and Fobn Bernoulli,
will furnith us.with fufficient examples, from the fin-
gle error of fuppofing infinitely {mall arches abfolute-
ly to coincide with their chords.

32. The firft, in two differtations, one on the re-
fittance of fluids, and another on the motion of the
heavenly bodies, has on this principle reafoned falfly
concerning the lines intercepted between curves and
their tangents, as has been obferved by Sir Jfzac Newton
himfelf*. And Bernoulli, in a differtation likewife on -
the refiftance of fluids, has made the fame miftake,
and even infulted over Sir [faac Newton, where he
had by means of his jufter method of reafoning
avoided that error; and Bermoulli upon the fame
principles had erred formerly in a pretended folu-
tion of the problem concerning ifoperimetrical
curves 1.

33. Bur the proceeding of Monf. Parent is fo very
extraordinary, that it deferves alfo to be mentioned.
He has had the rathnefs to oppofe erroneous deduc-

* Philofoph. Tranf. N° 34z. p. 208. Or Comm. Epitt. p. 42.
+ A&a Erudit. An. 1706.
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tions from this abfurd principle to the moft indubita-
bie demonftrations of the great Huygens. It having
?ecn thewn by Galileo, that any heavy body will de-

cend through the chord of a circle terminating at its
loweft point in the fame time, as it will fall through
its. per%endicular diameter ; from this principle of
indivifibles, that the arch and the chord do at laft
-coincide; it was falfly concluded, that the time of
the fall through the fmalleft arches muft be equal to
the time of the fall through the diameter. This con-
teft bétween demonftration and error bas been thought
of fuch importance, that feveral elaborate differtati-
ons have béen publithed to fhew by what means, the
idolized doétrine of infinitely fmall quantities could
produce fallacious conclufions *. :

4. Thus if appears, that the dotrine of indivi-
ﬁbfts contains an erroneous method of reafoning, and
in confequence thereof, in every new fubjec, to which

. it fhall be applied, is liable to freth errors,
35. It is alfo manifeft, that the great brevity it
ave to demonftrations, arofe entirely from the ab-
En'd attempt of comparing curvilinear {paces in the
fame direct manner, as right lined figures can be com-
pared ; for in order to conclude directly the equality
or proportion of fuch fpaces no fcruple was made of
uppofing, contrary to truth, that retilinear figures
capable of fuch dire¢t comparifon .could adequately
. fll up the fpaces in queftion ; whereas the dotrine
of exhauftions does not attempt from the equality or
proportion of the infcribing or circumfcribing figures
to conclude directly the like proportions of thefe
fpaces, becaufe thofe figures can never in reality be
- made equal to the {paces, they are adapted to. But as
thefe figures may be made to differ from the fpaces,
to whic% they are adapted, by lefs than any fpace pro-
propofed, how minute foever ; it fhews, by a juft

* Sec Memoires de ’Acad. des Sciences, 1-22.

though
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though indirect deducion, from thefe infcribing and
circumfcribing figures, that the fpaces, whofe equa-
lity 1s to be proved, can have no difference, and that
the fpaces, whofe proportion is to be fhewn, can-
ot have a different propertion from that affigned
them.

36. But Sir Ifaac Newton, by his do&rine of prime
and ultimate ratios, has found out the proper me-
dium, whereby to avoid the impofiible notion of
indivifibles on the oné hand, and the length of ex-

-hauftions on the other.  As it was Sir Jfaac Newton's
exprefs defign abfolutely to fréee his method of rea-
foning from every part of the obfcurity-and incon-
fiftent notions of indivifibles; and as all the objetions
raifed againft him have entirely been grounded on a
fufpicion, that he has not fully fucceeded in that de-
fign; we thought the readieft method of vindieating
this doctrine. was to caft it into a form as remote as
poffible from any appearance of agreement wich that
abfurd fyftem. " .

37. For this purpofe we defined the ultimate mag-
nitude of any varying magnitude to be a fixt quan-
tity, which the varying one can approach within any
degree of nearnefs, and yet can never pafs: And the
ultimate ratio of any varying ratio to be a fixt ratio,
which the varying one can approach with any degtee
of nearnefs, but yet, can never pafs.

38. Thefe definitions thus premifed, we demon-
ftrated the two following propofitions.

I. That when the varying magnitudes continue
always in the fame ratio, their ultimate magnitudes
will be alfo in the fame ratio.

II. That all the uldmate ratios of the fame vary-
ing ratio are the fame to each other.

39-¢In this form it was eafy t@ explain the doc-
trine of prime and ultimate ratios without the ufe of
any of thofe éxpreffions, which had been mifunder-
ftood to have reference to the method of indiviﬁbll;:s.

ut
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But to make appear the identity of this dotrine, as
by us expounded, with what Sir Ifzac Newton has
himfelf delivered ; we premifed a fhort reprefenta-
tionof the true fenfe, in which we apprehended, his
phrafeology ought to be underftood. As he founded
his dottrine on the firft lemma in the firft fetion of
his Principia Philofophix, in my difcourfe I have thus
reprefented his meaning in that lemma, That in this
method any fixt quantity or ratio, which fome vary-
ing quantity or ratio by a continual augmentation or
diminution fhall perpetually approach, but never
pafs, is confidered as the quantity or ratio, to which
the varying one will at laft or ultimately become
equal ; provided the varying quantity or ratio can
be made in its approach to the other to differ from it
lefs than by any difference how minute foever, that
can be affigned. Confonant to this reprefentation of
Sir Ifaac Newton’s meaning, in the account given of
my book, this lemma was thus interpreted ; thofe
quantities are to be efteemed ultimately equal, and
thofe ratios ultimately the fame, which are perpe-
tually approaching each other in fuch a manner, that:
any difference how minute foever being given, a finite
time may be afligned, befote the end of which the
difference of thofe quantities or ratios fhall become
lefs than that given difference. :
" 40. Andto this interpretation the following re-
mark was fubjoined, That this lemma did not mean,
. or neceffarily imply, that any point of time was af-.
fignabie, wherein thefe varying magpitudes would
become attually equal, or the ratios really the fame ;
but only that no difference whatever could be named,
which they fhould not pafs. '
41. This interpretation of Sir [faac Newton is evi-
dently conformablé to our definitions.
42. A learned gentleman, who, concealed under
- the name of Philaletbes Cantabrigienfis, had exprefsly
entered into controverfy with the author of the.
' : Analyp
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#nalif, though he allows the truth of our method of
reafoning to be unqueftionable; yet he thinks, we
have in fome meafure deviated from the exa& inten-
tion of Sir f/aac Newton. He has interpreted the
forementioned lemma after a manner fomething dif-
ferent. But his interpretation does not alcribe to the
word given, ufed by Sir Ifaac Newton in this lemma,
the true fenfe of that word in geometry, but fuppofes
itto ftand for affignable ; whereas it properly fignifies
only, what is actually affigned. Pkilalethes infinuates,
that by our interpretation; and the forementioned
remark upon it, Sir Ifaac Newton is rendered ob-
noxious to the charge of firft fuppoling, what he
would prove; and with proving enly what he has
before fuppofed.  But our interpretation cannot pof-
fibly mean lefs than this, that thofe quantities and
ratios will have no laft difference, which are perpe~
tually approaching each other in fuch a manner, that
any difference how minute foever being given, a fi-
nite time may be affigned, before the end of which
the difference of thofe quantities or ratios fhall be-
come lefs than that given difference. This is cer-
tainly no identical propofition, though its truth be
very obvious 3 and Sir [faac Newton’s demonftration
of it is accordingly very fhort.

43. However I acknowledge, had Sir Jfaac New-
ton here no other intention, but fimply to prove fo
obvious a truth, a diftinét propofition for this pur-
pofe only might perhaps have well been fpared. But
we muft-confider this propofition in another light.
There are two ways, whereby good writers explain
the ufe of terms they introduce : one is by exprefsly
defining thent ; another, when, to avoid that for-
mality, they convey the fenfe of fuch terms by their
manner of ufing them. And to make appear, that
Sit Ifaac Newton, by the demonftration annexed to
this lemma, has fufficiently evinced; in what fenfe
the lemma itfelf muft be underftood, and at the
.. Vor, IL. 1 : fame
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fame time to prove what that fenfe is, it was {hewn,
‘that this demonftration is no lefs applicable to quan-
-tities, which only approach without limit to the ratio
:of equality, than it will agree to fuch quantities, as
-at laft become actually equal. For this purpofe this
-demonftration was applied to the ordirate of .an hy-
perbola, compared with the fame continued to the
-afymptote, which do approach without lithit to the
ratio of equality, though they never become actually
equal. But as Philalcthes has taken exception to this
inftance, not conceiving how to regulate this ap-
proach, fo as to bound it within a finite time ; with-
-out enquiring how far that limitation was neceffary
to our purpofe, we fhewed a method of adding this
circumitance by caufing a line to turn upon the cen-
ter of the hyperbola, and pafs with an.equable mo-
tion from the diameter to the afymptote: for by
Auppofing the forementioned ordinate continually to
-accompany the interfection of this line with the hy-
-perbola, the whole motion here required will "be
brought within fuch a finite {pace of time, as he ima-
gined neceffary. And in this view it is equally ma-
‘nifeft, that the ordinate, and its continuation, can
never become equal, till they are both extended to
infinity, and all idea of them is loft *.

44. By this we think it very evident, that Sir ¥aac
Newton has neither demonftrated the actual equality
of all quantities capable of being brought under
this lemma, nor that he intended fo to do.
. 45. When-

* Philalethes not perceiving, how the demonftration of Sir
Afaac Newton’s firht lemma could be applied to this cafe, Mr.
Robins thus fhewed it.

Here the hypothefis affumed is a property of the hyperbola
commonly known, That the curve continually approaches its
afymptote, as it is farther exftended, fo that by removing any
.ordinate farther and farther from the vertex, it will approach
mearer and nearer in magnitude to the fame continued to the
afymptote, without limit. New to prove tlie ultimate equality

' of
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45. Whenever the quantities or ratios compared
in this lemma are capable of an aftual equality, they
muft really become fo. But when they are incapable
of fuch equality, the phrafe of ultimately equal muft
of neceflity be interpreted in a fomewhat laxer fenfe;
that is, as Sir Ifaac Newton in the 71 propofition of
the. firft book of his Principia exprefles it, pro #qua-
libus babeantar, are ta be efteemed cqual ®, and means
enly, that fuch quantities or ratios approach without
limit. Accordingly we find, that immediately after
this lemma he ufes the expreflions wltimo in ratione
equalitatis, and yltimo equales, as fynonymous terms.

ever, as in every fubje& of this lemma all ulti-
mate difference is excluded, the confequences drawn

of thefe two lines, let us fay thus. If you deny it, let them be
ulimately unequal, and let their difference be D ; therefore
they cannot approach to equality nearer than by the given dif-
ference D, contrary to the hypothefis. Thus is the demonftra-
tion of this mma, without changing a fingle word, applied ta
the prefent cafe +. Prefent State of the Republick of Letters for
Auguft 1736, p. 100.

* Pbilalethes obje&ted to this tranflation, are 70 be efeemed equal,
and contended, that it ought to have been rendered, ler them le
taken for equal, or, let them be efteemed equal. To which Mr. Robirs
replied thus. ) :

But why is habeantur the imperative mood ? Philalethes was
deceived by the preceding words, which dire& certain conftruc-
tions ; but here, where a confequence is concluded from thefe
conftru&tions, the potential mood is required, in which, to ufe
the learned Linacer’s words, indicatio cff potentie, debitive, ali-
quando wwoluntatis. How then is, are 20 be ¢fleemed equal, a falfe
tranflation ? Is not that pro @qualibus haberi debent ? Juft as noa
expectes, ut flatim gratias agat, qui fanatur invitus, is expounded
by this great grammarian non debes expefare. Sec his excellent
treatife, De emendata firuitura latini fermonis, lib. 1.-De Mods.

I have quoted Linacer, becaufc he was the firft, who gave the -
rame of potential to this mood, when it bears any of the three
fignifications here mentioned : but this form of the verb having
all thefe fenfes is a point agreed among grammarians. Sce
Alvarex and Voffius. Prefent State of the Republick of Letters
for Auguft 1736, p. 102.

1+ Review, § 20,

I - from
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from it are equally juft and perfpicuous, whether the
quantities do or do not become aétually equal, and
the ratios actually coincident. And this reftriction
of the fenfe of this lemma is abfolutely neceffary to
be attended to in this doétrine; becaufe Sir Ifazac
Newton himfelf has applied it to quantities and ratios
incapable of an attual equality or agreement.

46. In the account of our Difcourfe, the lemma
immédiately following, where parallelograms are in-
fcribed, and others circumicribed to a curvilinear
fpace, ‘was produced as an example of this. It was
there alfo obferved, that vanithing quantities may
never actually have that proportion, which, accord-
ing to this lemma, is faid ultimately to belong to
them.

47. In this fecond lemma Sir Ifzac Newton direéts,
that the number of thefe parallelograms fhould be
augmented 7n infinitum. This muft not be inter-
preted, till the number become infinitely great : for
this is the exprefs language of indivifibles. We ren-
der the words 7 infinitum, endlefsly, and perform,
what is here direfted, by that fimple and obvious
method pratifed by the ancient geometers, of con-
tinually fubdividing the bafe of the curve ®*. And

1t

® Philalethes thus,animadverted on this place.

I apprehend our prefent enquiry is, not how Mr. Robins. per-
forms what is here dire&ted ; but how Sir Ifaac New:ton intended
it fhould be performed.

There are two ways, which we may conceive the bafe of the
curve to be continually fubdivided. One is; the method pratifed
by Euclid and the other ancient Geometers, which confifts in con-
tinually repeating the operation direéted in the tenth propofition
of the firft book, or in the tenth propofition of the fixth book
of the Flements.

To which animadverfion Mr. Robins made this reply.

MTr. Robins thinks himfelf direCted by the words of Sir J/zar
Newton to make the fubdivifion in the manner here propofed.
Philalethes, in not underftanding this place, confirms Mr. Robins
in his opinion, how needful a knowledge in the ancients is to

: qualify
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it is manifeft, that fuch fubdivifion- can never be
actually finithed.  Pbilaletbes on the other hand en-
deavours to defcribe a complex kind of motion,
whereby he apprehends this multiplication of the
parallelograms can be brought to a period. But as
the infcription and circumicription of thefe figures
require, that the bafes of thofe parallelograms be
conftantly equal, and each fome aliquot part of the
‘whole bafe, any fuch defcription by continued mo-
tion is neceffarily excluded, as has been already ob-
ferved *,  Philalethes charges this with being too
hafty an affertion: becaufe in another lemma,
namely the third, parallelograms are fuppofed to
be defcribed to a curve, whofe bafes fhould not be
equal. But it was not afferted, that Sir J/agc New-
#on had fuppofed this equality in all the pr?oﬁtions,
wherein he may have had occafion to confider paral-
lelograms defcribed to curves ; but that it was con-
ftantly and always to take place in this fecond lemma;
which being a diftinét and feparate propofition, muft
have a demonftration compleat within itfelf.

48. However, fhould we fo far depart from Sir
Ifaac Newton, as to admit of this complex kind of
‘motion, what idea can we form of the infcribed
or circumicribed figure, to which we are at laft

qualify a perfon for underftanding either Sir JJaac Newton or
himfelf. But however Philalethes has endeavoured to fhew his
knowledge in the ancients by quoting two propofitions from
Euclide’s Elements ; one of which teaches. how to divide alire in
the fame proportion as fome other line is divided, the other fhews,
that by taking from any quantity more than half, and from the
remainder more than half continually, the refidue may be re-
duced within any degree of fmallnefs. How much thefe pro-
pofitions are to the purpofe of infcribing and circumfcribing
parallelograms to a curvilinear fpace, let Philalethes fhew.
When Philalethes has gone forther in the ancients than the
Elements of Euclide, he will be better able to comprehend Mr,
Robins’s meaning, and judge upon the point in queftion. Pre/ens
State of the Republick of Letters for Augutt 1736, p. 107.

* Review, § 23.
I3 actually
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- aétually to arrive, which with any propriety of fpeech
is to be ftiled equal to the curve ? -

49. Sir Ifaac Newton in the corollaries anmexed to
the third lemma exprefsly declares, there is no ulti-
mate fum of thefe parallelogratns, nor no ultimate
figure compounded' of them, diftin& from the very .
curve itfelt.  Philalethes himfelf acknowledges this.
“Though how far this conceffion agrees with the reft of
his opinion, will be beft underftood hereafter. But
at prefent we fhall examine more particularly Sir
Ifaac Netton’s meaning in the corollaries mow men-
tioned.
© go. The treatife of Sir Ifzac Newton, in which
this do&trine is delivered, is written throughout with
that degree of brevity, as occafions a general com-
‘plaint of the difficulties attending the ftudy of it.
And this concifenefs is no where perhaps more re-
markable than in the fe€tion now under confidera-
tion ; infomuch, ' that it often requires careful atten-
tion to difcover the exa¢t meaning, and full force.of
the expreflions. More than once Sir Jfaac Newton,
to convey his intention the eafier to thofe, who had
been accuftomed to the method of indivifibles, has
introduced fome expreflions analogous to the phrafeo-
Jogy of that doétrine, when the brevity, he had pre-
fcribed to himfelf, occafioned his not giving exprefs
notice of it. Of this kind we muft reckon the con-
clufion of the following paflage. Ultime rationes
dlle, quibufcum quantitates evanefcunt, revera non funt
vationes quantitatum ultimarum, [ed limites ad quos
quantitatum fine limite decrefcentium rationes [emper ap-
propinguant 5 et quas propius affequi poffunt quam pro
‘data quavis differentia, nunquam vero tranfgredi, neque
prius attingere quam quantitates diminuuntur in inﬁgni-
tum *. The laft words of this paffage mean in reality
no more, than that the quantities will never have the

* Newtoni Princip. Lib. 1. Lem. xi. in Schol. -
' ratia
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ratio mentioned ; and the enly reafon to be affigned,
why Sir /faac Newton exprefled this in the manner he
has done, is, that he addreffes himfelf to thofe, who
had been accuftomed to indivifibles, and accommo-
dates himfelf to their language. The expreffion in
the firft of the corollaries before-mentioned is evi-
dently adapted to the fame defign. The witima fum-
ma there mentioned, in ftrict propriety of fpeech,
- has no kind of meaning, for it is really infinite. His
intention could only be here to fignify, that what in
the language of indivifibles might be called the laft
fum of thefe parallelograms, or the figures fuppofed
in that method to be compofed of fuch infinite num-
ber of parallelograms, or other right-lined figures,
is really nothing diftin& from the curve itfelf.

51. To affert that any colleGtion of thefe infcribed
or circumicribed parallelograms can ever become
attually equal to the curve, is certainly an impro-
priety” of fpeech; for equality can properly fub-
fitt only between figures diftinét from each other.
Such expreflions therefore are fo far from giving any
additional advantage to this method of reafoning,
that they can only tend to confound this method with
indivifibles. For we have already fhewa, that the
eflence of indivifibles confifts in endeavouring to
reprefent to the mind fuch infcribed or circum-
fcribed figure, as atually fubfifting, equal to the
curve. ‘That method does not merely depend on a
particular fet of exceptionable expreffions ; but how-
ever the phrafeology be varied, yet while the fame
mode of thinking is attempted, we are ftill involved
in that erroneous do&trine. Whatever ftate of the
infcribed or circumfcribed figure is fuppofed previous
to this equality, or by whatever changes it is con-
ceived to degenerate into its imagined laft form:
yet as long as we fancy ourfelves capable of feeing
diretly in this laft form thofe properties, which
thefe figures had:before, we are fill immerged in

‘ 1 4 the
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the doérine of indivifibles. It is certainly therefore an
advantage to this method, to feclude from it any ex-
preflions leading towards fuch faulty conceptions.

- 52. But Pbilalethes feems apprehenfive of weak-
ning the force of Sir Ifaac Newton's demonftrations
by this means, when he tells us, that Sir Jfaac New-
son contents not bimfelf with any the moft near approxi-
mations, but carries bis demonfirations to the utmoft ac~
euracy and geometric rigors accordingly every ome of the
examples be bas given in.the lemmata of the firft feition,
are of fuch quantities and ratios, as do aliually arrive at
their refpeftive limits. Does Philaletbes here fuppofe
the truth of Sir Ifaac Newton’s demonftrations to de-
pend on this actual equality of the variable quantity
and its limit? He confefles aur demonftrations«o
be juft, which do not fuppafe this actual equality.

53. Healfo fays, that 2be fuppofing this attual equality
feems greatly to exceed the method of the ancients in perpi-
cuity as well as in the concifenefs of its demonfirations.,

54. That this method fhould be more perfpicuous
is impoflible, the method of the ancients being per-
fect in that refpe@. Certainly there aye not in their
method, what Pbilalethes (thoughIthink without rea-
fon) infinuates of this, any demanftrated truths, that
muft be owned, though we do not perfe(tly fee every
ftep, by which the thing is brought about. That it
.exceeds the method of the ancients in concifenefs is
true ; but that is not occafioned by this fuppofed
actual equality of the variable quantity and its ulti-
mate 3 fince, as we have fhewn this to be at the beft
but a fuperfluqus circumftance, the fuppofing it ne-
ceflary is fo far from promoting concifenefs, that it
-adds to the Jength of this do¢trine, by obliging us to
labour in every cafe after fome idea’ of motion how-
ever intricate, whereby to reprefent to our minds this
actual equality. In the cafe we have been confider-
ing, the motion propofed for forming thefe paralle-
lqérggg§ is {ufficiently intricate. If it were convenj-

‘ ens
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ent to make ufe of a polygon defcribed within or
without a curve, as in the firft propofition of the fe-
cond fection of the firft book of the Principia, ano-
ther kind of motion muft be accommodated to that
cafe. And fo for every variation of thefe infcriptions
and circumfcriptions we muft ftrain our imagination

for fome involved and perplexed kind of motion ap~
plicable to each *. '

55. The fum of what, we have been faying, a-
mounts to this, that in our interpretation of Sir J/aac
Newton, no fubtle inquiry after means to bring about
an actual equality between the curve and the infcrib-
ed and circumicribed figures is at all neceffary;
which is affixing intricate circumftances to this me-
thod, no way necefary to the truth or clearnefs of

#* On this paflage Philalethes thus obferves.

However, fince Mr. Robjns is pleafed to talk fo much about
Jraining our imagination for fome involved and perplexed kind of mo-
tionz, let us fee, if we cannot find fome plain and eafy way, of
reprefenting to the imagination, that aftual equality, at which the
infcribed and circumfcriied figures will arrive with each other, and
with the curvilineal figure, at the expiration of the finite time.

Accordin %lly Philalethes attempted to reprefent to the imagina-
tion, what he calls the attual equality, at which the infcribed
and circumfcribed figures will arrive with each other, and with
the curvilinear figure, at the expiration of the finite time.

To this Mr. Robins anfwered, Is this producing any continued
motion for the purpofe, Mr. Robins {peaks of ?

However, Philalethes, in executing his own defign imagined
two curves to be defcribed, whofc ordinates might exprefs con-
tinually the proportion between the infcribed and circumfcribed
parallelograms in queftion ; by the interfelion or concurrence
of which curves it might be found, when the inftribed and cir-
cum{cribed figures become equal. But though each of thefe lines
are drawn by Pbilaleibhes in his figure, as fimple curves; yet in
realigy they are each compounded of an endlefs number of por-
tions of as many different curves combined together. 'This, adds -
Mr. Robins, is a fpecimen of Philalethes’s kill in the common al-
gebra of curve lines, to give us an equation exprefling the nature
of a fingle curve; one which in reality includes an infinite feries.
Appendix 1o the Prefent State of the Republick of Letters for Scp-
tember- 173_6,| p-1. ‘ i )

the
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the demonftrations.  For this aGtual equality can
fcarce be reprefented to the mind, but in fuch com-
plex, not to fay confufed ideas, that will bring us
upon the very borders of indivifibles, and render us
perpetually ebnoxious to the abfurdities of that doc-
trine. It is therefore without queftion an advanta-
geous reprefentation of this methed, to free it from
every perplexity of this kind. And we have thewn
our interpretation, which thus remeves this do&rine
quite beyond the reach of every objetion, that has
hitherto been levelled againft it, to be conformable
to the moft proper fignification of Sir Jfzac Newton’s
.words, both in his fecond lemma, where thofe fi-
gures are confidered, and alfo in the firft, where the
principles of this methed are eftablithed. -
56. And our interpretation of this firft lemma is
ftill more abundantly neceffary in applying this lem-
ma to what, Sir Ifaac Newton calls vanifhing quanti-
ties. For as thefe quantities are {fuppofed continually
%o diminifh, and by that means to have their propor-
tions varied ; nothing is more evident, than that
their dimunition will never bring them actually to
bear that ratio to one another, with which in this
lemma the ratio of thefe quantities is faid to become

ultimately the fame. :
57. This will moft evidently appear by Sir fzac
Newton’s words, Ultime rationes ille, quibufcum quan-
_ titates evanefcunt, revera non funt rationes quantitatum
ultimarum, [ed limites, ad quos quantitatum fine limite
decrefcentium rationes [emper appropinguant 5 & quas
proprius affequi poffunt quam pro data quavis differentia,
nunquam vero iranfgredi, meque prius attingere, quam
quantitates diminuuntur in infinitum. Res clarius in-
zelligetur in infinite magnis. Siquantitates duze, quarum
data et differentia, augeantur in infinitum, dabitur bha-
rum ultima ratio, nimirum ratio equalitalis 3 nec tamen
ideo dabuntur quantitates ultime, feu maxime, quarum
tfa eff ratio. In fequentibus igitur, fi quando facili
reruin
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rerum conceptui confulens, dixero quantitates quam wmini-
mas, vel evanefcentes, vel ultimass cave intelligas quan-
titates magnitudine determinatas, fed cogita femper di-
minuendas fine limite ®.

58. Here it is exprefly declared, that thefe w/time
rationes, quibufcum quantitates evanefcunt, are not ra-
tiones quantitatum ultimarum; but only limits, to
which the ratios of thefe quantities, which them-
felves decreafe without any limit, continually ap-
proach 5 and to which thefe ratios can come within
any difference, that may be given, but never pafs,
nor even reach thofe limits,” before the quantities are
diminifhed to nothing. To explain this more di-
ftin&kly, and to prevent, as much as poffible, his
reader from feeking after any ftate or condition, at
which thefe quantities can aGually arrive, wherein to
be the fubjects of this proportion; he draws a parallel
between this cafe, and the cafe of quantities fuppofed
to augment without end. Fot fays he, fuch quanti-
ties may have an ultimate ratio, though here will not
be any laft quantities as the fubjeéts of that ratio.

59. Philalethes is very unwilling to. allow this in-
tended for an exalt parallel. But Sir Ifzac Newton
exprefly affirms, his intention of introducing it was
to render more clear the thing, he had been immedi-
ately fpeaking of, that is, the nature of the ultimate
ratios of quantities decreafing witheut limit. )

60. Philalethes indeed afferts a difference between
the two cafes.  In vanilhing quantities he afferts their
ratio actually to come up to (attingere) their limit ;
but in the other not. Itis true the quantities in one
cafe may be reduced abfolutely to nothing, but in
the other can never be extended to an infinite mag-
nitude. Yet in both cafes the quantities are equally
incapable of bring converted by the variation afcribed
to them into any condition, wherein they will be the

* Newtoni Princip, Philof, Lib, 1. Lem, xi. in Schol.
fubjecls
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fubjedts of that ratio, which is called their ultimate.
Nay, Sir Jfaac Newton has been {o particularly careful,
left any of his readers, from brief expreflions, which
they would afterwards find in this book, fhouid
imagine, he in the leaft favoured the attempt of in-
divifibles, to purfue fuch quantities to a diminution
allually infinite, here further adds this exprefs cau-
tion, that by whatever name he might hereafter de-
note thefe vanithing quantities, they were never to
be confidered as determinate, but as variable ones,
diminithing without limit; confonant to what he faid
before, Nolim indivifibilia, [ed evane/centia divifibilia
intelligi *.

61. This interpretation of Sir Jfaac Newton, fo
exprefsly conformable to his own words, at once
diffipates all the objections, the author of the Analyf
has raifed againft the demonftrations, whereby Sir
Ifaac Newton proves the operations in his method of
fluxions, though condemned with fo much freedom
for fallacious and inconclufive.

62. The form of thefe demonftrations may be re-
prefented thus.

A i
I D I

63. Let the two points B and D, one tracing out
the line AB, and the other the line CD, be fuppofed
to fet forward together from A’ and C, and to arrive
in the fame time at B and D, Now it is required,
from the given relation between thefe defcribed lines
AB and CD, in all the correfpondent magnitudes of
thofe lines, to determine the proportion of the velo-
cities of the points at B and D3 thatis, to determine

. * Newton, Princip. Phil. ibid, .
the
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the proportion of the fluxions of thofe lines’ AB and
CD from the known relation of the flowing lines.

64. Suppofe thefe points advance to K and F in
the fame time. Then if their velocities are always
in the fame proportion, the augments BE and DF
will be in the proportion of thofe velocities. But if
one of the points, fuppofe D, is more accelerated
than the other B; then the ratio of DF to BE will
be a proportion greater than that of the velocities :
but the {maller BE and DF are taken, the nearer
will the proportion of thefe fpaces DF and BE ap-
proach to the proportion of the velocities at D and
B; and the difference between thefe two proportions
-may be diminithed in any degree whatever by a fuf-
ficient diminution of the augments DF and BE.
T'hen the ultimate proportion of the decreafing quan-
tities DF and BE will be the true proportion of the
velocities, or of the fluxions at D and B.

65. This is exprefsly the method, by which Sir
Ifaac New:on determines.the proportion of the fluxi-
ons of different magnitudes in all cafes. Having
firft compared fuch contemporaneous augments as
have a finite, thatis, a real magpitude; then he
fuppofes thefe auguments continually to diminifh,
and having determined the neareft proportion, to
which they conftantly tend during their diminution,
he affigns this as the true proportion of the velocities
or fluxions.

66. Sir Ifaac Newton defcribes the pracefs, we
have here explained, by thefe words: 1 Evanefcant
jam axgmenta illa & eorum ultima ratio erit, Ec.

67. Now this paffage is thus tranflated and com-
mented on by the author of the Analy#, Let thefe in~
crements vanih, 1. e. let the intrements be nothing s
and from hence he takes great pains to fhew the ab-
furdity of comparing together, and affigning the pro-

+ Inwod. ad Quad. Curv.
porticn
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portion of quantities, after they are fuppofed to be
deftroyed.

68. But here he commits a twofold error : ‘firft in
imagining, that the operation, which the increments .
are by Sir Ifaac Newton fuppofed to undergo in order
to have their ultimate proportion afligned, and which
he defcribes by the verb evaneftant, is confined to
that point of time only, at which the increments are
actually gone and abolifhed ; and, fecondly, in ima-
gining, that by the ultimate ratio of varying quan- .
ties i$ meant a ratio, that thofe quantities do at fome
time or other exift under.

69. As to the firft fuppofition, when the peints
E and F are conceived to move backwards, till they
arrive at B and D, the diminithing of the augments
BE and DF, as well as their abolition at laft in the
points B and D effected by this means, is by Sir
dfaac Newton comprehended under the general de-
fcription of evanefcant, let them vanith; as is moft
evident, not only by the paffage above quoted from
Sir Ifaac Newtor’s introdultion to his treatife of
Quadratures, where he fays his analyfis inveftigated
JSinitarum nafcentium vel evanefcentium rationes primas
vel ultimas, but alfo by the words fince produced,
that tbe vanifbing quantities by bim confidered are divi- _
JSible, and not deterininate, but continually diminifbing.

70. Since therefore thefe vanithing quantities are
exprefsly declared by Sir Ifaac Newton to be finite
and variable ; his expreffion in this place muft be un-
derftood to relate to the whole time they are vanifh-
ing. And his words are free from any impropriety ;
for the term vanifhing is daily applied to objeéts dur-
ing the time of their difappearing, before they are
actually out of fight, abfolutely fignifying no more
than going to vanith.  Juft as we fay that the fun is
fetting in the maft limited fignification of that word,
as foon as its under limb touches the horizon; and
as foon as ever the fun is quite out of fight, it is no

longer
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Ionger fetting, but actually fer: fo thefe quantities,
being of a finite, that is, of a real magnitude, do net
vanifh inftantaneoufly, but with the utmoft propriety
may be faid to be vani(hing all the time they are un-
dergoing the diminutien afcribed to them.

71. The fecend error of the author of the Afualyft,
that of fuppofimg the ultimate ratio of varying quan-
tities to be a ratio, which.thefe quantities muft fome
time or other exift under, we have fully thewn to be
eontrary to Sir Ifusc Newton's exprefs declaration.

72. Upon this miftake is grounded the charge of
indivifibles being unavoidably fuppofed in this doc-
trine, when he fays, no quantity can be admitted as
2 medium between a finite quantity and nothing,
without admitting infinitefimals. By what has been
above faid, it appears, that Pbilalethes had no necef-
fity, for avoiding the confequence here charged upon
the dotrine, to have recourfe to that definition of a
nafcent increment, which follows. A nafcens increment
is an increment juft begimning to edif from notbing, or
Juft beginning te be generated, but not yet arrived at any
affignable magnitude, how fmall foever.

73. Here a nafcent augment feems to be repre-
fented, asa quantity neither of ardy finite magnitude,
nor yet as abfolutely nothing, @nd can fcarce be con-
ceived of otherwife, than a3 in‘an idtermediate fafe
between both. I apprehend Philalethes was induced
to frame this definition from the terms naftent and
evanefcent, by which thofe, who had compofed de-
monftrations, or writ upon this fubjéét in our lan-
guage, had rendered Sir Ifaac: Newton’s words na/-
centes and evanefcentes.  And.thefe Englifb words
bearing the form of nouns adjetive, they too fre-
quently neglected the addition of prime and ultimate,
neceffary to render the fenfe compleat in exprefling
the ratio, which is the limit to ‘the ratios of thefe
quantities, We find Sir /faac Newton fo cautious in
this particular, that in the accouat of the Commer-

: : cium
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cium Epiftolicum, publithed in the Philofophical Trasifs
aftions, though written by him in Englib, he retaing
the Latin expreflions. Since Sir /faac Newton ins
tended by guantitates nafcentes and evanefcentés finite
and indeterminate quantities capable of bearing dif+
ferent proportions, the term prime or ultimate is ab-
folutely neceffary to exprefs that ratio, which is the
limit of thofe different ones. .

74. From this inadvertent ufe of the words #zf>
cent and evanefeent we exprefled a diflike to them in
our difcourfe. '

75. But now, to fum up the whole of what we
have faid upon this head, fince Sir Jjazac Newton has
exprefsly told us, that the quantities, he calls #g/
centes and evanefcentes, are by him always confidered

l

ar f
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as finite quantities; that ratio called their prime or
ultimate cannot be the ratio, which thofe quantities
themfelves at any time muft atually have. Our in=

i terpretation
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terpretation therefare of the lemma fo often menti-
oned is abfolutely neceffary in applying it to thefe
quantities. And as we have fhewn no different fepfg
to be required in any cther fubje& of this doétrine 3
fo our reprefentation of Sir Ifaac Nswten's mind has
not only heen proved to be conformable to the ges
nuine meaning of his words, bur is alfo perfe&ly
confiltent with itfelf : whereas we muft contefs our-
felves at a lofs ta reconcile Philaletbes with himfelf
in the acknowledgment he makes, that the ultimate
form even of the perimeter of the infcribed figure in
Sir Ifaac Newtow's fecond and third lemmas is na o-
ther than the curve itfelf; that is, in each triangle
4Kb, bLc, eMd, dDE, the rectilinear fides 4K, Ko,
6L, Le, cM, Md, 4D, DE, vanifh into the curve
itlelf : if at the fame time he fuppofes evanefcent
quantities fubfifting at each pqint of the curve, which
can be the fubjects of the proportions, between the
ordinate, tangent, and fubtangent.

96. We fhall now proceed to coafider, what Sjr
lfaac Newton has called the momenta of quantities.
This term was ufed very early by him. In or before
the year 1669 *, he drew up a fhort difcourfe de
Analyfi per @quationes nuiiero tcrminorum injinitas.
Here the word moment frequently occurs. He has
told us this trall teaches bow to refolve finite equations
into infinite ones, and bow by the metkod of moments to
apply equations both finite and infinite to the [olutipn of
problems +. He fays, that.be there called the maoiment
of a line a point in the [enfe of Cavalerius, and the mo-
+ ment of an area a lixe in the fame [enjef. The paffage
in the bock, to which this relates, is as follows.
Nec vereor loqui de unitate in punéiis, five lineis infinite

* Philof. Tranf. No. 342. p. 2c4. Or Comm. Epitt. p. 36,

7.
? + Philof, Tranf. Ibid. p. 175. Or Comm. Epitt. p. 5.
1 Philof. Tranf. lbid. p. 178. Or Comm. Epift. p. 7.

Vou. 11. K Parvis,
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parvis, figuidem proportiones ibi jam contemplantar geos
metre, dum utuntur methodis indivifibilium|. And he
has told us, from the moments of time be gave the
. mame of moments to the momentancous increafes, or

infinitely fmall parts of the abfiifa and area generated
in moments of time*®. He fays, Leibnitz bath no
[fymbols of fluxions in bis method, but ufed the [ymbols
of moments or differences dx, dy, dz++. All this is
fuitable to the doctrine of indivifibles. He likewife
tells us, becaufe we bave no ideas of infinitely little
quantities, be introduced fuxions into bis method, that
4t might proceed by finite quantities as much as poffible ||l
Hence it appears, he had not at the firft difcovered his
doétrine of prime and ultimate ratios, which entirely
rejects indivifibles, or infinitely little quantities ; but
at length falling upon it, be founded bis method [of
fluxions] om the primz quantitatum -nafcentium ra-
tiones, which bave a being in geometry, whilfp indivi-
Sibles, upon which the differential method is founded,
bave no being esther in geometry, or in nature®.  Ac-
cordingly he tells us, #Wben be is demonfirating any
propofition, be ufes the lester o for a finite moment of
time, cr of its exponent, or of any quantity flowing uni-
formly, and performs the whole calculation by the geo-
metry of the ancients in finite figures or [chemes without
any approximation : and [0 foon as the calculation is at
an end, and the equation is reduced, be fuppofes, that
the moment © decreafes in infinitum, and vanjfbes.
But when be is not demonfirating, but only invefiigating
a propofition, for making difpatch be [uppofes the mo-
ment o to be infinitely little, and forbears to write it
down, and ufes all manner of approximations, which be

j| Comm. Epift. p. 85. '

** Philof. Tranf. Ibid. p.178. Or Comm. Epift. p. 7.

++1 Philof. Tranf. Ibid. p. 205. Or Comm. Epitt. p. 37, 38.
'l Philof. Trarf. Ibid. p. zc5. Or Comm Epift. p. 38.

* Philof. Tranf. Ibid. p. z05. Or Comm. Epitt. p. 38.

concesves
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conceives will produce no error in the conclufion *.
Here Sir Ifaac Newton declares, he was wont to ufe
the word moment in two fenfes; examples of both
which he then mentions. And it is obfervable in his
rule for finding the relation of fluxions, as publifhed
out of his old papers by Dr. #allis in 1693, the
word moment is ufed in the fenfe of indivifibles; but
when he came to give that rule himfelf in his book
of Quadratures firft printed in 1704, he ufed that
word in the other fenfe +. :

77. Before he had publifhed any thing on thefe
fubjects, he thought fit for the fake of brevity to in-

* Philof. Tranf. Ibid. p.179. Or Comm. Epift. p. 9.

t+ But Philalethes contended, that by the expreflion infuite
parvis, once only ufed in Sir Jfzac Newvton’s Analyfis. he did not
mean indivifibles ; becaufe in that work the expreflions, iz inf-
mitum diminui et evanefeere, five effé nibil; continuo diminuatur do-
nec tandem evantfcent ; diminuetur donec evanefeent 5 continuo decre/~
cit donge tandem penitus evanmefcent: were all conformable ta Sir
1faac Newwtor’s conftant doéirine, and peculiarly his. own, and
never ufed by any writers upon indivifibles. To which weak
argument Mr. Robins made the following reply.

Here Philalethes is too hafty ; for fuch expreflions are to be
found in Dr. Wallis. Sir lfaac Newtor’s do&rine of prime and
ultimate ratios does not depend merely upon thefe words It
would be tedious to refer to all the places of Dr. #allis, where
fuch expreflions as thefe occur. It is fufficient to name the two
following. In the Arithmetick of Infinites, propp. 20, 40, are
“thefe words, exceffus ille, fi in infinitum procedatur, provfus evani-
turus eff.  Huygens in his illuftration of Fermat’s method of draw-
ing tangents, though he proceeds undoubtedly upon the princi-
ples of. indivifibles, yet has made ufe of the word ewanc/eens in
the following paflage, Nam termini, Ec. quantitates infinite par-
was, five omnino evanefcentes continebant*,, It is ceruinly very
eafy to fee, what Sir Jfaac Neavton meant by the words infinite
parvis in the Analyfis; becaufe he tells us exprefsly, that he ufed
them in imitation of thofe, who ufed indiviibles.  Nec wereor
logui de unitate in punétis, five lineis infinite parwis, fiquidem pro-
portiones ibi jam contemplantur geometree, dum utuntur methodis indi-
wifibilium. ~Appendix to the Prefent State of the Republick of
Letters for September 1736, p. 17.

*, Divers Ouvrages de Mathematique et de Phyfique par Mefl, d= I'Aca-
demie Royale des Sciences, a Paris 16g3, p. 332.
K

2 troduce
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troduce this term moment in the fecond book of his
Principia Philofophie. As the geometers of his time
had been much accuftomed to indivifibles, he did
not fcruple there to defcribe moments according to
the fenfe of that dottrine, as he had done formerly, -
to be incrementa vel decrementa momentaneaf. As in
another place of that treatife he acknowledges his
ufing feveral expreffions favouring indivifibles, but
at the fame time fhews how that idea may be cor-
reCted, when fuch expreffions occurf; fo likewife
here he does the like: he fhews how to correét the
idea arifing from this defcription of moments. He
fays, you muft never confider their magnitudes, but their
prime ratio. He adds, it woald come to the fame
thing, if inftead of thefe moments you ufed the velocities
of increafe or decreafe of quantities, which be is wons
30 call fluxions, or if you ufed any finite quantities pro-
portional to thefe fluxions.

78. Notwithftanding all this caution of Sir Jfaac
Newton, he has not efcaped being cenfured. 1 there-
fore endeavoured in my difcourfe to clear up this affair
of the moment, not thereby to vindicate the genuine-
nefs of Sir Ifaac Newton’s methods of fluxions, and
of prime and ultimate ratios, which I had before
Aufficiently fhewn to be accurate, and did not in the
leaft depend on the interpretation of the word mo-
ment; but to make appear, as on this head there had
been raifed great clamor and boafting, that it was
without any manner of foundation. To thisend in
my difcourfe I gave a defcription of moments fuit-
able to the dorine of prime and ultimate ratios; and
fince Sir Ifaac Newton’s demonftration of the mo-
ment of a retangle had been attempted to be ex-
ploded, though it is moft accurate as well as brief,
this is likewife explained ; and is alfo more fully en-
larged upon in the account of my book.

1 Lemm. IL
i Lib. I. Lemm. XI. in Schol. :
79. The
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79. The miftakes, that have here arifen, were oc-
cafioned by not fufficiently attending to Sir Jfaac
Newton’s laft mentioned caution. From thence it
will appear, in calling £ 4 and % 4 the halves of the
moments of A and B, by 4 and % he meant finite
quantities in the prime or ultimate ratio of the cor-
refpondent increments or decrements of A and B.

8o. Upon this principle, if the fides of a re&-
angle, which are denoted by A and B, be augment-
ed and diminifhed by half fuch lines exprefled by
and 4, as fhall be in the ultimate ratio of the incre-
ments or decrements of the fides A and B, generat- -
ed in equal portions of time; the difference (aB45A)
of fuch retangles, as are contained by the fides A
and B thus augmented and diminifhed, will exprefs -
the momentum of the original rectangle.

81. The exception to the demontftration, Phila-
lethes has given, of the method for finding the mo-
mentum of a reCtangle is, that as it demonftrates too
much, it muft of neceffity be inconclufive.

€2. He has endeavoured to prove, that the mo-
ment of the retangle is an arithmetick mean pro-
portional between the contemporaneous increment
and decrement of the fame rectangle. ‘ :

83. But it has been fhewn, that this is only true
when the fides augment in the fame conftant pro-
Pportion. :

84. Confequently the fuppofed demonftration.ef
Philalethes muft be defective; for there is no past
of it, but the conclufion, that contains any reftric-
tion to this particular cafe.

85. Philalethes fays, that Sir Ifaac Newton wever ad-
maitted of indivifibles, nor of quantities infinitely fmall,
conceived as aliyally exifting in a fixed determinate and

ghvariable flate. :

86. That Sir Ifaac Newton has made ufe of indi-
wifibles in the very fenfe of Cavalerius, and that the

- K3 . dottrine
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dodtrine of moments was originally founded on them,
:we have already proved from his own words.

87. Weare alfo told, that Sir 1faac Newton in
the lemma, where be determines the moments, amongf
other methods of conceiving them confiders thefe mo-
.ments as the differences of Leibnitz, or as Philalethes
afterwards explains it, as finite quantities exceedingly
Jmall. But this is directly contrary to Sir I/zac New-
ton’s defcription, who, fpeaking of thefe momenta,
as incrementa momentanea, in the fenfe of indivifibles,
fays, particule finite non funt momenta. Afterwards
indeed he adds a caution, whereby we may under-
ftand the fignification of the word moment in the
true fenfe of his method of prime and ultimate ra-
tios ; that is, that thefe momenta may-be exprefied
by finite quantities, not confined to be exceedingly
fmall, but of any magnitude, provided they were in
the prime or ultimate ratios of their correfponding
increments or decrements. |

88. And it is afterwards faid, that the cour/fe taken
&y Sir lfaac Newton to find the finite difference of va-
riable guantities, though not rigoroufly geometrical in
the bigher cafes, yet approaches nearer to geomeiric ri-
gour than the metbod of Leibnitz.,

89. Now I fay, that were thefe differences in this
fenfe confidered as finite fmall quantities; however,
Sir Ifaac Newton’s computation might come nearer
the value of any quantity fought after, than that of
Leibnitz 3 yet confidered as a medium of demonftra-
tion to determine the abfolute value of fuch quanti-
ty, both will be torally, and therefore equally, vaid
of geometric rigour.

go. lt is faid, that in tbe firft cafe of this lemma Sir
Ifaac Newton is naturally to be underftood as confider-
ing the fides of the reclangle to flow eitber uniformly
or proporiionally, '

g1. Ifay this cannot be the natural interpretation

- qf that cafe, becaufe it ig immediately quoted ta

prove
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prove the fecond cafe, where the augmentation is
confefledly different. Nor can there be any reafon
affigned to thew, why it fhould be thus underftood :
for Sir Ifaac Newton has computed the moment of
the rectangle, not by fuppofing the fides increafed
and diminifhed by their refpective increments and
decrements generated in equal portions of time, but
by finite lines exprefling half their correfpondent
moments, as we explained it above ; fo that his de-
termination is by this means general, and according
to the utmoft geometric rigour.

92.  hope, I have here notonly thewn, that the ac-
count, [ lately publithed, of Sir I/aac Newton’s dotrines
of fluxions, and of prime and ultimate ratios is entirely
conformable to the fenfe of that great man; but have
alfo placed them in fuch a light, as the objettions,
that have been raifed againft them, will at once ap-
pear to proceed from mifconceptions and mifrepre-
fentations of the fubjeéts. Sir [faac Newton has been
charged with having given various and inconfiftent
accounts of his methods, and been reprefented as
ftruggling with infuperable difficulties, and impofing
. on his followers. How little reafon there is for :ﬁ
thefe imputations will be manifeft from the follow-
ing confiderations. . .

'93. Sir Ifaac Newton being very young at the be-
ginning of his mathematical ftudies, difcovers a very
extenfive and compendious method of calculation,
which he readily applied to the finding the maxima
and minima, drawing tangents, determining the cur-
vature of curves, fquaring curvilinear furfaces, and
to other problems of the like fort. About the fyeau’
1665, becaufe, as he fays, we have no ideas of in-
divifibles, or infinitely little quantities, he "intro-
duced fluxions into his calculations, that he might
proceed without indivifibles, as much as poffible.
But in determining the proportions of thefe fluxions
- he ftill allowed himfelf fome ufe of infinitely little
K 4 quantities.
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quantities. No doubt, but upon reading the an-
cients he from thence would have been enabled to
have demonftrated the proportions of fluxions ac-
cording to their accurate methods; for he did much
more, by finding out one of his own, more tom-"
pendious than theirs, and equally geometrical. This
ferved not only to demonftrate the proportions of
fluxions, but was applicable to the fynthetic demon-
ftration of all propofitions relating to curves. When
he difcovered this method of prime and ultimate
ratios, we cannot certainly know. We are fute he
had part of it in 1669, on account of a demonftra-
‘tion added at the end of his Analyfis per zquationes,
€¢. which was fent at that time by Dr. Barrow to
Mr. Collins. But moft probably he had not_then
compleatéd this method, fince in the Lefures hé
read the fame yéar at Cambridge on his admirable
difcovéries in opticks, he ufed indivifibles in his de-
jnonftrations*. ‘ ‘

" 94. It was in 1686 he firft difclofed his dottine
of prime and ultimate ratios in his immortal work

the Matbematical Principles of Natural Philofophy. It

" ® Philalerbes affirming Sir Jfaac Newston never ufed indivifibles

in his demonftrations, Mr. Robins thus replied.
- Whoever has read Sir I[faac Newton’s Leftiones Optice, and
will deny, thathe has at any time made ufe of indivifibles, muft
be very much a ftranger to that doftrine, and to the ftyle of
thofe writers, whio followed it ; but I fhall fet down two paffages,
Where Sir J/@ac Newton owns, that he ufed the phrafes of indivi-
fibles in the fenfe then gonerally underftood. In Ipage 98.
Concipias itague arcum bc in wquales et indefinite viultas partes
dividi, et ejufmodi tot Jumi, que minus quam una parte (b eff,
indefinite parum) differunt ab arcucd, atque adeo ipfi pro more con-
Jaébo cenfeartur wquales, &c. Againin page 127, Age NZ occur-
reatem Cl in g, ot, ut mos ¢ft, concipe infinite parvum arcum BN
agualem offe, &c. Here the words pro more confueto, and ut mos eff,
lzinly fhew, that by the phrafes indefinite multas, indefinite parum,
and infnite par<yin he meant the fame as other writers had
done.  Appendix to the prefent Stare of the Republick of Letters for
Sept. 1756. pag. 1. ‘ . .
is
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is furprifing with what modefty, and as it were fear-
fulnefs to offend fuch, as had been admirers of in-
divifibles, he introduced fo excellent and truly geo-
metrical method, by cenfuring the other in the fofteft
manner. ' Though in anfwering the objetions, that
might be ftarted againft his own met_hod, he evi-
dently proves, he was fully apprifed of the real im-
perfettions of indivifibles, at the fame time thewing
a way to avoid them; yet he fcarce condemns them
himfelf, and frequently makes ufe of expreffions pe-
" culiar to them, thinking it fufficient once for all to
inform thofe, who ‘did not approve of indivifibles,
how to correét fuch expreffions, and render them
~conformable to his method of prime and ultimate
-ratios. : :

95. In this treatife he but once mentions his doc-
~ trine of fluxions, and though what he fays of them
is thort, yetitlis very juft. It feems, as if he took
notice of them chiefly, that a cypher, he thought
fit'to explain relating to them, might be underftood.
He here indeed demonftrates fyntherically, and very
~ accurately the foundation of his methed of calcula-

tion, whtch is common to the methods of fluxions,
of prime and ultimate ratios, of moments, and of
'diﬂpcrentials. -

96. In the year 1704. he publithed his book of
Quadratures, "a’ work worthy his profound genius.
He had now fufficiently feen the abufes, that had
been made of the dotrine of infinitely fmall quan-
tities, in what was called the differential calculus.
In the introduction to this book he delivers a very
diftin& account of his method of fluxions, and
teaches how to find out their proportions by his
method of prime and ultimate ratios ; in order, as
he fays, to fhew there was no occafien in the ufe of
fluxions to introduce infinitely little quantities into
geometry : but ftill with his ufual modefty faying
errors might be avoided in the other method, if we

' ' proteeded
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proceeded cautioufly. In all this plain narrative of
matter of fa&t, there appears no inconfiftency in Sir
Ifaac Newtcn’s accounts of his methods, or the leaft
fhadow of having been ever puzzled or confounded
in his ideas about them. '

97. Hence it is very manifeft, that as Sir Jfaac
Newton ufed at firft indivifibles, fo he foon corrected
thofe faulty notions by his do¢trine of fluxions, and
afterwards by that of prime and ultimate ratios.
And all the abfurdity of expreffion, and all the in-
confiftency with himfelf charged-on him by the au-
thor of the Analyf, arifes wholly from mifreprefen-
tation. Forexample, it has been afferted, that there
is as little fenfe in the phrafe, a fluxion of a fluxion,
as to fpeak of the velocity of a velocity ®*. This ob-
je&ion - fuppofes, that the- fimple word velocity can
always be fubftituted in the room of the word fluxion.
But by Sir Ifaac Newton’s defcription of the fluxions
.of magpnitudes, it is evident, that the fingle words
can never be ufed promiicuoufly : for the fluxion of
any quantity is not the velocity of that quantity,
but the velocity, wherewith it at all times augments
or diminifhes ; for inftance, the fluxion of a line is
“not the velocity, . wherewith that line moves, but the
velocity of the point, by whofe motion the line is
delcribed.  Therefore, firft fluxions not being the
velocities of their fluents, but the velocities, with
which the fluents increafe or diminifh, the fluxion of
a fluxion is not the velocity of the firft fluxion, but
the velocity or degree of fwiftnefs, with which the
firft fluxion increafes or diminifhes. Again, becaufe
Sir Ifaac Newton has faid fluxions are in the firft ratio
of the augmenta nafcentia; therefore fluxions, and
what fome are pleafed to call nafcent augments, are
fo abfurdly contounded together, that the expreflions
of a fluxion of a fluxion and the nafcent augment of

* Defenfe of Free-thinking in mathematicks, . z4.
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a nafcent augment are reprefented as fynonymous.
Laftly, the defcription, Sir Ifaac Newton has given,
of moments for their ufe, who had been accuftomed
to the method of indivifibles, is fet up as a ftandard
to interpret his doctrines of fluxions and of prime
and ulumate ratios 3 and the cautions. he gave, in
order that the term moment might be underftood
fuitable to thofe do¢trines, have been either neglected
or mifunderftood, and himfelf reprefented as impofing
on his followers. And as Sir Ifzac Newton from the
demonftration, he has given, of the momentum of a
reftangle, and of other more compound quantities
deduces the momentum of a power, which momen-
tum may be applied to determine the fluxion
of fuch powers: he is thence charged with being
unfatisfied with the truth of his demonftration,
nay of exerting the utmoft fubtility and {kill,
the greatnefs of his genius was capable of, in
ftruggling with a difficulty imagined infuperable ; for
no ot%'ner reafon, than becaufe he has given another
more dire€t demonftration of the fluxion of powers
in the introdution to his treatife -of Quadratures,
which differing a little in form from the other, is re-
prefented as grounded upon different principles ;5
whereas in the demonftration of the momentum of a
reangle the moments of the fides are taken inftead
of their compleat increments, upon the very fame
foundation as the fuperfluous terms are rejeéted out
of the increment of the power in the other demon-
ftration. And this author thinks it very reafonable
to fufpect, that Sir Jfaac Newton might not be fully
“perfuaded of the truth of what, he has undertaken
exprefly to demonftrate; becaufe he has happened
to declare himfelf fo cautious upon a certain point,
as to decline the attempt of demonftrating it, though
be was ftrongly perfuaded of its truth *. :

L An_alyﬁ,_ ? 27. .
g8. In
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98. In the account of his book of Quadratures
given in the A%a Eruditorum in 1708, there is an in.
finuation refle®ing on the candour and honour of
this moft excellent perfon. :
- 99. This occafioned old papers to be examined in
order to vindicate his reputation ; the refult of which
was publithed in a treatife entituled Commercium Epi+
Jolicum D. F. Collins, €&F¢c. This made it plainly ap-
pear, that he was the real inventor of thefe me-
thods, we have been defcribing, and proved his
rival Leibnitz in feveral particulars a moft egregious
plagiary. . o

100. In an account of -this book written by Sir
Ifaac Newton himfelf, and often referred to in this
differtation, he without referve difcovered his diflike
to indivifibles or infinitely little quantities, and being
here obliged to compare his methods with that called
Leibritz’s differential calculus; he abfolutely denied
this latter capable of demonftrating a propofition,
becaufe it was founded on indivifibles ; which clearly
proves, he lookt on no demonftration as valid, that
~ was built on thofe abfurd principles.

101. To conclude, I am forry, thatin any parti-
culars relating toSir J/eac Newton’s dottrine of prime
and- ultimate ratios 1 thould differ in fentiment from
the learned Pbhilalethes, and perhaps from feveral

* other excellent perforis. As [ learnt this dorine
folely from Sir Ifaac Newton’s Works ; fo the ac-
count, I have publifhed of it, is agreeable to the
opinion, 1 had ever entertained concerning it. Not-
withftanding the terms of indivifibles, and other
figurative expreflions, that frequently occur in his
wtitings, I always thought his true defign very mani-
feft. About many of thefe forms of fpeech he has
given us a caution in order to prevent miftakes, de-
claring he ufed them to affift the imagination. But
there are others of the like fort not exprefly taken
notice of, he perhaps believing no body liable to be

deceived
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deceived by their ufe. The ultimate ratio of vanifth-
ing quantities, the ratio with which quantities vanifh,
are in ftrit propriety of fpeech figurative exprefii-
ons : nay, the laft form of a figure, and the form,
wherewith a figure vanithes, might be interpreted
upon the foot of indivifibles. But here thefe phrafes
only fignify the limits, to which the ratios of the
vanifhing quantities, and the forms of the changing
figures approach within any degree of nearnefs with-
out being ever able to arrive at them. As in Opticks,
though the focus of rays after refraction is under-
ftood to denote the place, where they meet; yet the
point on the axis of an f;pherical glafs, affigned by
optical writers for fuch focus, is the point, which
only limijts all the interfeGtions of a pencil of rays
with the axis after their refraGion, and is fo far from
being the point, where any number of rays actually
unite, that no individual ray, excepting that which
paffes in the axis itfelf, is fuppofed to pafs through
it. Thus the laft form of a vanithing figure is not
the form, which that changing figure will ever ar-
rive at, or fubfit under; but a form, to which it
will approach within any degree of nearnefs poflible
to be affigned. To affert that a vanifhing triangle,
for inftance, would ever exift under that form, which
is called its laft; would be, as the author of the
Analyft exprefles it, to imagine a triangle in a point.
But this is not Sir Jfaac Newton’s meaning. Thefe
ultimate ratios, and laft forms are the limits only of
the continually varying ratios, and changing forms
of the vanifhing quantities and figures. And it is
the whole purpofe of this method, from thefe vary-
ing ratios and changing forms to find the fixt ratio
and ftable form, which is faid to be the laft of thefe
varying ones.

102. This at prefent is my real opinion of this
do¢trine. I do not deny, but fome expreflions may
be found in Sir Jfaac Newton’s works confiftent with

‘ another
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another fenfe; and I am alfo very fenfible, how fre
quently he accommodated himfelf to the way of
writing of the mathematicians of his time, partly
for affifting their imagination, and partly, perhaps,
for fear he might feem to affe¢t innovation. But
I make no fcruple of interpreting thefe expreflions
fuitably to my reprefentation of this doctrine ; for
otherwife I acknowledge myfelf totally incapable of
reconciling this method of prime and ultimate ratios
with the character, the author himfelf has given
of it. ' :

103. He prefers it to indivifibles, becaufe, he fays,
they have no place in geometry, or in nature ; and he
often infifts, that his method is conformable to the
geometry of the ancients. But how can we purfue
the variable and fleeting forms of the infcribing and
circumfcribing figures #n infinitum, fo that, when
they fhould become equal to, the curve, they may
not totally withdraw themfelves from the imagina-
tion, and all idea about them be loft ? It is certain
fuch refined metaphyfical notions are not in the leaft
analogous to that fimplicity and clearnefs in the ideas,
to which the ancient geometers ever confined them-
felves. However, the conception of vanifthing quan-
tities ever actually arriving at their ultimate propor-
tion, has above been fhewn to be unqueftionably in-
confiftent with nature. Nay farther, I will not pre-
tend on any other principles, than thofe I have fet
forth in my difcourfe, to defend Sir Jfaac Newton
from the confequences of the miftakes, he has been
charged with : for the afferting, that the varying
ratios of vanithing quantities, and the changing
forms of vanifhing figures would ever attain thofe
ultimate ratios, and laft forms, feems to me direé&ly
to impinge upon thofe principles, he has exprefsly
declared to be abfurd. - :

ADDITION
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A DDI TTI ON
»BYTHE- |
PUBLTISHER.

104. HE foregoing tra&ts of Mr. Robins not
only ful?y explain Sir Ifaac Newton’s
do&trines of fluxions and of prime and ultimate
ratios ; but alfo vindicate them as well againft the
mifreprefentations of the author of the Analyf as
thofe of Philalethes Cantabrigienfis, infomuch that
the former became filent ; however the latter re-
plied, and as in fo doing he pafied the bounds of
good manners, Mr. Robins only made curfory re-
marks on the confiderations Pbilalethes publifhed.
Thefe remarks were printed in the Prefent State of
the Republick of Letters for Auguft 1736, and in
an Appendix ' to that for September of the fame
ear.
! 105. Some of thefe remarks I have already given
as notes to the preceding differtation: I fhall here
farther give the conclufions of them, as it contains
a fummary account of Pbilaletbes’s capital miftakes.
106. ¢ This is all we think neceffary to remark
« upon thefe confiderations of Philalethes, and we
« truft our unprejudiced reader will not find many
“ of his exceptions to Mr. Robins unanfwered ; and
“ we further hope, that we have not allowed our-
« felves in any warmth or freedom of expreffion,
“ which the prefent intemperate manner of Pbra-
1 : « Jethes’s
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lethes’s writing will not fufficiently excufe. We
fhall not here draw the ufual inference from this
change of behaviour in Pbilalethes, that he is be-
come doubtful of his own caufe; for Mr. Robins
rather defires his readers to compare impartially,
without any bias the writings of Philaletbes with
his own, and to give the preference, where they
find the greateft weight of unmixed and undif- -
guifed argument. But to remove a difficulty,
which naturally lies in the way, I fhall conclude
this paper with examining, how it has come to
pafs, that Pbhilaletbes and Mr. Robins thould both
carefully have ftudied Sir Ifaac Newton, with a
fincere intention of underftanding him, and yet
differ fo much from one another.

107. ¢ I think it evidently appears from the paper
of Pbilaletbes, we have been confidering, that his
reading in the mathematicks has been very much
confined. Had he been acquainted with the an-
cient writers, he could have been at no lofs to un-
derftand, what Mr. Robins meant by faying, that
he defcribed the parallelograms of the fecond /emma
after the manner of the ancients by fubdividing
the -bafe. of the curve. He could never have
thought, that Mr. Robins had there reference to
two propofitions of Euclide; in ene of which
Euclide had no view at all to demontftrations by
exhauftions, and the other, though ufed by Euclide
in one or two fuch demonftrations, is very unfit to
be applied to the fubject Mr. Robins mentions *.
108. ¢ Had Philaletbes been verfed in the ancients,
and in the latter writers, who have imitated them,
he could have been at no Jofs about the true fenfe
of data quavis differentia ufed by Sir Ifaer Newton
in his firft /emma. For this expreffion is borrowed
from the writers, that made ufe of exhauftions .

* Differtation, §. 47. 1+ Diflertation, §. 36.
- 109. The.
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109, ¢ The firft propofition of the tenth book.
of the Elements, which is applied by Eucl/ide both
in his comparing of circles, of pyramids of
equal altitudes, and in one or two propofitions
more, is thus expreflfed. Two unequal magni-
tudes being propofed, if from the greater be
taken more than half, and from the refidue more.
than half, and fo on, there will be left at length
a magnitude lefs than the leffer of the propo%ed
magpnitudes. ‘This is diretly, as Mr. Rodins has
reprefented it, firft afligning a difference, accotd-
ing to which the degree of approach is afterwards
to be regulated.
110. ° Archimedes in his treatifé on the Sphere and
Cylinder propofes to fhew, when a circle and ano-
ther fpace are given, that it is poflible to circum-
fcribe a polygon, fo that the excefs of the poly-
gon above the circle fhall be lefs than the {pace
given. In his book of Con:ides and Spheroides it
is fhewn in Prop. xxi, that any fegment of a
conoide being given cut off by a plane perpendi-
cular to the axis, or any fegment of a fpheroide
not greater than half the fpheroide cut oft in like,
manner, it is poffible to infcribe a folid figure,
and to circumfcribe another confifting of cylin-
ders, fo that the circumfcribed fhall exceed the
infcribed by Jefs than any folid magnitude, -that
fhall be given. And this he performs by a con-
tinual bifection of the axis, till a cylinder is found
lefs chan the fpace, that fhould be given, by which
cylinder the infcribed and circumfcribed figures
differ from each other. From this propofition
Philaletbes may know, what Mr. Robins means,
when he {peaks of defcribing the parallelograms in
Sir Ifaac Newton’s fecond leinma by continually
fubdividing the bafe of the curve. \
111. ¢ After the fame manner the following ex-

¢ cellent writers exprefs themfelves,

Vou Il - L 112, ¢ Fed.
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112. % Fed. Commandinus de Centro Gravitatis foli-
¢ dorum, Prop. xi—ita ut circumfcripta fuperet in- -
< [oriptam magnitudine, quz [olida magnitudine fit
< minor. 1bid. Prop. xxviii —ita ut refla linea,
“ ‘gue inter centrum gravitatis portionis et fgure in-
< [iripte, vel circumfcripte interjicitur, fit minor qua-
¢ Jibet refla linea propofita. .

113. ¢ LucasValerius de Centro Gr. folid. Lib. 1.
¢ Prop. vi.~—ita ut circumfcripta [uperet infiriptam
< minori [patio quantacungue magnitsdine propofita.

114.  Foannes della Faille de Centro Gr. Par-
¢ tium circuli et ellipfis, Prop. viii.—fuperet latus.
¢ [eftoris intervallo, quod minus /it quolibet dato. 1d.

"¢ Prop. xxvii.—minus diftet a centro gravitatis fec-
¢ toris, quolibet intervallo dato. 1d. Frop. xlii.—fit
¢ quacunque linea refia data mincr.

115. * Huygens de Quadratura Hyperbole, Ellip-
¢« fis et Circuli, ex dato portionum gravit. centro,,
«« Theor. i.—que poriionem excedat fpatio, quod mi-
 nus fit guofvi.s dato. 1d. Theor. ii.—ft mincr [patio
¢ quovis dato.

116. ¢ Fames Gregory in Vera Circul. et Hyper-
¢ bol. Quadratur. in Schol. Prop. vi. Continuande
¢ fubduplam polygonorum defcripiionem inveniri poffunt
s duo polygona complicata, quorum differentia fit minor
< qualibet exbibita quantitate. :

117. ¢ Simfon Set. Conic. Lib. v. Prop. xlviii.
¢ Portioni parabole, vel portionis dimidio circumfcribi
< pateft figura, aliaque in ipfa infcribi ex parallelo-
¢ grammis squalem latitudinem babentibus, quarum.
€ que circumfcribitur portionem excedat, que vero
¢ nfcribitur ab eadem deficiat [patio, quod minus fit
< fpatio quovis dato. -

118. ¢ And in all thefe propofitions they always,
¢ fuppofed a quantity firft named, and then fhew,
¢ how to.make the approach expreffed in the pro-
¢¢ pofition. I have fet down this large number of,
¢ quotations, becaufe the diverfity of phrafe, where-

' * by
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by thefe authors expréfs the fame fenfe, rehders re
impoffible to be miftook. Though, I confefs;
this long difquifition in fo evident a matter is much
more than neceffary 3 for had any of thefe writers
been farhiliar to Philaletbes, he could not have had
the leaft doubt of Sir Ifaac Newton’s meéaning:
He might indeed have difcovered it even from
Sir Ifadc Néwtorn himfelf, who in the eleventh
lemma has thrice intérpreted the phrafe pro data
guavis differentia by thefe words, pro differentia
quavis affignata: {o that by data he could noe
mean affignable, unlels afigrara and affignabilis
were fynonymous wotds.

119. *° Again had Pbilalethes been at all acs
quainted with the writers of indivifibles, he could
not have attempted at that vain diftinction be-
tween the fenfe, in which thofe writers ufe the
phrafe infinitely fmal, and the ferfe, he imagines
Sir Ifasc Newton had afligned to it; that by
infinitely fmdll quantities, they meant”a quans
tity fired, determinate, invariable, but Sir Jfaze
Newitor meant thereby a variable quantity ; where-
as it appears, that feveral writers in indivifibles
on fet purpofe avoided expreffions, that imw
plied any thing fixed, determinate, or invariable:
Monfieur Pafcal, though he never imagined;
that he did not follow the method of indivifibles,
on thie contraty he particularly at page 10 of his
Letters publithed under the name ot Dettonville,
deéfends himfelf for fo doing; yet is fo cautious;
as to avoid the word infinite in exprefling their
number, but conftantly calls it indefinite; and
certainly, when their number is confidered as inde~
finite, it cannot be pretended, that their magnitude
was fuppofed fixed, determinate, gnd invariable.

120. “ Again Dr. Barrow, who has declared
himfelf very exprefsly in favour of indivifibles,

¢ and defends his ufing of them, almoft conftantly
L2

¢ applies
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applies the term indefinite both to the numbefy
and the magpitude of thefe particles. In his firft
Le&ure on Archimedes he fays, Ponatur circulunt
¢ffe figuram regularem babentem latera indefinite
multa et parva, &c. In his fecond Lecture,
Prob. ii. Supponatur cylindram effe prifma quod-
dam [uper polygonam bafem, latera babemtem in-
definite parva et multa; and Prob. ix. Pofito igitur
VM ¢ffe infinite (vel indefinite) parvam. Agaid
in his fifth geometrical Leture, Art. 6. arcus
MN indefinite parvus ponatur. In his Differential
‘Method of Tangents (as Sir Ifaac Newton calls
it in the Philo{%phical Tranfaétions, N° 342,
pag. 1973 or Comm. Epiftolic. pag. 29.) at the
end of his tenth Lecture, he fays, carve arcum
MN indefinite parvum flatuo. In Leéture xi.
Att. 1. equifecetur refta VD indefinite punitis A,
B,C; and a little after cb indefinitam fetionem cur-
vula GH pro refia baberi poteft. In Lefure xii.
at the beginning, arcum MN indefinite parvam
effe; and at Art.. 1. Spatium vero o33 minime
differt ab indefinite multis reflangulis, qualia p3 3
&c. Again in his ninth Optical Lecture, Art. 12.
arcus NR, PS ex bypothefi fumt indefinite parvi
(feu minimi). Le€t. 13. Art. 24, 0b fumptam arcuum
indefinitam parvitatem.

121. “ Thus it appears, that Dr. Barrow was fo
far from confidering thefe infinitely fmall quan-
tities as fixed, determinate, invariable, that he
has purpefely chofen the moft loofe and indeter-
minate expreflions, he could contrive, to denomi-

-nate them by. If Philalethes had been in the leaft

acquainted with the writings of this moft excel-
lent geometer, furely it would have been impoffi-
ble for him to have afferted, that in all Sir Jfase
Newton’s works there is no paffage, no expreflion
to be found, that thould reafonably make him fo

* much as fufpeCted of ufing indivifibles. Has he

"¢ ot
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not throughout his Le&Ziones Optice upon all occa-
fions ufed either the fame, or even lefs guarded
expreflions than thefe of Dr. Barrow ? .
122.  Sir Ifaac Newton’s do&rine of prime and
ultimate ratios is not to be defended from the ac-
cufation of ‘refembling indivifibles by any minute.
variations, that may be found in his expreffions,
from what are ufed by the writers, who followed
that other dorine; for thofe writers are by no
means exaltly uniform with one another, but
fome have exprefled themfelves with more and
fome with lefs caution. What feparates the
doétrine of prime and ultimate ratios from in-
divifibles is the declaration made in the Scholium
to the firft Setion of the Principia, that Sir Ifaac
Newton underftood by the ultimate fums and
ratios of magnitudes no more than the limits of
varying magpnitudes and ratios, and he puts the
defence of his method upon this, that the deter-
mining any of thefe limits is the fubjet of a pro-
blem truly geometrical. Toinfift, that the vari-,
able magnitudes and ratios do actually atrain,
and exift under thefe limits, is the very effence of
indivifibles. . For in fuppofing this, we pretend to
fee direCtly, as Mr. Robins has exprefled it, in
thefe laft forms or limits the properties, which
the variable figures had before; and under this
notion thefe limits muft be allowed capable of
being compared together by a direct form of
demonftration. The impofiibility only of this
actual coincidence obliged Sir Ifaac Newton to.
build his demonftrations concerning thefe limits
upon the negative form by deduczio ad abfurdym.
123. “ If a choice ‘of expreffion only were fuffi-
cient to diftinguith between the two methods,
Heuracet and’ Dr. Wallis may both be fuppofed ta
have avoided indivifibles, though they make na
fuch pretenfions. I here allude to this paffage
L3 s« af
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of Heuraet at the end of the firfk vol. of Carte’s
Geometry. Unde cumi ilud [nempe quod fupre de-

¢ monfiraverat] verum fit, quoscungue reftangula arque

tangentes extiterint 5 &t figura éx parallelogrammis
confians, fi eorum numerus in infinitum augeatur defl-
nat in fuperficiem AGHIKLF, ac sangentes fimiliter
in lineam curvam ABCDE, liquet fuperfciem
AGHIKLEF wequalem effe vesiangulo fub X ot reila
equali curve ABCDE. Again Dr. Wallis in his
treatife of the Cycloide, ¢F¢. (Oper. Tem. i.
p- 563.) exprefles himfelf - ¢hus,—refas oi, oc
angulo contadlus fubtenfas pro diminutioxe oc, oi,
tangentium ita minui, ut ille ad bas rationem tandem
Subeant data quavis minorem 5 sdeoque evanefcentibus
Oi, OC tangenti el curve interjeflis, coimcident tum
oc, fym Ol, tangentis particule, particulis cur-
V& 00. ' ‘

124. * Again Pbhilalethes is but imperfeétly in-
ftru&ed in the precepts of common algebra ; elfe
he could not have imagined an incurvated line,
which, he faw, would meet a right line in an
infinite number of points, to be one and the fame
curve, and expreffible by a finite equation ;
whereas the number of interfeGtions of a right line
with every algebraick curve is limited, the aum-
ber of fuch interfections determining the order of
the curve *. ' \

125. * Farther, it was only owing to his lietle
exercife in geomerrical fubjeéts, that made him
unapprifed of Mr. Rebins’s meaning, when he
fpoﬁc in general of vanifthing quantities, as
it they might be capable fometimes of bear-
ing the ratio, which he calls their ultimaee ;
tor had #bi'alethes been as well verfed in the
writings of Sir Jfaac Newton, as might have
been expelted in one, who has appeared in his

* Differtation, § 54, in the note.
¢ defenfe,
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¢¢ defence, he never could have imagined, that be-
¢ caufe Mr. Robins admits, that fome quantities
%t capable of an aftual equality might be brought
¢ under the /emma {o often mentioned, therefore he
 began to think himfelf obliged to allow an aétual
‘¢ equality, where Philaletbes contends for it. But
¢ above all it is moft aftonithing, that Pbilalethes
~¢¢ fhould have taken fo little care to underftand the
¢ perfon he is writing againit, as muft be fuppofed,
¢ if weare to think him indeed f{incere in his accu-
¢¢ fation, that Mr. Robins has given no lefs than four
¢ different interpretations of thislemma, =~
- 126. *“ With thefe fpecimens of Pbilalethes’s im-
. ¢ perfe&t knowledge in the mathematicks, it would
. ¢ have been more becoming him to have béeh fome-
_v¢ thing lefs free of his cenfures, and not fo haftily
4 to haveé charged with grofs errots, falfe réafoning,
¢ and felf- contradiction a perfon, who at leaft feems
¢ to have ufed better endeavours to be well inftructed
¢ than himfelf; nor fhould he be at all furprifed, if
. %¢ he has mifled in any meafure Sir Jfaac Newton’s
 meaning, who has wrote in a ftile, which fup-
. % pofes his reader thoroughly converfant in geome-
s¢ grical fubjects.” :
_ 12%. Thus Mr. Robins concluded his Remarks on
the Cenfiderations, which Pbilaletbes Cantabrigienfis
thought fit to publith on the foregoing Difertation.

L4 A DEMON.
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A
DEMONSTRATION
0F |

' The Eleventh Propofition of Sir Ifaac Newton’s
Treatife of Quadratures. Firft printed Anne
1727, in the Philofophical Tranfations, N°
397 ; and afterwards fomewbat altered in the
Abridgment made by Mef. Reid and Gray,
Anno 1733, y .

\HIS Propofition confifts of two parts: the
firlt is as follows. T '
Let there be any curve ADI, whofe abicifle AB
fhall be denoted by 2z, and its ordinate BD by y;
* which may be related in any manner to the abfciffe.
And calling this the firft curve, let other curves
‘AEK, AFL, AGM, AHN, &c. be formed to the
common abfciffe AB or 2, by making the ordinate
BE of the fecond curve always equal to the area
ABD of the firt divided by unity; the ordinate
BF of the third equal to the area ABE of the fe-
cond divided by unity ; the ordinate BG of the
fourth equal to the area ABF of the third divided
by unity ; and fo on continually. S
~ Suppofe now, that other curves AOS, APT,
AQV, ARW, be defcribed to the fame common
abfciffe AB or z; in which curves the ordinate BO
of the curve AOS fhall be équal to zy, the ordinatg
. - - - AR - s .- - 6 i ’ BP'
da
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BP of the curve APT equal to 2%, the ordinate
BQ_of the curve AQV equal to 2%, the ordinate
BR of the curve ARW equal to 2%y, (9¢. And let
- the whole area ACI be denoted by A, the area ACS
by B, the area ACT by C, the area ACV by D,
the area ACW by E, &Je. Then the feries of
curves AD], AEK, AFL, AGM, AHN, are thus
meafured. ‘ _
The area of the firft curve ADI is = A

of the fecond AEK is = 2A —B

~——— of the third AFL = zuA — 2B 4 C

2 T

of the fourth AGM = zsA_3z6'B+3ZC+ D
z*A—423B4-62°C—42D+E
24 :

, of the fifth AHN =

and fo on perpetually.

Here in all the curves following the firft, the in<
dex of the higheft power of 2 is always the number,
which exprefles the diftance of the curve from the
firft, and afterwards decreafes regularly by unity;
the firft term is multiplied into A, the fecond ingo
B, the third into C, the fourth into D, and fo onj;
the coefficients are the fame as in a binomial raifed
to the higheft power of 2, and the divifor is fo
many terms gf this progreflion 1x2x3x4x5x6
&c. as is exprefied by a number equal to the high-
eft index of z. _

Otherwife fuppofing # to reprefent the diftance of
the curve to be meafured from the firft ; then the
area fought will be found by extending z—;}“ into
a feries, and multiplying the firft term by A, the fe-
cond by B, the third by C, the fourth by D, &,
and dividing the whole by # xn — 1 xn— 2, ¢,
gontinued to unity, o

o Es
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. SECOND PART.
Suppofing the firft, fecond, third, 5. curves to
be the fame as before. Let ¢ denote the whele ab-
fcifle AC, and put x for BC. Then defcribe the
curves CXA, CYA, CZA, CrA, where BX fhall
be equal to xy, BY = 'y, BZ = «%y, B == »v,
&¢. This being done, and in the feries of carves
CIDA, CXA, CYA, CZA, CIrA, J. the firtt
area CIDA being put equal to P, the fecond CXA
equal to Q, the third CYA = R, the fourth CZA
= S, the ffth CFA = T, &%. the whole areas of
the aforefaid feries of curves are alfo determined, as
folows. S
The firft AIC =P
The fecond AKC = Q_
The thid ALC = iR
The fourth AMC = ;S
The fifth ANC = AT. |
Here the areas P, Q, R, 8, T are divided by
numbers produced by multiplying as many terms
‘of this feries ¥ x 2 x 3 x 4 x 5 Fe. together, as in
the former cafe.

- Demonftration of the Firf Part,
Since each of the curves AEK, .AFL, 7. are
formed on the common abfciffe 2, by every where
“taking for ordinates the area of ‘the preceding
curve, we are to demonftrate, that in the expreffions
A, zA — B, &¢. each following expreflion is the
area of the curve, that has for its ordinate that ex-
preflion, which preceded it, and 3 for its abfciffe.
- Suppofem=n—1;
ZmA — Z =1 . Z Tl om—2C ¢,
. Then =

mxm—1Xm—2 &
z*A — nz0—1B 4 L x == 2a-1C &e.
1 2

~ And

uaxXn—1xn—2 e
: are
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are by the propofition two expreflions following each
otherf we grgpfo {Rhew, that}:hc fecond of thn%m is
equal to_ the ares of a curve, which has the firft
* for its prdinate, and 2 for its abfciffe. The Auxion
of this laft mentioned area is 2 into the firft of thefe
expreflions ; we are to fhew, that the fecond of thefe
expreflions is the flyent of that fluxion, or which
is the fame, that the fluxion of this fecond expref-
fion is equal to Z into the firft expreffion. '

The fluxion of the fecond is

23R A—n— IX—g" 4B +n_—2x€x"%'z“3ic e,
+ .'e'-A_ — % z“"‘B 4 %x:-}'» an—2C &g,

the whole divided by sx s — 1 x 8 — 2 £9¢c. Here
the firft line confifts of the fluxions of the powers of =
into A, B, C, &¢. and the fecond line is the fluxions
of A, B, C}, €9¢, into the powersof z. But each of the

terms 2°A, z0—1B, 25-*C &, in the fecond line are
equal to 2"2y, fince by the formation of the curves

that A_, B, C, €9c. ate the areas of, A =2y, B=
%3, C=x #zzy. The fecond line of this fluxi-
B n—1

~ e
% 2'2y, that is, equal to x —n® X "3y = o, the
whole flyxion by this means beeomes

AR —IEA—n— Ix T2~ B - n—ax X"z CEde,

—

: . n n
on is therefore equal to. 1 '—T""i_x

. nxy—1xn—3 5.

Then ftriking out the common multiple # from the
top and bottom, and dividing by %, we have the
fame quantity equal to

ZX2TA e ”——I"- 22—2B 4 --"—I—-'Ix"—_-zl—-2 2"=3C €.

—

n—i1xn—2xn—3 e

and fubftituting m, w— 1, m—2, &e. form, n—1,
#—2, n— 3, ¢, the fame becomes .
zx
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. . m . m m—t
Zx'2"A —3 2m—1B 4 X 2m—=2C (¢,

mxm—'1xm— 2 ¢,
This then, which is the fluxion of the fecond expref~
fion, is thewn to be equal to Z into the firlt expref-
fion; confequently each following term is the area of
a curve, that has the prcceding term for jts ordi-
‘nate, and z for its abfciffe,

Demonfiration of the Second Part.

" Suppofe any curve whofe diftince from the firft is
. denoted by #3 we are to prove, that the curve, whofe
_abfcifle is BC or x, and its ordinate ¥ divided by

#xn—1xn—2xn— 3 e continued to y-
_nity, will be equal to it, when x is equal to AC or 2.
. It is evident, that when the areas ABD, ABQ,

ABP, ABQ, ABR, &F¢. decreafe, the areas BCID,

BCSO, BCTP, BCVQ, BCWR increafe refpective-

ly ; and confequently the decrements of the areas
"ABD, ABO, ABP, &J¢. or their fluxions with a ne-
-gative fign, are the increments or fluxions of the
‘areas BCID, BCSO, BCTP, &Jc. that is, calling
“the areas ABD, a3 ABO, 4; ABP, ¢; ABQ, d;

and BCID, «; BCSO, g; BCTP, » s BCVQ, 4;

BCWR, ¢; then a=—4q, 3=—6, y=—q¢,

=—d, e=—e¢. .
! Now t,he fluxion of the curve, whofe abfciffe is
= x or BC, and its ordinate = x"y, is Xx7y; that
s, equal to Xy x ¢+ — 2|'; » being =2 —=z; or
fince the increment of ¥, or X is equal to the decre-
ment of z, or — 2, the fluxion of the fame curve is
equal to — 2y X ¢ —2|" = =2y in " —xn X
1z 4 x ”;xtﬂ-z x 2 & = — zy 4

T n—agzty, € that is = £~ x

gr=rizy —nx

o

-
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) > n—i1 .

g —AIX — ) 4 5 x 7 X =, G,
—_ n—1[ n—1 n—z. (97

or= I"a — nt p+nx—2—t ¥s ¢. and

taking the fluents; the area of the curve, whofe
abfeifle is x, or BC, and ordinate x%, is equal to

—1
fa—nr—103 4 2 x f—z—l“ﬂy, &e.  But when

x is equal to AC, then o, 8, 3, &c. will be equal
to A, B, C, &¢. as is very evident; confequently
the area of the curve, whole abfciffe is » and ordi-
nate "y, when x is equal to AC, is #A — zm—1B

n—x . 2
+ nx — xr—C, G that is, equal to 7 — 1)*
thrown into a feries, and the firft term multiplied
by A, the fecond by B, the third by C, &%. But
¢ — 1)* thrown into a feries, and the firft term
mutltiplied by A, the fecond by B, the third by C,
- &¢. and then the whole divided by #nx # — 1 x

#n — 2, ¢ continued to unity, is equal to the area:
of the curve, whofe place in the feries is denoted
by n. Therefore the area of the curve, whofe ab-
iciffe is equal to x, and its ordinate to x", taken

when x is equal to AC, and divided by # x # — 1

x n—2 x n-— 3, &c. continued to unity, is e-
qual to the area of a curve, whofe place in the feries
is denoted by #; that is, Q, which is the area of
a curve, whofe abfcifle is x, and ordinate xy taken
when'x is equal to AC, is equal to the fecond curve
AXKC; half R, which 1s the area to the abfcifle »
and ordinate x%y, taken in the fame manner, is e-
qual to the third curve ALC; 3S, which is a like
area to » and %, is equal to the fourth curve
- AMC; 4T, the area to x and x*, x being equal
,.to AC, is equal to the fifth curve ANC; and fo
on perpetually. Q. E. D.

REMARKS
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A Treatife lately printed af Paris, and entitled,
Difcours fur les Lotx de la conitnunicationt du
Mouvement, par Mon{. Bernoutli.

Firft piablifoeds in The Prefent Statc of the Republid
of Letters fer May 1728.

‘H Y Royal Academy of Sciences at Parfs
' baving propefed, in the years 1724 and
1726; two queftions, one relating to the laws of
motion and percuflion, the other concerning the
caufe of clatticity ; Mr. Fobn Bernoulki, profeflor of
the mathematicks at Bafle, fent them. fome papers
of his, wherein. he endeavoured to prove the opi-
nion of Mr. Lesbnitz, in relation te the laws of
motion. Thefe papers have fince been publifhed at
J;ari:, and I intend to make fome remarks on

em.

Mr. Bernoulliy chap. i. § 5. in order to prove that
there are ne bodies perfectly hard or inflexible, lays
it down as an immutable law of nature, that no
body can pafs from motjon to reft inftantancoufly,

or without having its velocity gradually dimini’f;_z;d.
at
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That this is a law of nature, Mr. Bersonlli thimks
Is evident from that principle, Natura non cperatur
per fajtum, and from good fenfe. But how good
fenfe can of itfelf, without experiments, determine
any of the laws of nature, is to me very aftonifh-
ing. Indeed from any thing Mr. Bernoulls has faid,
it would have -been altegether as eonclufive to have
begun at the other end, and have difputed, that
no body can pafs inftantaneoufly from motion to
reft ; becaufe it is an immutable law of nature,
that all bodies fhall be flexible.

In §. 18, Mr. Bernoulli defines perfect elafticity to
be a-power in a body, by which it reffores itfelf to
the fame figure after compreflion, that it had be-
fore, independent of the readinefs with which it re-
fores itfelf ; and a fpring or body perfeétly elaftic in
this fenfe will, be affures us (chap.ii. §. 2), produce
the fame velocity in a contiguous body by re-
foring itfelf, that it deftroyed in being comprefled.
But this is contrary to experience; finee there are
great numbers of bodies perfeétly elaftic according
to this definition, or fuch as perfectly reftore them-
felves ; but none are known, that will communicate
the fame velocity by their reftitution, that they de-
ftroyed by their compreffion. :

- Mr. Bernoulli affirms chap. ii. §. 3, that a fpring
muft communicate the fame velocity to a contiguous
body “in reftoring itfelf, which it deftroyed when
. comprefled ; for in this, fays he, confifts the-equa-
lity of action and re-acion. But philofophers un-
derftand no more by the equality of attion and re-
altion, than that when one body aéts on another, that
other re-alts as much on the firft at the fame inftant;
yet Mr. Bernoulli here affirms, that the fpring, when
it reftores itfelf, will a& on the body as much, as the
body aéted on the fpring before, while the fpring was:
bending 3 which is a propofition altogether difgrcnt’ .
from the former. ' I
n
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- In chap. iii, §. 4. Mr. Bernoulli obferves, that if
the {pring AB
bent between
§. ) the two bodies
" Aand Bisdi-
A vided in Cin
a reciprocal proportion to thofe bodies, then the
point C will reft, while the whole fpring by expand-
ing itfelf communicates velocities to thofe bodies :
whence he would conclude, that the fprings between
A and C only aét on the body A, and thofe between
C and B on the body B, whereas all the fprings moft *
certainly act againft each body; for the part CB could
not at at all againft the body B, if the other part CA
did not fupport the point C; and indeed of this his
fixth chapter, if rightly confidered, will be found
to contain an ample proof. o

And here I would obferve, that the forces com-
municated to thefe two bodies are communicated by
an equal preffure adting an equal time on each, as
Mr. Bernoulli allows. Now how thefe two bodies
can receive by this means different forces, much lefs
forces, that may be in any proportion affignable, is
to me very wonderful ; and yet is what really will
happen, if Mr. Bernou/li’s . hypothefis is true, fince
. thofe bodies receive in this cafe velocities reciprocally
as their mafles, as he himfelf allows. i

Mr. Bernoulli in his fifth chapter, takes a great
deal of pains to thew the difference between what, he
calls force morte, and force wvive; or, as we fhall
tranflate it, the inafZive and <ivid force of bodies ;
that is, between preflure, and the force of a body
in motion ; and amongft the reft of his diftinctions,
he fays §. 6, that the alting of any fpring or pref-
fure upon a body fupported by an immoveable ob-
ftacle does not at all diminifh the force of that {pring
or preflure, as the force of air, condenfed in a reci-
pient is not at all diminithed by the force, it exerts

1 aga}nﬁ:
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dgainft the fides of the recipient ; but that no velo-
city or vivid force can be communicated to any body
without the lofs of fo much force in the preflure;
that produced ity as the elafticity of the condenfed
dir would be diminifhed, if it atted againft any
body placed in the mouth of the receivet, and com-
municated any degree of velocity to it.

But here is a miftake, fince the elafticity is not

diminifhed, becaufe the ir has fpent any of its force
by acting againft the body, and by comimunicating
4 degree of velocity to iti but becaufe by that
means it comes to poffefs a fpace greater ghan before,
whereby its expanfive fotce decreafes. Now if any
fluid had the fame elaftic force in different degrees of
denfity, fo as not to be weakened by expanding, fuch
a fluid would ot lofe any of its force by putting
a body ih motion.

Befides Mr, Bernoulli hete contradiéts himfelf in
afferting, that the production of any degree of vivid
force requires the lofs of an equal degree of force inl
the {pring or preffure, that produces it; when he
has been arguing throughout the preceding part of
this chapter; that the force of a fpring or prefiure
is entirely different in matute from what, he calls
vivid force 3 and therefore to fpeak of the force of
a {pring or preflure, as equal to any degree of vivid
force, is on his own principlés an abfurdity ; and
equally abfurd is the feventh and eighth fections of

this chapter; and the 'ninth fection of the tenth

chapter.

Mr. 'Bernoulli; in chap. v. §. 2, telld us, thac
Mr. Leibnitz was the firft, who difcovered the force
of a body in motion to be as the fquare of the velo=
city, it is moved with. ' '

Mr. Leibnitz was indeed the firft, who mentioned

it, but in fuch a manner as was little to his honour,

giving it by miftake for the common opinion 3 for’
in a trac in the 47a Eruditorum, A: D. 1686, where’

. Vo IL M | he



178  Remarks on Mr. Bernoulli.:
‘he endeavours to prove the error of Cartes in aflerting
the fame quantity of motion to be always preferved
in the world, he fays, thatit is agrced on by the
Carteftans, and all other philofophers and mathema-
ticians, that there is the fame force requifite to raife
" a body of one pound to the height of four yards,
as to raife a body of four pounds to the height of
one yard ; but being fhewn, how widely he was
miftaken in taking that for the common opinien,
which would, if allowed, prove the force of the-body
to be as the {quare of the velocity it moved with, he
afterwards, rathier than own himfelf capable of fuch
a miftake, €ndeavoured to defend it as true; fince
he found it was the neceffary confequence. of what,
he had once afferted ; and maintained, that the force
of a body in motion was proportional to the beight
from which, it muft fall to acquire that velocity.
‘Which affertion alone contains, in effeét, all the
arguments, that Leibniiz and his followers have hi-
therto chiefly relied on. v

Mr. Bernoulli in §. 13 obferves, that when Mr,.
Leibnitz’s adverfaries contended for taking into con-
fideration the time of the hody’s rifing or falling,
they were not aware, that a body may%)c» made to
rife to different heights in the fame time by means of
an inverted cycloid. But here Mr. Bernoal/i himfelf
is overfeen ; and does not confider, that bodies,
-which rife to differgnt heights in a cycloid in the
fame fpace of time, are not ftopped by the fame
force; for the power of gravity aéts upon thefe bo-.
dies but with a part of its whole force, and the
action upon each is proportional to the fpace through
which, 1t moves. This therefore is as great a para-
logifm, as it-would have been to have computed
the forces of any body moving with different velo-
cities from the heights, it fell to acquire thefe velo-
cities, though fometimes it fell in air, and in other.
cafes in quickfilver.

1 , ' ' In
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. Inorder to confider the fixth and feventh chapters,
ir will be neceffary to explain a- fcheme, that he con-
fantly refers to. AC is a range of fprings, one ex-

g

ttemity of which is fixed at the point A each of
thefe fprings is kept bent to a certain angle by the
power Ry which prefles the body L againtt the other
extremity C. BD is another range containing a lefs
number of {prings, which are fixed at B, and bent
to the fame angles by the power S, which prefles
the bedy P againft D. o

Now Mr. Bernoulli fays, that fuppofing the {prings
AC equal in firength to the fprings BD, when bent
to the fame angle ; or, which is the fame thing, that
the powers R and S, and the bodies L. and P are
¢qual ; then the velocity communicated to the
body L. by the fprings AC in expanding themfelves
to any larger angles (the power R being taken
away) will be to the velocity communicated to the
body P by the fprings BD in expanding themfelves

to the fame angles (the power S being taken away).
" in the fubduplicate proportion of the number of
fprings AC to the number of fprings BD.

This he demonftrates by fhewing the time, at
which AC aéts againft L in any given inflexion, to
be in that proportion to the time, that BD afts
againft P in the fame infiexion, whea their forces
are equal. See §. 1. and 2. chap. vii.

- M-2 And
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. And he having afferted, §. 9. chap. vi. that the
force communicated to L in this cafe, is to the force’
communicated to P in the fimple proportion of the
number of fprings AC to the number of fprings
BD, he concludes, that the forces of the two equak
bodies L and P are as the fquares of their veloci-
ties.

But this conclufion will entirely depend on the
truth of whatis affertedin that ninth fetion. Letus
therefore fee, what Mr. Bernoulli has advanced ‘to
make this probable.

Mr. Bernoulli tells us, as foon as the powers R
and 'S are taken away, every {pring exerting its
force, and none of it perithing unufefully, the force
of every one of thefe fprings muft of neceflity be
employed to produce its effet; which effet can
be nothing elfe but moving the bodies. Therefore
he fays, the motion of each body will be fuch, that
its vivid force fhall be precifely equal to the total
effect of that, which the fprings taken together thal
have contributed .to it; but as each of thefe {prings
dilates itfelf equally from one given angle’ to ano-
ther, every one of them contributes equally to pro-
duce that force ; therefore the vivid forces produced
in the bodies L. and P, will be as the number of
fprings, that have contributed to their produc-
tion. ~

I fhall pafs by the equality between preflure and
vivid force, which Mr. Bernsu/li feems to infinuate
in this fetion, (fee remark on chap. v.) and fhalt
only take notice, that Mr. Bernoulli aflerts, that
each.of the fprings in each range contributes equally

_to the production of the force in the impelled
bodies. '
- But how is this to be proved ? Mr. Bernoulli has.
taken a great deal of pains in this fame chapter to
fhew, that the prefiure in each range is equal, when
all the fprings in both arc bent te the fame angle s
L. S how
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how then-does it appear, that the forces produced
in thefe bodies will be anywife different, fince pro-
duced by equal preffures ¢ Mr. Bernoulli endeavours
to folve this by faying in his fixth fe&tion, that if
the point E in the longer range was fixed, fo that
the number of fprings included between E and C
* be the fame with thofe between B and D; then the
fprings between E and C would produce the fame
acceleration in the body L, as the fprings BD equal
in number would produce in an equal body P ;
and thergfore the point E not being fixed, the re-
maining {prings between A and E by dilating them-
felves will a& on the point E, and produce a greater
acceleration in the body L than the fprings EC alone;
or than the fprings BD produce in P. - '

But this is overthrowing all the principles, that he
bas been eftablithing in the foregoing part of this
chapter; for if it means any thing, it muft mean,
that the fprings AE and EC together will aét with
greater force on the body L, than the fprings EC
alone, contrary to-the whole tenor of the fecond and
third fetions. - _, :
. If Mr. Bernoudli fhall at any time give the true
wafon, why the fprings AC and BD will produce
different forces in the bodies L and P, which with-
out doubt is the different times of their aéting on
thofe bodies, this will at once deftroy all his hypo-
thefis ; for then the force of the body L will not be
to the force of the body P, in the proportion of the
number of fprings AC to the number of fprings
BD, or in the duplicate proportion of their velo-
cities, but in the dire&t proportion of the veloci-
ties, or the fubduplicate of the number of fprings,
feeing the . forces eftimated from the preflures, and
times of their a&ting conjointly, muft be in the fame
proportion with the velocities, becaufe Mr. Bernoulli
himfelf in §. 1. and 2. chap. vii. has eftimated the
velocities from the very fame principles, =~ - v
. M 3 Mr.

1
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Mr. Bernoulli, chap. viii. §. 2. fays, that chis opi-
pion has been confirmed by experiments made of
the cavities formed-in foft fubftances, fuch as clay,
€¢c. by bodies falling with different velocities ; is
being always found, that the cavities formed by the
fame body were as the fquares of the velocity it fell
with ; whence it has been concluded, that the force
of the fame body is as the fquare of the welocity, it
moves with.

But all, that can be inferred from thefe experi-
ments, is, that the refiftance of fuch fubgtances is
equable or proportional to the time only, that they
alt againft an immerging body ; for, if the body,. -
that forms the cavity, is a cylinder, which mowes in
the direCtion of its axis, then, fince Galileo has de-
monftrated, that the height any body will rife to,
when retarded by an equablie refiftance, like gravity,
will be as the fquare of its velocity, it is evident,
that the depth, fuch a cylinder will fink in a fub-
ftance refifting equably, will be in the fame propor+
tion, and the cavity will be as that depth, fince the
cylinder moves in the direction of its axis. More-
over, the cavity formed by any other body, however
irregular, will be equal to the cavity formed by a
cylinder of the fame weight moving with the fame
velocity 3 for whenever the cylinder, and other
body fhould begin to form equal augmentations of
their refpective cavities with equal degrees of - velo-
city, the refiftance of the cylinder to the refiftance of
the other body, would be compounded of the pro-
portion of the bale of the cylinder to the furface
direCtly oppofed to the motion of the other body,
and the proportion of the time of the cylinder’s
forming this augmentation in its cavity ro the time, |
 which an equal augmentation would be made by
the other body, provided the bafe of the cavity of
that gther bady remained the fame during the time
of this augmentation, and thefe times would be ;1

: the
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the depths of the augmentations of cavity, that is,
reciprocally as the bafes of the cavities ; {o that the
refiftance in the cylinder would be to the refiftance
againft the other body in the ratio of equality, and
the two bodies lofe equal degrees of velocity, while
their cavities thould be equally augmented. Hence,
by the doctrine of prime and ultimate ratios, though
the bafe of the cavity formed by the irregular body
is perpetually changing, yet ftill equal degrees of
velacity will be loft during equal augmentations of
the cavities; therefore if they enter the yielding
fubftance with equal degrees of velocity, they will
both, in lofing their entire velocities, form equal
cavities.

What Mr. Bernox/li has faid, §. 4. is only a cons
fequence of what, Huygens has demonitrated from
the other opinion, and fhall be confidered in another
place. See remarks on chap. x. §. 1. -

Mr. Bernoulli intitles his ninth chapter, A general
and geometrical demonftration, that the quantity of
the force of a body is-proportional to its mafs, drawn
into the fquare of its velocity ; which, he fays (withe
out infifting loager on the validity of the precedent
argument) is fo general, and fo very much beyond
all exception, that he believes it capable of con-
vincing the moft obftinate adherers to the vulgar
opinion. .

This demonftration, when ftript of what is not
effential to ir, is thus. Suppofe the motion of any
body moving in the direction AB to be reprefented
by CD, and fuppofe the triangles CED, EFD and
FGD to be right-angled at the points E, F and G,
and the fides CE, EF, FG and GD, equal to each
other ; then, as the fum of all their fquares is equal
to the {quare of CD, each of thofe lines will be half
CD; now, by the compofition of motion, the mo-
tion of the body in the diretion AB with the velo=
city proportional to CD, is equivalent to the mo-

4 tion
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A C - E:
tion of the fame body in the dire&ions, and with
velocities proportional to CE, ED, or to the motion
in the dire¢tions CE, EF, FD, .or in the direftions
CE, EF, FG, GD, with velocities, proportional to
thefe refpefive lines ; but each of thofe lines is half
the line CD, therefore the motion in CD with any
velocity, is equivalent to the motion in CE, EF,
FG, GD, with half the velocity in CD; hence-Mr.
Bernoulli concludes, that the force of a body movin
with any veocity, is equal to four times the force o%
the fame body moving with half that velocity, or
that the force of the fame body is as the fquare of
the velocity, it moves with,

But this propafition, if it proves any thing, proves,
that the forces of the fame body moving with dif-
ferent velocities, ate not aply as the {quares of the
yelocities, but in any affignable proportion to them ;
for as this proEoﬁtion will hold good, whether the
angles CED, EFD, &¢. are right or not, you may
by varying thofe angles find any number of equal
lines CE, EF, EG, {J¢. the motians in all which
thall compound the motion in CD, a line of any
given length. ' -

* Mr. Bernoulli in his tenth chapter, §. 1. fays,
that the fum of the forces of any elaftic bodies re~
mains the fame after the ftroke, that it was before.
This he endeavours to prove ‘by faying, that tha
augmentation of the force of the one is always the
jmmediate effect of the diminution of the force of
s il t Q
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the other ; but this is manifeftly falfe. For, if two
elaftic bodies meet each other with contrary veloci-
ties, then on their firft compreffion it is evident, that
‘both their forces are diminifhed at the.fame timej;’
and it may happen, that in reftoring themfelves,
both their forces may be increafed at the fame time.
As this principle is falfe, his deductions from it muft
of courfe be {o too ; and therefore his proving, that
the fum of the fquares of the velocities of any two
elaftic bodies, is (when multiplied into thofe bo-
dies) the fame before and after the ftroke, is fo far
from being a confirmation of his method of efti-
mating the force of bodies, that it is 2 contradiction
toit, and not only fo, but a dirett confequence of
the other opinion. For it is evident from the equa-
lity of action and re-altion, that the lofs or increafe
of the force of one body in one diretion, is equal
to the lofs or increafe of the force of the other body
ina contrary direttion: Now if you eftimate the
forces fo loft, by the fum or difference of the velo-
cities of the bodies before and after the ftroke drawn
into the bodies themfelves, according to the com-
mon opinion, then you will find, that on thefe prin-
ciples Sne fum of the fquares of their velocities mul-
tiplied into their mafles, will be the fame both before
and after the ftroke, as Huygens has demontftrated.
From this equality of the fums of the fquares,
&¢c. before and after the ftroke, Mr. Bernoulli alfo
afferts, that the fame degree of motion will always
be preferyed in the world ; but he did not confider,
that this equality holds in bodies perfeétly elaftic
enly, and there are none fuch in nature ; therefore
this hypothefis is falfe, allowing all his own principles.
See chap. x. §. 5. chap. v. §. g, 10, &c.
In the eleventh chapter Mr. Bernoulli has folved
2 particular cafe of the general problem relating to
the ftroke of three elaftic bodies; which is, when
ope body in motion firikes at the fame time t}\:v'q
_ ‘ other
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other equal " bodies at reft, which are equally diftant
from the line of the diretion of its center on each
fide ; and in his twelfth chaprer he extends it to the
" ftriking of one body, at the fame time, againft any
number of pairs of bodies at reft, each pair being
fuppofed equal, and equally diftant on each fide
from the line of its direction. Mr. Bernonlls’s method
is firft to folye the problem for two pair, and fo by
degrees extend the folution to any number. In two
pair he fuppofes the moving body to be divided into
two parts, onc part of which ftrikes one pair, and
the other part ftrikes the other pair ; now by com-
puting the velocity of each of thefe parts. after the
ftroke, and making an equation between them, he
determines the proportion, that the body muft- be
divided in, fo that each part after the ftroke fhall
move with the fame velocity 3 which common ve-
focity, he concludes, will be the fame with that of
the entire body. But this will be true, only whea
cach part takes up the fame time in communicating
motion to the bodies it frikes againft; for, if one
part communicates -the whole motion to the bodies,
it ftrikes againft, fooner than the other, then the
two parts would be feparated, if the body was
actually divided, and confequently the velocity of
the body, when entire, will be different from the
common velocity of the parts. -

Now all elaftic bodies, that we have any know-
ledge of, will take up different times to feparate in,
according to the different velocities they feparate
with’; fince itis found by experience, that their re-
fiftance to comprefiion is uniform. However, to
give that for a general folution of a problem, which
may be falfe in infinite circumftances, and can be true
but in one, is 2 manifeit paralogifm; efpecially when
thofe circumftances are neglected, as no ways neceffary
to the {olution. ' :

In



Resarks on M. Bernoulli. 184

- In§. 2. of the fame chapter he fays, that by means

of this theory, the refiftance of a body moving in a
fluid compofed of elaftic particles may be eafily de-
termined, ard alfo the quantity of its motion, that
it will lofe in moving through any given fpace; a
new fubject for a fearch, as ufeful as curious, and fo
much more worthy to be examined, as no body hi-
therto has undertakenit. But I am furprized, that
Mr. Bernowlli fhould mention this as fomething yet to
be done ; feeing Sir Ifaac Newton has fo amply treat-
ed this and all other parts- of the dottrine of the
refiltance of fluids in the fecond book of his Prin-
cipia,

er. Berneulli in his fourteenth chapter endeavours
to give the fame rule for finding the center of ofcilla-
tion from his theory of forces, that Huygens, Dr.
T aylor, and even himfelf, have given from the com-
mon opinion. In order to this, in §. 4. he fuppofes,
that the force of any body will be always the fame,
when it has fallen from the fame height, whether ig
falls freely, or whether any obftacle retards its fall.
If this is -true, then the fame body may have the
fame force with different velocities; fince by in-
creafing the obftacle, that hinders its defcent, you
may diminith its velocity in any degree affignable,
ftill preferving the fame height,

His hypothefis of the caufe of elafticity is fo full
of inconfiftancies and abfurdities, that I am deterred
from making any remarks on it, for I fhould be
obliged to take notice of almoft every paffage. I
fhall " therefore cply mention one thing, which, I
think, may eafily excufe an ampler contutation, and
that is, that Mr, Bernou!li endeavours to account for:
elafticity by the motion of particles, that are them-
felves elaftic,

; And now, Ithink, Ihave proved, that nothing
Mr. Bernoulli has urged in defence of Mr. Leibnit2’s.
oPin,ion,_. is any way conclufive ; that many parts bqf

' 18;
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his difcourfe are contraditory ; and that all his deter~
minations of the laws of motion are wrong, fince they
are by him applied to bodies, which only perfeétly
reftore themfielves ; whereas they are true in none
but fuch, as reftore themfelves in the fame time, they
were comprefled. See remark on chap. 1. §. 18.

And for a conclufion, I would defire Mr. Bernoulls
to give us a true folution of the problem propofed in.
his twelfth chapter ; for it will very much furprize
the world, that fo eminent a geometer fhould fo un-
accountably miftake (as I have thewn in my remarks-
on that chapter) in the folution of a problem, the
only important one in his book, that had not been
folved before.

AN
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Concerning 'the Sun’s parallax, publifbed at the

" énd of a book entitled Matho; five Cof"mo¢

. - theoria puerilis dialogus, in Quarto, Edin-
burgi. 1738.

Firft printed in The Hiftory of the Works of the
‘ Learned for October 1738.

N this Note the author endeavours to thew, that
cither the moon revolves about the earth in a
manner altogether inconfiftent with the general law
of gravity, or that the quantity of matter in the
fun and its parallax are very different, from what
they are at prefent deemed to be.

For fuppofing the parallax of the fun to be about
ten feconds (its ufually affigned magpnitude) he com-
putes, that the gravitation of the moon to" the fun
would then be greater than her gravitation to the
earth, by which fhe is fuppofed to be kept in her
orbit; and thence he concludes, that, as in her con-
junction fhe is placed between the earth and fun,
her greater gravitation to the fun would at leaft in
- - that
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that fituation draw her out of her orbit, and carfy
her intirely away from the earth.

The gravitation of the moon to the fun is indeed
greater than her gravitation to the earth; buc the
deduétions of our author from this faét are altoge-
ther groundlefs. . . ' '

There is no propofition in the whole theory of

motion more inconteftable- and obvious, than that
the relative motions of any {yftem of bodies will be
no ways affe¢ted by equal accelerating forces applied
in parallel directions to each of the bodies, that com-
pofe it.  Therefore, if to the earth and moon equal
degrees of gravitation towards. the fun were applied
in parallel diretions, no change in the relative mo-
tion of the moon about the earth would be thence
produced ; even thaugh the gravitation to the fun
were in each of them.a thoufand times greater than
the moon’s gravitation to the earth.”
- Confequently, from the abfolute quantity of the
moon’s gravitation to the fun no inequalities -will
arife in her motion, unlefs that force be different, or
differently direQed from the force of the fun on the
carth. But the diameter of the moon’s orbit is fo
fmall,. compared with the diftance of the fun, that’
lines drawn from any points of that orbit to the
fon, differ but little from being parallel ta the line
joining the earth and fun, and her gravitation to the
fun in the feveral parts of her orbit is but little dif-
ferent from the gravitation of the earth to the fun.

It is by thefe differences only, and not by the whole
gravitation of the moon to the fun, that the relative
motion of the moon about the earth can be difturb-
ed; and from them arife the. inequalides in that
motion obferved by aftronemers.

REMARKS
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amnes homines, fi fieri poffet, ab infcitice tenebris in lucem
veritatis afferere,

Petr. Nonius de Errat. Orontii Finzi. [In prafat.
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1. Y T bas not been uricuffomary amongft matbematicis
ans, without any impeachment of their randour,
by exprefs treatifes tv correét important mifiakes of their
contempordries. Thus the errors of Cardinal Cufanus
were fhewn by Regiomontanus, thofe of Orontius Fineus
by Pgtrus Nonius, . of Fofeph Scaliger by Vieta and
Clavius, of Longomontanus by Dr. Pell, of Gregory
8. Vincent by Huygens, of Hobbes and Du Laurens by
Dr. Wa'lis, and of Sinclair by Fames Gregory.  And
1/ball bere take leave after thefe examples to make fome
remarks i}lclon two tredtifes, which bave lately come
abroad; Mr. Euler’s difcourfe entitled Mechanica fivé
motus Scientia analytice expofita; and the Compleat
Syftem of Opticks by Dr. Smith. '

2. FROM ibé time that Des Cartés advanved thé
ca’culations of algebra into the place of geometrical de-
monfirations, not only the works of the ancients, but at
length the greateft part of matbematical writings bave
been megletied 5 and dt prefent the matbematical [riences
are generally confidered as attainable by as little fludy
6s the operations of arithmetick.  So much of the ele-
ments as can be léarnt from fome crude colletion out of
Euclide, with a few of the primary propertics of the
conic fecions joined to fome exercife in algebraical com-
Putations being thought at prefent, a flock-fufficient tor
conflitute a confiderable geometer 5 and if to this be ad-
ded a knowledge of the method of calculating ufed, where
the doftrine of fluxions is required, without any trué ap-
prebenfion of the principles of that doirine the ariift
is fuppofed to bave penetrated into the utmoft depths of

Vou. 11, N this
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this [cience.  Though by this means not only all elegance
and tafie are loft, but many direét errors bave been com-
mitted by perfons, compleatly adorned with thefe modern
accomplifbments, in their writings on a fubjedt, of which
they bad not read enough to render it familiar to them,
or their conceptions concerning it clear and diftinél.

 Whoever could in the lealt contribute to put a check
to this inundation of barbarifm, weuld certainly per-
ferm no inconfiderable fervice to a branch of learning,
cnce efteemed the firft of the fciences, but at prefent re-
duced to a kind of mechanical praéiice, wherein the
reaforing faculiies are little concerned.

3. IN the firf} of the treatifes 1 defign to examine,
the author bas unfortunately foilowed the principles of
bis calculus with (o little caution, as even to contyadiét
Euclide Limfelf ® 5 and confides in them fo entirely as ta
perfuade bimfelfy againft the_voice of common reafon,
that a body may be drawn to a center by centripetal
Sforces, where though the velocity is perpetually increaf-
ing, yet at the center the body fhall at once by fome un-
known caufe be entirely flopt +, or, wkich is more
JSrange, annibilated\, and in other cafes be turned di-
refily back again** 5 that a refifting medium may be
Suppofed endued with no other power, than that of re-
. tarding the body’s motion, yet fhall ceufe a body pro-
jecied direfily upward to defleét into a curve line 1.
We find the author of the fecond prop:fing as difcoveries,
what kas been the received cpinion of maiy ages|||; re-
viving maxims [o defervedly exploded, that no man,
who refleis, can befitate about their falfbood, when-
ever bis eyes are open* *; deterred from atiempting
the fojution of a cubic equation +4+ 5 exhibiting incon-

* Pag. 8. 23. ++ Pag. 28.

-Jfl,’ag..n. Ul P;g. 56.
ag. 23. " Pag, 42.

#* Pag. 11. 21, -t?ﬁ Pag. 535.

e o ) - conclyfroe
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conchuyffve demonfiyativns |, and evew wunapprized of
tbe meaning of fo familiar a term as the fimilarity of
Sigures*, _

4 BUT bow far thefe difcourfes are examples of
the preceding reflettion, I fball nat prefume to deter-
mine ; nor yet what claim the writer on diftinéi and in-
diftini? vifion may bave to mathematical knowledge. of
any kind, fince be bas not given any pubkic [pecimen of
great pretenfious that way. Independent of thefe con-
Jideratians as the firft is intended for a very general ex-
D'anation of motion, and tbe other promifes no lefs thax
a compleat Jyftem of [o extenfive and interefiing a fubjelt
as opticks 3 I bope thefe animadverfions upom the fail-
ings, which I imagine myfelf to bave found in them,
will not be difapproved of.  Since fuch general writings
are ufually bad recourfe to by thofe, who are firft in-

. quiring into any fubjei? 5 it is not an umufeful labour ta
chviate the mifinformation, to wbich learners by the
errors in works of this nature muft be expafed.

5. I fball alfo add [ome Remarks on the Effay upon
difint and indiftinét vifion [ubjoined to the compleat,
Jiftem of opticks, that the profufe praifes beflowed on it
by the editor may not occafion any one to be mifted by the
explanation there attempted of fome of the principal
points in Sir Ifaac Newton's dottrine of light and co-
lours, in which that great man’s fenfe appears wholly
unknown 20 this writer.

6. I bave chofe to deliver myfelf every where wiih
great plainnefs, and without thofe apologies and excufes,
with which writings of this kind do [> often abound ;
as fuch affefied complements upon thefe occafions bave
always given me offence in otbers.  In relation to My.
Euler, who is no otherwife kucwn to me, than from bis

Il Pag. 67. 72. 75. 79. - * Pag. 70.
N2 aworks,
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‘works, though I bave explained my thoughts without
refervey yet 1 bope free from any undue feverify. In
what concerns the other two gentlemen I bave alfo mads
it my endeavour to avoid all exceffive exaggerations of
the faults, I bave cenfured. But if any exceprionable
expreffions may bave ever chanced to efcape me, I trifff,
T fball eafily be excufed by them, who very well know
.the uncommon liberty, which bas of late been taken with
myfelf. To be more explicit, as the writer' on diftiné?
and diffint vifion is the repated author of the late dif*
[ertations under the name of Pbilalethes Cantabrigienfisy
and the other gentleman is not only fufpelied of being bis
© affociate, but merited, no doubt, by fingular fervices
that bigh firain of complement, with wkich Mr. Faber
is in one of thofe papers addreffed 5 1 bold myfelf under
no farther refiraint, where I bave béen ufed with fuch
grofs ill manners, than what a juft deference for truth
requires: I am thus [ree, not on’y becaufe I think the
treatment, I bave received without the leat provoca-
tion on my part, calls for fome refentment; but alfd
that I may do thefe gentlemen the juftice to give them an
opportunity of acquiiting themfelvess if they are falfely
accufedy

REMARKS
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1. HE author of the firft of the two books,’
I here intend to examine, was a fcholar
of the famous Mr. John Bernoulli, 'and has former-
ly publithed feveral pieces, which have met with
%ch applaufe, that he has been invited ta the new
Academy of Sciences erected at Peterfburg, where
he now enjoys the hopourable title of Proteflor of
the Sublime Mathematicks. As this performance
is compofed on a very noble fubje&, which has
fo juftly acquired to our great Sir Ifaac Newton an
unrivalled reputation ; its merit has been celebrated
in the various litterary Journals of different coyntries
with high encomiums. .

N3 2, THIS
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2. THIS treatife after ftating the general pro-
perties and affetions of motion confiders at large the
effects both of impulfive forces, and of refifting me-
diums on moving bodies.

3. THE firft propofition is, ¢ That every body,
« which either by an abfolute or relative motion is
‘¢ transferred into another place, muft pafs through
< all the intermediate places.” This propofition is,
I think, merely identical; the idea of pafling through
‘thefe intermediate {paces being neceflarily and obvi-
oufly included in the idea of motion.

4. THE-third propofition, * That in any une-
¢« qual motion the leaft elements of the fpace de-
o lc'iribed may be conceived to be paflfed over with
¢ a uniferm motion,” is not univerfally true.

5. In many  cafes indeed the deductions founded
on this pofition will be juft, if we confider it as a fi-
gurative expreffion, meaning no more, than that the
ultimate proportion of two contiguous fpaces de-
fcribed in equal times by any variable motion is the
proportion of equality. But where-ever this inter-
pretation cannot be applied, there this propofition
will not only be faulty 1n its method of conception,
but. all .the conclufions founced on it will alfo be er-
rbneous. This will moft remarkably be the cafe,
-when thofe fpaces are compared together, which a
body accelerated by any force defcribes in the be-
ginning of ijts motion; for the ultimate proportion
of the firft of two contiguous fpaces thus defcribed
_in equal times to the fecond is not that of equality,
but the ratio of 1 to 3, asis well known to every
one acquainted with the common theory of falling
bedies.  This propofition will alfo fail, when ap-
plied to the ‘eftimating the increments of velocity
producéd in any moving bedy by any accelerating
force ; for if the velocity recéives by the ation of a
uniform force equal additions ia two equal contigu-
ous portions of time, the additions to the fpaces de-

: : fcribed
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fcribed in confequence of thefe increafes of velocity
will be as 1 to 3, inftead of being to each other in
the ratio of equality, as they ought to be, if this
propofition were true.

6. Mr. EuLER in the annexed fcholium has fome
obfcure fufpicions of the fallacy of this propofition :
but as he applies it without fcruple through the re-
maining part of his book, even in thofe inftances,
in which he here feems doubtful; it is evident,
that the genuine principles, from whence alone all
deductions of this kind receive their accuracy and
rigour, were unknown to him; efpecially fince fome
of his moft capital errors arife from an unwarranted
adhierence to this propofition, as we fhall more di-
fin&tly fhew hereafter. -

7. THE gth, 8th, and gth propofitions relating
to the continuation-of a body in its ftate either of

_reft, or of equable motion in a right line, unlefs di-
fturbed by fome external force, ought to be pro-
pofed, as falts only;. it being from experiments,
and not from any metaphyfical notions about bodies
and motion, that the truth of thefe principles can be
evinced. No wonder therefcre, if Mr. Euler’s pre-
tended demonftrations of thefe propofitions be alto-
gether inconclufive and inconfiftent. .

8. IN thé 11th propofition he is fo little apprized
of the relation, which a demonftration ought to have-
to a propofition, that here, though the propofition
be general, the demonftration regards one particular
cafe only, and the general proot is poftponed to a
fcholium, in which he has fo forgot his propofition,
that he thinks it neceffary to prove in form, that the
ratio of 2 to & is given, which is the very thing, the
propofition fuppofes. Nay more, in order to make
this proot he has affumed a triangle to be given in
fpecies, merely becaufe one angle is given. In or-
der to prove that NL or BM will have to AL (hg.g.
Tab. 1.) a given proportion, it is afferted, that the

‘N 4 triangle

-



200 R E M A R K § o

triangle ALN is given in fpecies; but this is nqt
true, unlefs this proportion of BM to AL is firft
fuppofed tq be given, nothing being determined ip
that triangle independent of that fuppofition, but the
angle ALN, ’ o

9, Mr. EULER’s 14th propofition, very indj-
ftinctly propofed, contains in the {olution there given,
and the corollaries annexed no lefs than fouy capital
erroys. \

10. FirsT jt i fajd at the end of the folution,
that the right line AD (fig. 1. Tab. 1L.) may be
taken for the path defcribed by the body, when a&t-
ed an by a power in the diretjon AC. Byt this is
falfe even on the confufed principles of indivifibles.

or were it true, the effect of the power in infledt-
jng the body fram its rectilinear motion, if eftimat-
ed between D and A, would not be in the duplijcate

roportion of the times of its aftion, as it ought,
gu,t in the fimple proportion of thofe times. The
truth is, that every part of the motion, - however
‘minute, muft be confidered as a curve tpuching AB,
and not as a right line interfecting it.

" 11. SeconpLy we are told in coroll. 2. that 4¢

. Ds . .
‘jsequal to—, that is, to fpeak fenfe we are to con-

ceive, that in the fame time, in which the body
with the velpcity, it bas at A, would defcribe the
fpace AB, or the equal fpace AJ, it wopld with the
addjtional velocity, it js augmented by at D, de-
fcribe the fpace Db,  But this is not true; for this
increafe of velogity is pot acquired immediately ip
the point A, byt durinfvr the whole time of the mq-
tion from A tp B; and therefore, the ultimate re-
latjang being confidered. -D§ is but halt the fpace,
that would be defcribed during the paffage from
A tp D by the increafe of velocity 3t D; thatis, ip

the infinitelfimal jargon, 4c is not equal to -,’5;, but
oW
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t0 %ﬁ Mr. Euler has been led into this error by
relying upon his 3d propofition quoted by him in
the preceding corollary, which we have above ob-
ferved to be a falfe one. , :

12. THirDLY in the 4th corollary the fame error
occurs again, but jn another form, being compound-
ed with the cofine of the angle BAC. -

13. FoyrThLY in the 5th corollary the angle of
inflection of the direCtion of the body at D from the
direction AB is determined to be the angle BAD,
that is, the path defcribed by the body is fuppofed
to be the right line DA ; but this is not true, as we
have thewn above. . Confidering then the path de-
fcribed to be a curve touching AB in A and paffin
through the point D, as it ought, we muft meafure
the infletion by the angle, that the tangent to this
curve in the point D makes with the tangent AB,
and this angle, ultimately confidered, will be double
%?D, tha]t'3 is, its fjne 1n Mr, Euler’s phrafe is not

. 2Bb ' :
ﬁ’ but m‘.

14. THESE errors now mentioned are varioufly
compounded with each other in the 6th, 7th, 8th,
and gth corollaries ; fo that not only the general fo-
lution of this problem, but 7 of the annexed corol-
laries are altogether erroneous, and this even on Mr, .
Euler’s own principles, S X

15. THE folution of the next propolition (prop, -
15.) deferves particular notice. Here AB reprefents
the fpace, which a body with the motion, it has in
A, would defcribe in the direCtion AL (fig. 2,
Tab. 11.) during any fmall interval of time, and Bj
the fpacé, whi_cE the fame body woald have defcrib-
ed from ref} in the fame interval by the power a&-
Ing in the fame dire&ion AE; thatjs, Ab reprefents
the whole {pace defcribed in fome fmall interval by
the pniform velocity of the body in A, and by the

action
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~ altion of a power in the fame direftion. Now we
are told, that in another equal interval by the ve-
locity acquired in & uniformly continued it would
defcribe another fpace equal to Ab.  But this is falfe.
For fince the velocity of the body is perpetually
changing from A to &, the fpace Ab cannot be con-
ceived, as defcribed by the whole velocity acquired
at 5, but by fome velocity intermediate betwixt that
and the velocity at A ; the fpace then, that would.
~ be defcribed by the velocity at & in the. next equal
interval, will be greater than A, and if the action
of the power was uniform from A to &, (as Mr.
Euler by ftyling the interval of time an infinitely little
one fuppofes) it will be equal to A 4 Bb; inftead
therefore of the equations in. Mr. Euler A = AB
+ 40, bc = AB 4 240, ¢cd = AB + 340, de = AB
+ 440, there ought to be fubftituted Ab = AB 4
a0, bc = AB + 3a0, cd = AB'¥ 540, de = AB 4-
_ 9ao. All this has been fo often fhewn by every
writer on the common theory of falling bodies, that
I am furprized at Mr. Euler’s miftaking fo plain a
matter. But thefe are not all the errors of this pro-
ofition. For Mr. Euler having by the application
f his 3d propofition concluded, that the celerity of
the body A is increafed in the fame proportion, as
the increments of the fpaces delcribed by it, we may
fhew from the equations, we have rectified above,
* that taking this principle for granted, the increments
of the celerity can never be proportional to the
times, in which they are produced; for if the times
are taken in the proportion of the numbers 1, 2, 3,
4> 5, (Fc. the increments of the fpaces, and confe-
quently of the velocities, if Mr. Euler is to be be-
lieved, will be in the proportion of 1, 3, 5, 7, 9
. a proportiaon not only different from that of the
times, but, if the extreams are compared, perpetu-
ally receding from it. Another principal error then

of this propofition is, that notwithftanding thefe er-
roneous
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roneous fuppofitions the conclufion, ¢ that the in-
¢ crements of the celerities are ultimately as the
“ times, they are produced in,” is indifputable, as
has been frequently fhewn by other writers. Now
it can be only by a complication of errors,. that true
deductions are ever derived from falfe principles.

16, THE procefs annexed to the 18th propofiti-
on is abfolutely incomclufive, and unworthy the
name of a folution. C

17. AS Mr. Euler tells us in the 2d corolary of
the 1gth propofition, that he has been particularly
folicitous about the rigid demonftrations of thefe laft’
propofitions 3 I have no defign to charge this author
with hafte or negligence on account of thefe errorss
but I confider them folely, as the effeét of that inac.
curacy in conception, to which the differential cal-
culus is difpofed to betray its admirers.

18. IN the folution of the 21t propofition and its
1ft corollary all the errors of the 14th are continueds;
and confequently all the equations there given are
on that account falfe. But in the 2d corollary Mr.
Euler has fallen into an error of ftill a firanger nature,
even following the principles of his differential cal-
culus to an exprefs contradiétion of a propofition of
Euclide’s elements, which fhews, that the angle at
the circumference of the circle fubtended by the line
AD (fig. 6. Tab. Il.) not.the angle at the .center, -
is equal to the angle BAD; and confequently it is
not the triangle iOD, OD being fuppofed to be
drawn, but the triangle formed on AD by lines
drawn from that point, where AO continued meets
the circumference beyond the center, that is fimilar
to the triangle BAJ; and therefore B2 is not to AB
as AD to AO, but as AD to 2A0. It is not then
the radius AO of the circle touching the line AB and .
pafling through the point D, but the diameter of
that circle, which Mr, Euler has here affigned, that

: is,

-
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is, 2A0 js = ABXAD
__ABxAD b
=" Bs ) ~ : .

19. THis determinatjon of the radius of curvature
in the prefent corollary is, as it were, the balis, on
which the future examination of all curvilinear mo-
tion -does immediately depend; and were not this
error.compenfated by thofe, we have taken notice of
already, and others, that we fhall hereafter remark,
there could not be one propofition in all this volyme,
where the body is fuppofed to move in a curvilinear
track, but what would be erroneous. = This propofi-
tion is indeed of fuch neceffary ufe in the methods
of proceeding followed in thefe volumes, thatit oc--
curs perpetually ; but its faifhood no where more
eminently appears, than in the demonftration of the
1ft propofition of the fecond volume, where it is
more.obvious, and more exprefs, if poffible, than

, not, as he makes it, AO

in the prefent inftance. :
. 20.. THE value of r then affigned in the 2d co-:
rollary, and uled in the fucceeding ones of this 211t
propafition, is double, what it ought to be.

21. BuT in the 1oth corollary this erroneous va-
lue of 7 is compounded with a value of dr, which we
have fhewn above to be but one half of what it ought,
and by this means the equation refulting in this co-
rollary,is.retified ; the two errors ballancing each
aother. . : ‘

22. THE fenfe af the 22d and 23d propofitions
may be briefly exhibited thus. . - ~

23. LeT 4, 4, ¢ d, be parts of the body O con-
fidered. as a point, and OA, OB, OC, OD, (fig. 8.
Tab. II.) a like number of forces applied to that
point, and let OG be the force comppunded of all
thefe. Then, if the parid ¢, &, ¢, d, are fuppofcd
to be {cparately accelerated by the refpetive forces.
QA, OB, OC, OD, I fay, that the motion of tha-

. ’ common
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tommon center of gravity of thefe parts a, 2, ¢, 4,
will be in the dire€tion OG, and with the fame acce-
leration, as would be that of the entire body O, if
accelerated by the force OG.

24. THis is the true and genuine form, under
which, I think, this propofition fhould have been
exprefled : the principle of a reftoring force, which
Mr. Euler has introdiiced, ferving only to perplex
the reader’s imagination, and render the propofition,
unintelligible.

25. THE demonftration is equally inaccurate ; for
in the firft place it is no demonftration of Mr. Euler’s
propofition (of which indeed no demonftration can
be made, as it contains no affertion, that is the pro-
per objeét of demonftration,) and it is in the next
place exceflively artlefs and tedious, containing above
20 equations, when the whole may be eafily difpatch+
ed By thie application of a well-known propofition in
ftatics, without any computation.

26. IN the beginning of the third chapter, which
treats of right-lined motion, Mr. Euler has given
Galileo’s theory of  falling bodies, in its own nature
no difficult fubject; but it is here fo compounded
with differential computations, that this fubject may
be much better learned from whart has been writ in a
more fimple manrser by others. .

27. IN the remaining part of this chapter he
_treats in general of the direét afcent or defcent of
bodies accelerated by any forces referred to a given
point. And in his 1ft fcholium to his 32d propo-
fition he is much perplexed how to determine the
motion of the body, when it has paffed the point C
(Tab. II. fig. 13.) ile apprehends no more necef-
fary than making y negative in the expreflion of the
folution given in the propofition 3 and thence con-
¢ludes, that if the quantity refulting is affirmative,
the body will really pafs the center C, bur if it be nega-
tive, itis an indication, that the bedy will never pa;{s
' the
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the point C. He however owns, that in fome cafey
this method of profecuting the motion includes a
contradi¢tion.

28. Bur though he has concluded, that in cer-
tain inftances this proceeding will miflead us, becaufe
the refult in thofe cafes is different from what, he
knows from other principles,. it ought to be; yet
inftead of making the true ufe of this difcovery,
and fufpeiting the whole procefs, he ftill fuppofes
the folution to be right in thofe cafes, where he
has not the fame means of comparing the refult with
known principles. -

29. NoTwiTHsTANDING he difcovers by the ab-
furdity of the conclufion, that the method of folu-
tion, he has given, will in numberlefs inftances fail in
determining the motion of the body, when it hag

affed the center, he neverthelefs in other inftances,
where the fame abfurdity occurs, fuppofes the mo-
tion of the body to be rightly exhibited by thefe fal-
lacious operations; having advanced in the 1ft and
2d fcholium, and 5th and 6th corollaries the three
following wonderful pofitions.

1ft, THaT in many cafes neither the motion nor
“direCtion of the body after it arrives in C, can be
determined.

- 2d, TuaT in other cafes the body, after it ar-
rives in C, can pafs no farther. ‘

3d, TuaT in another cafe there mentioned the
body, when it arrives in C, will inftead of proceed-’
ing forwards fly back "again in the fame diretion,
in which it fell.

30. It is true, our author fpeaks of all thefe de-
terminations with fome diffidence and uncertaiaty,,
and feems to think them very myfterious ; but he
fatisfies himfelf with a blind fubmiffion to his com-
putation, ¢ quicquid autem fit hic calculo potius,
¢ quam noftro judicio eft fidendum.”" Nay in the,
laft conclufion he feems even to have fatisfied his

' Judgment 3
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judgment ; for in the paffage, he refers to in the
following part of his book, he has copied Sir Ifaac
Newton, 2s he conceives, and not underftanding his
author feems to fuppofe himfelf fheltered under his
authority.

31. Now the whole myftery, which has thus em-
barrafled our author, is this; When y, the diftance
of the body from the center, is made negative, the
terms of the problem are fometimes changed with it.
The centripetal force being as fome power of the
diftance exprefled by y», where » may be any num-
ber affirmative, or negative, whole number or frac-
tion; if, when y is fuppofed negative, y» be fill
affirmative, the folutign gives the velocity of the
body in its fubfequent afcent from the center ; but
if y7 by this fuppofition becomes alfo negative, the
folution exhibits the velocity, after the body has
pafied the center, upon condition, that the centripe-
tal force become centrifugal 3 and when on this fup-
pofition y” becomes impoffible, this determination of
the velocity beyond the center comes out impoffible,
the condition being fo.

32. IN the corollaries and fcholium annexed to the
48th propofition, which confiders the afcent of bo-
dies from a center, he meets with the fame difficul-
ties, and is at great pains to account, how the folu-
tion, he has there given, fhould fail him in certain
cafes; and to fatisty himfelf he recurs to infinitely
fmall, infinitely great, and other the like ambiguous
phrafes, the ufual modern palliatives of error. But
fo little does he feem convinced with his own rea-
foning on this head, that in the g6th fection of his
fecond volume, he has in a fimilar cafe fuppofed the
computation to be accurate ; difregarding thofe ob-
Jjetions, he here makes ufe of to prove it fallaci-
ous.

3. THAT the computation in this propofition
is unskilfully applied, cannot be doubted of at firft
N ﬁght H
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fight; fince, when # is any affirmative number; the
force in C abfolutely vanithes ;. and confequently the
-~ + body will in thefe cafes femain for ever at reft in the
point C, if once placed there. . Whatever computd-
tion therefore pretends under thefe circumftances to
“exhibit both the time of paffing from the very center
throngh any given fpdce, and the velocity by that
means -acquired, muit undoubtedly contain under it
fome fallacy. The truthis, the time determined by
_ this method is the limit only of that time, in which
the {ame given fpace would be defcribed, fuppofing
the body not to begin its motion from the very point
C, bt to"be placed at firft any where fhort of it.
" Indeed gehatever, be the centrijetal force, if it diffufe
Jtlelf every way equally from the center, rio body
:: “can be moved out of the center by it.
“:"y'34. THE problem propofed by Mr. Euler in his
. -43d propofition is from the relation of the times of

* defcription to the fpaces defcribed to determine the
law of the impulfive force. .

35. HERE he is entangled in difficulties from not
underftanding, that the conditions of a probleni
often put a limit upon algebraical expreflions. ~This
Sir Ifaac Newton has very well illuftrated in his trea-
tife of algebra by the following eafy inftance ®. If
it were required to infcribe any chord given in miag-
nitude within a given femicircle; x denoting t?
verfed fine of the arch, which will be fubtended Dy
tie given chord, 4 the diameter of the circle, and &

. the chord, » will be = f;-: therefore whatever be

the given magnitudes of 4 and 4, there may be al-
ways found a value of », which will fatisfy the alge-
braic equation : yet it is manifeft that if & be greater
than &, the value of x derived from the equation
will be of no ufe for folving the problem, which in

* P, 245.
thac
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that cafe is impoffible. In like manner Mr. Euler -

propofes a cafe of his problem, (in the {cholium)
where the time of tiic body’s motion fhall be ex-

prefled by o/ Zar—xx, » dencting the {pace, ;hrougi N

‘which the body has moved, and 4 fome given lengt

Here he perceives, thit this expretlion cannot in all” *y,
. . A - ) )
magnitudes of x exprefs the time of the body’s .

motion ; for when x 1s greater than g, the quantity

Ea

”

v/ 2ax—xx diminifhes, whercas the time already paffed - -

cannot be recalled. . . .

36. But what he gathers frem.the‘nce, is abfo-- -

lutely abfurd ; that when the bddy is arrived at C,
it muft ever remain in that point, which he owns
himfelf is paft all conception; ray more, that the
velocity of the body, if it paffed farther ought to
be negative, which how to account for, hie'confeffes
himfelf unable. Indeed all, that can be performed in
this problem, is to find fuch an impulfive force,
wherein the given expreflion fhall tor fome fpace
denote the time. And when this is difcovered, the
Jimits, to which this expreffion muft be fubject, will
be known. Here it comes out, that the impulfive
force will be reciprocally as the cube of the di-
ftance of the body from a point at a diftance equal
0 a from the place, whence the body fet out. After
this is known, it is eafy fo to exprefs the time, that
dhe expreffion fhall agree to the body’s whole moticn.
‘The time of the body’s pafling between the center
now found, and any other place, will always be de-
noted by ¢ —y/zax—xx. : .
37. IN the following chapter Mr. Euler treats of
tight-lined motion in a refifting medium.
. 38;., HERE in the {cholium annexed to the 20th
definition we are told, that all other laws of refiftance,
.except that which obferves the duplicate proportion
of the velocity, are merely imaginary ; which is alfo
‘repeated- in the 1ft corol. of prop. 50. * This is fo
great a miftake, that no medium is yet known, in
¢ Nou Il - o which

N
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which the whole refiftance is accurately in that pro-
ortion. QOur author had not attended ta what, Sir
faac Newton exprefly takes notice of, that in ali
fluids fome fhare of their refiftance,” though much
the leaft, is owing to fome degroe of tenacity between
their parts, and that this refiftance is the fame in all
degrees of velocity. .

39- IN the 4th corollary of the soth propofition
our author tells us, that when m > 1, the body,
before it arrived at A (Tab. IV. fig. 2.), had fome-
where, asin C, an infinite velocity ; the meaning of'
which ftrange affertion is no more, than that a body, -
which fhould fet put from the point C, determined
jn the manner there laid down, with any velocity,
however greatr, would lofe all its motion fhort of
the point A ; and confequently could never reach
that point.

.40, IN the third fcholium of the fame propofition
Mr. Euler feems again furpriged, that his computa-
tion fhould give an expreflion for the velocity, when
in reality there can be no motjon 3 but we have al-
- ready explain’d this difficulty in our obfervations on
- the corollaries of his 4oth propofition, and fhall

therefore fay no more of it here.
41. AFTER the 53d, 54th, 55th, 56th and 5gth
propofitions of Mr. Euler have been fo excellently
~ - folved by Sir Ifaac Newton, in the 8th and gth pro-

* pofitions of the fecond book of his Principia; the
.. weight of computation, with which Mr. Euler hag

- filled them, can, I think, be no otherwife excufed,
than by fuppofing him unfkilled in Sir Ifaac New-
ton’s treatife of Quadratures, to which recourfe
gught always to be had, in the apalyfis of fuch pro-

lems. C '
~ 42. IN the folution of the 61ft propofition, we

‘have this equation dx =

", . .
e, x reprefenting the
dpace pafed through, and v aquantity in the dupli-

- .. ’ . -

cae
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cate proportion of the velocity acquired at the end
of that fpace, £ and g being known quantities ; and
we are told, that by the quadrature of curves (opge
quadraturarum) v may be determined by », how-
ever in the annexed {cholium Mr. Euler difmifles
this equation from any future examination, becaufe
Ats integral cannot ke exhibited. But by the im-

rovements the late Mr. Cotes has made to Sir Ifaac

ewton’s dotrine of Quadratures, which were foon
-after their publication demontftrated by Dr. Pember-
ton, it is always poffible by the circle and hyperbola
to affign the relation of x and v, whether m be an
integer or a frattion; and therefore 2 more ample
_profecution of this equation might reafonably have
geen expected from a perfon fo much in love with
computation.

43. IN the firft {cholium of the 62d propofition
we are told, that the velocity of the moving body
always vanifhes at C, becaufe the refiftance in that
_point is infinite. But this is falfe reafoning; fince
-every infinite refiftance will not inftantaneoufly de-
ftroy a finite velocity. For example, fhquld the
denfity of the medium be reciprocally in the fubdy-
‘plicate proportion of the diftance from C, and the
refiftance in the fimple proportion of the velocity,
-which will be the cafe in this ﬁropoﬁtion, when m
denotes the fraction %; notwithftanding fuch a re-
fiftance, the body may yet arrive at C, with any
given degree of velacity however great, '

44. IN the fecond icholium to the 66th propofi-

tion Mr. Fuler obferves, that the equation deter-

~ mining the quantity ¢ in that propofition will not be

changed, - aJcthough inflead of p or R any multiples
of thofe quantities are taken. And as the magni-
tude of ¢ in reality varies, when inftead of R any
multiple is taken ; he accounts for this only by tell-
ing us in general, that a differential equation is mcre

extenfive than the integral, from whence it is deduced,
‘ Oz 45. Tris
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45. Tnis vague and indetermined reafon fhews,
why Mr, Euler confidered this as a difficulty ; -which
could fcarce ‘appear fo to one duly apprized, that
the fluxion of 'a logarithm of any quantity is the
fluxion of that quantity, divided by the quan-
tity ; thercfore whatever given number or quantity
multiplies the quantity propofed, the fame multi-
glics both the numerator apd denominator of the

uxion, whereby the fluxion remains the fame, how-
ever that number or quantity be varied ; as it ought
to do, becaufe the multiplying a flowing quantity by
any given one only increafes its logarithm' by the lo-
garithm of the given quantity.

46. IN the fifth chapter, which treats of curvili-
near motion, every propofition from the beginning
to the end does immediately or confequentially de-
pend on thofe erroneous equations, which we have
taken notice of in the remarks on the 14th and 21t
propofitions ; and therefore, however true the con-
clufions here given may be ; yer, as they are founded
on wrong pofitions, they owe their coincidence with
truth to chance only, by the accidental intervention
of contrary errors.

47. BUT admitting the principles here made ufe
of tq have been truly and accurately obtained ; yet
there are other important exceptions both to the me-
thod of this chapter, and to particular conclufions
contained in it. ' :

. 48. IN relation to the method of inveftigation
here made ufe of, it is neceffary to obferve, that the
ancient geometers in their analyfis, nio lefs thanin
their compofition, brought in aid, as occafion re-’
quired, whatever had been difcovered by others;
and that inveftigation was by them the moft ap-
proved, which contained in it no procefs, that could
be fupplied or contracted by any known propofition.
On the contrary our algebraical gentlemen in the
modern tafte lay afide ail regard to order, concifrc-
s . nefs,
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hefs, or elegance in their conceptions ; and confine
their whole labour to the fingle ambition of rendring
all previous knowledge as little neceflary, as poffible;
to their prefent conclufions. v

.49. MR. Euler has here fo clofely puifued this
fcheme, as hot to think of digefting even his own
fubjet into any method, which might facilitate his
analyfes. Inftead of prémifirg thefe two general
propofitions, That of the equality of the areas de-
fcribed in equal times about the centér of attrac-
tion, and" That of the equality of thé velocities
at equal diftarices from thdt center both in the direct
ahd curvilinedr fall, whereby his following analyfes
might have been abbreviated ; hé plunges without
preparation into compound propofitions, and ‘cons
tents himfelf with flightly deducing thefe, as corol-
laries, from a propofition [prop. 74.], to which they
fhould have been premifed. ‘ '

io. Tio fuch propofitions, which dré or cight
to be the very balis of dll inveftigations of curvi-
linear motion, certainly rherited to have been parti-
cularly difcuffed in their full extent, inftéad of being
thus derived, as it were, by chancé, fromi a propo-
fition not fo extenfive ds they are. This isinverting
the natural order of the fubjet, and neceffarily in='
volves it in obfcurity and perplexity. |

51. BUT to be more particular, the deduétions
in the #oth and 71t propofitions néeded ot that
pomp of differential ‘equations ‘and candns; being
qaﬁly deduced with more brevity withou’tfhe‘rp, pat-
ticularly the 3d and 4th corollaries of the 71 ft.

52. IN the 72d propofition, and its corollitiés the
effect of gravity compounded with a fectilinear mo-.
tion js difcuffed with a degiee of intricacy even fur-
Prizing in fo fimple a fubje&: "~
~ 53. THE 73d, d very éaly fubjedt, is not much
better treated. o

O3 ‘ " B4 IN
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54. IN the 74th propofition the radius of curva-
. ture is unneceffarily involved in the computation, to
no other purpofe than that of embaraffing the procefs,
till it is exterminated.

55. THE folution of the 75th is unmeafurably
profix 3 for if from the center C a circle be defcrib-
ed, whofe radius is unity, # will in this circle be the
cofine of theangle MCP, and the ultimate propor-
tion of the increment of CM or y to the increment
of u will be compounded of the ratios of MT to
TC, CM to the radius 1, and the radius to the fine
of the angle MCP, that s, of the ratios MT to TC,

and CM to ,/1—ux; whence the differential equa-
du QOdy

tion

—_— is immediately deduced;
1 —uu BRVAL,

/ 'y —kL‘(L

to arrive at which Mr. Euler has employed near 20
equations, fubftitutions, reftitutions, €&5c. ,
. 56. BESIDES the general obfcurity, in which
the 78th, 79th, 8oth, and 81ft propofitions are here
involved; there is in the 11th corollary of the 8oth-
an error of fo extraordinary a nature, as to merit a
particular difcuffion.

57. IF the attraction direéted to any center be re-
ciprocally in the duplicate proportion of the diftances
from that center, and.a body be projeéed from any
point in a direction perpendicular to the line joining
the center and that peint with a certain degree of
velocity 3 it is then confeffed, that the curve de-
fcribed by this body will be an ellipfis, the center of
attraction being its focus, and the point, from whence
it fet out, becoming that extremity of the axis, which
is moft removed from the focus. It is allowed too,
that by diminifhing the velocity of the projected body
the {pecies of this ellipfis is perpetually changing,
approaching more and more to a right line; and that
the time of half a revolution in this reduced ellipfis
perpetually approaches to the time of the direct fall
to the center. And fince in thefe reduced ellipf:cs

t
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" the body, after it arrives at its lower apfis, will per-
petually return back again to the point, from whence
it was originally projected 5 fince, I fay, this will be
true, however {mall the velocity is, with which the
body is originally projected, that is, however near
the fpecies of the elliplis approaches to a right line :
Mr., Euler has falfely concluded, that in the direct
fall, when both the original velocity, and the ellipfis
vanifh, the fame return will take place, that is, that
the body, the momest it arrives at the center, in-
ftead of proceeding forwards with the velocity ic has
there acquired, will immediately return back towards

- the .poing, whence it fell.

58. Now though this monftrous fuppofition obvi-
oufly manifefts its own abfurdity, and carries its own
contutation with it to every one, that at all confliders
it 3 yer that Mr. Euler may not be confounded in
fearching for thofé erroneous deduétions, which have
here mifled him, I will inform him, that the reafon,
why, when there was any tranfverfe velocity origi-
nally imprefled, however fmall, the body conftantiy
returned, after it was got at fome fmall diftance be-
low the center of atwadtion, is this, that then the
attrattion to the ceater never confpiring in dire&tion
with thé¢ motion of the body, the direction ot that
motion by this means perpetually changes, till below
the ceater, where it acquires its greatelt velocity, it
becomes pesrpendicular 1o a line drawn to the center,
and confequently rewrns from that point with a mo-
tion altogether imilar to thar, with which before ig
defcended. Butif there is no fuch original velociry,
and confequently no obliquity, this reafoning nolonger
holds good ; for the body will now be ever found in
the right line¢ paffing through the center ; and there-
fore, when it has once acquired a progreflive motion
in this line, it muft continue it, till having pafied the -
center its velocity is abolithed by the contrary aétion
of the centripstal force, ~

o O4 - 59.1F
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59. IF the reader, after the numerous miftakés
which this author has been guilty of, in relation to
the perpendicular defcent of bodies, is defirous of
feeing them all in epitome ; he need only confult the
2d fcholium of the g1t propofition, which will fully
fatisty his curiofity, and afford him an ample field for
. aftonithment. He will there find our aathor’s former
difcoveries even improved ; that bodies drawn to a
center by centripetal forces, which increafe -perpe-
tually their velocity, fhall not only on a fudden be
ftopt at the center in the midft of their fwifteft mo-
tion ; but be moreover annihilated *, : ‘
~ 60. IN the demontftration of the g8th propofition
we are told, that the radius of the curvature (Tab. IX.

2 . . .
"y’: But this is the old

miftake of taking the radius inftead of the diame-
ter.  For, fince the line mx is a tangent in the point .

fig. 4.) at the point rm, is

m,.and V a fuppofed point of the ci.xrve,-—'-:-:;—, and
hot ':l:
as we have formerly fhewn in 6ur remarks on the 2d
corollary of the 21ft propofition. - ' :
" 61. IN the 4th corollary to this propofition the.
fecond differences of z and y are falfely affighed, be-
ing there but of half their proper magpitude. For
to authorize the conclufions in this corollary M #
ought to be the chord of the preceding arch con-
tinued ; but fince it is fuppofed to be the line, in
which the body would proceed forwards from m, if
‘not ated on, it muft of neceffity be confidered as a
tangent to that point . SR '
62. THE remaining part of this chapter is ex-
ceflively obfcure, tedious and ten times more com-

2 - . .
, is the radius of the curvature at that point;

« - * Corpus, ftatim ac in centrum pervenerit, ibi evanefcet.

' foundéd,
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pounded, than it need to be, of which take the fol«
lowing examples. . .

63. THE 101t propofition requires none of thofe
complicated equations, it fo- much abounds with.
The true method of folution is to conceive the mo-
tion of the body to be compounded of two motions,

- one of them parallel to the axis, and the other per-
formed in a plane perpendicular to the axis; then
confidering thefe feparately, the motion parallel to
the axis will be ever uniform, being no ways changed
by the attractive force ; and the motion in the plane
perpendicular to the axis will be reduced to the fim-
ple contemplation of the figure defcribed by a body
atted on by a known central force, and having its
direction in the fame plane with: that force ; then by
combinipg thefe two motions together the fituation
of the body may at any time be known. From this
method of folution the whole is reduced ta principles
already detcrmined,: and the conclufions-in. the two
examples annexed ta -this. propofition are attained
without any compptation... +, - o
~ 64. IN like mannér the. 102d - propofition abounds
with a complication of differential equations no ways
neceffary. - For if from the point A in the figure of
that propofition a line be drawn perpendiculaf to the
plane APQ, let. us denominate this line the axis.
Then the force:in’ AM may be always divided into
two others, -one of themt- parallel to- this axis, and
the ‘other at right angles to it.  But the parallel force
being in the fame directian with the force MQ, the
body by the conjunétion df, thefe two forces-will ap»
proach the plane APQ, and from the known quanti-
ties of thefe forces,: and the known velogity towards
this plane, the motion of acceding to this plane
will be determined by the third chapter, ir being
under thefe' circumftances a retilinear motion : and
by the force perpendicular- to the axis a curvilinear
track will be defcribed round that axis in a plam:i
s . and
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and to which that axis is always perpendicular ; and
as this curvilinear orbit may be determined by the
confideration of the motion in a plane only, it is
evident, that by this method the whole motion of'
the body will be determined by the means of known
propolitions, without the affiftance of new princi«
ples, or the perplexity of new computations,

65. OF the fu*periority of this method of folution
we will give the following inftance.

66: Suppose a body at M to be attracted partly.
to the point A (Tab. II. fig. 1.) by a force directly
as MA, the diftance from that point ; and gartly to
the plane APQ by a force directly as MQ, the per-
pendicular diftance from that plane.

67. To determine this body’s motion let the force
AM be divided into two forces AQ, QM, one of
them, as AQ, perpendicular to the axis, and the
other QM parallel to it. .The firft of thefe will be
dire@ly as the diftance from the axis, fince AM is
always as the force directed to the point A, and by
this force there will be defcribed in- the plane, teo
which that axis is perpendicular, an ellipfis having
the interfeftion of the axis with that plane for irs
- center. The other force parallel to the axis will be
as M(l,bthc diftance of the body M from the plane
APQ, but the original force, by which the'body M
was attracted to the plane APQ, was alfo as this
diftance 3 therefore the whole united force, by
which the body M is urged towards that plane, is as
MQ; the motion then of acceding to that plane is
the fame; as that of the direct fall of a body towards
a center, " to which it is attratted in propertion to its
diftance from that center. 'Therefore the motion of
the body in a plane perpendicular to the axis being
known, and the motion of acceding in lines parallel
to the axis to the plane APQ, or receding trom it
' being known, the whole motion of the body is

thereby determined. . . :

o _ ' 68. From
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68. From the known proportions between the
force on M afting parallel to AQ, by which the
ellipfis is defcribed, and the feparate forces, that by
their conjunction in the diretion MQ_ urge the body.
towards the plane APQ, the proportion between the
time of one revolution in the ellipfis, and the time
of one ofcillation in a direttion perpendicular to
the plane APQ is eafily afligned; and from hence
the cﬁange of the pofition of the nodes, or of thofe
points, in which the body pafles through this plane
in each revolution, is determined, the time of the
bodies pafling from-one node to its oppofite being
the time of one ofcillation. If therefore a line be
fuppofed drawn from the center of the ellipfis to the
node, in which the body was laft found, the next
pofition of the node will be determined by a line
drawn alfo from the center of the eilipfis, containing
with the firft drawn line an area, that fhall be in fuch
proportion to the whole- ellipfis, as is the time of
one ofcillation to the time of one revolution in the
ellipfis. - '

69. THis inftance is the fame, with the example
Mr. Eiller makes ufe of at the end of his 102d pro-
pofition - (only an error of the prefs in the firft line
muft Be rectified, where inftead of AP there is MP,)
it alfo includes his 103d propefition, which is the
determination of the nodes in this cafe. In the fo-
lution of this example Mr. Euler has filled feveral
pages with the moft abftrufe and complicated com-
putations. Phere are equations arifing to the 7th,
8th and gth powers, and involving the third power
of firft differences, and the fecond power of fecond
differences ; there are introduced logarithms both
real and imaginary ; nay the fimple determination
of the nodes cannot be difpatched without the rela-
tion of tangents and fines to their refpective arches.

" 70. THE laft chapter of this volume, which treats
of curvilirear motion in a refifting medium, is equall,

o y
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ly exceptionable with any of the preceding ones i
refpet to its method, and the operofe computations;
with which it is unneceffarily filled: ~But as we have
already diftinétly examined other parts of the book-
with regard to thefe particulars, we fhall not enter
into a farther difcuffion of them in this place; we
fhall only conclude our remarks upon this volume
'by obviating a-moft erroneous determinatien of the
motion of a body in 4 refifting medium; in the fcho-
lium annexed to the ri2th propofitien.

21. IN this propofition Mr. Euler inquires, what
law of refiftance combined with the uniform force
of gravity acting in the direction AC (fig. 6. Tab. XI.)
will compel a body to move in 3 given femicircle, as
BAMD. : ' .
~ #2. THE determination is, that, if the refiftance
in every point, as M, is to the force of gravity, as
three times the diftanee MQ to twice the radius AC,
and this refiftance is fuppofed to confpire with the
motion of the body, whenit, moves upwards in the
quadrant BA, but to be oppos’d to it, when it moves
downwards in the quadrant AD; then the'body by
the combination. of this refiftance with the force of
gravity, will defcribe the femicircumference BAD ;
and from hence in the fcholium he concludes, the re-
fiftances in the quadrant ‘AD being equal and alto-
gether fimilar in their directions to thofe in the qua-
drant AB, that the body, when it arrives at D, will
by means of thefe refiftances.already eftablifhed re-
turn back through the femicircumference DAB to B.
- - #3. THis appears even to-Mr. Euler wonderful,
that a body at reft in D, and aced on by a foree per-
pendicular to- the line DC, for in this direction does
the refiftance act at the point D, fhould by means of
this -force be .impelled- in a line different from that
perpendicular : but he thinks, he has folved the diffi-
culty by.telling us, that the force aéting in the direc-

tion of the femicircumference at -the point B is l;l{?t
: abfo-
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abfolutely perpendicular to the diameter in that
point, but has' an infinitely little deflection from the
perpendicular; ‘
74. WHaT the angle meafuring this infinitely lit
tle defle&tion is, Mr. Euler will never be able to ex-
plain; it being an unintelligible reafon urged in
fupport.of a falfe fact. For when the body arrives
at the point D, it cannot return in the circumference
DMA, but by the intervention of fome fuperadded
force. 'What has here mifled Mr. Euler, is his want
of difcerning, that the determination of the law of
the refiftance fuppofes the body, when its refiftance
is inveltigated, to move with a motion oblique to
the adtion of gravity; it being only by means of
this oblighity, that the comparifon of the refiftance
with the force of gravity can in this cafe take place.
And confequently the points B and D are excluded
from-all inferences formed on thefe principles 5’ no -
more being determined, than that by fuch refiftances,
as are here afligned, the body will move from any
‘one point of the femicircle to any other, provided
the point, from whence the motion is fuppofed to
begin, is neither B nor D, S

REMARKS
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COMPLEAT

System of OPTICKS.

1. Y Suarr at prefent proceed no farther in my

L remarks on Mr. Kuler’s book ; as I appre-
hend, what has been faid, will be fufficient to pre-
vent an intelligent reader from being mifled by any
of the miftakes of the fucceeding part. And, I
think, it appears, that the maft of this gentleman’s -
errors are owing to fo ftrang an attachment to the
principles, he had imbibed under that inelegant com-
putift, who was his inftructor, that he was afraid to
truft his own underftanding even in cafes, where the
maxims, he had learnt, feemed to him contraditto-
1y to common fenfe. But now I am to enter upon
a more arduous undertaking, to pafs cenfure upon
the labours of a gentleman, who from his being a
relation of the late moft excellent Mr. Cotes, “not
only pofleffed all his papers at his death, but during
his life enjoyed fo uninterrupted a converfation with

“that great man, as furnifhed him with an opportu-
tity
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nity of every kind of information, he could at any
time defire. Therefore as we gather from Mr. Pro-
feflor’s propofals, that he has been imployed more
than twenty years upon this ‘work, and as he has in-
formed us, that Mr. Cotes himfelf before bis death -
had the fame fubjet under confideration; it were
reafonable to expe¢t no fmall fhare of perfeétion in
fuch a performance. 1 fhall therefore endeavour to
proceenf in my remarks with all the circumfpection,
which thefe refle¢tions may feem to require.

2. THIS treatife fets out * with a very unfkilful
reprefentation of a capital propofition in Sir Ifaac
Newton’s Opticks +, by omitting ‘an. eflential part
of it, which Sir Ifaac Newton had exprefled under
the form of an exception. For this exception is fo
extenfive, that the refraltive power of water, the
moft common of all refrangible fubftances except
the air, is almoft half as much again in proportion
to its denfity, as that power is in the air, in glafs,
and other terreftrial bodies. This power in all the
oils is more than twice as much as in glafs, and
in one fubftance, the diamond, near three times as
much. The repeating the propofition afterwards at
art. 189. entire, is no excuie for omitting the excep-
tion in this place; - fince the conclufion, which Sir
“Ifaac Newton makes from this propofition, depends
abfo]urely upon that exception.

3. THERE foon follows, at art. 1y, another in-
ftance of this author’s jmperfet knowledge of the
true theory of the action between light and bodies,
where it appears, that when a ray within a denfer
medium falls upon the furface of it, he did not ap-
prehend, thatit would be refleted till fuch times,
as the fine of incidence bore a greater proportion to
the radius than that, which meafures the refration
whereas the ray will be refle®ed, as foon as the fing

¥ Anic. 5. t B. L. prop. 10.
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of the incident angle comes to that proportion.
Upon this miftake he proceeds afterwards in the
mathematical part, art. 472, 487, and talks of rays
emerging in the tangent of a circle. - ~
.4.. THOUGH 1n this popular part of his trea-
tife the author might be allowed to omit fome cir-
cumftances, which in mathematical demonftrations
could not be difpenfed with; yet he ought never to
have exprefled himfelf, as he has done ar article 21,
where he defcribes the rays, which in opticks may
be confidered as parallel, to be fuch, in which the
difference of their diftances at any two given places
. is infenfible : whence it fhould follow, that the rays
of the fun are not to be confidered, as parallel, unlefs
- cheir diftances_at the orbit of mercury and at the
earth were not fenfibly different. . :
.. 5. IF in the figure referred to in article 32, Q
mean the place of the eye, for which it is uled in
the fourth chapter, the affertion in this article is not
true. For the rays, which from P enter the eye,
will none -of them proceced from p, .as here deter-
mined. . . : . .
- 6. IN article 43 the ray,: which within any glafs
lens makes equal angles with each furface, is faid to
pafs through the middle point of the glafs; whereas
in all concavo-cqnvex glaffes that ray is inclined to
a point in the axis, which is always without the glafs.
"This overfight is-indeed attempged to be corrected
in the mathematical part, Art.228; but very im:
perfe@ly. - It is only faid, that in thefe glaffes this
point will be a little without the glafs; whereas in
{uch there is no diftance, which it may not exceed.
For the thicknefs of the glafs is to the difference be-
tween the femidiameters of the fpheres, of which the
two furfaces are portions, as this diftance to the leffer
{emidiameter. .. . . . - .. . . -
7. IN article gsth this author has endeavoured

to give fuch a propf-of the proportiap, whichhf;:
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has afligned between the light, we receive from the
moen, and that we receive from tie fun, as he ima-
gined, might be eafily apprehended ; though be in-
forms us, that he difcovered that proportion by
- other means. It follows, as far as it is juft, dire&-

ly from the propofitien for the fame purpofe, of that
excellent geometer James Gregory, in bis Geom.
Par, Univerf. page 1445 and the general propofi-
tion there mentioned for determining the proportion
between the degrees of light received from any pla-
net, and from the fum, is repeated in David Grege-
ry’s Aftranomyy ¥, a hook in every one’s hand.
When this author was comparing, moon-light with
day-light, bad he deferibed them both in a fimilar
manner, as was reafonable to have been done, he
mould have feen, how little the defcription, he has
given of day-light, ‘is to the purpofe; but it like-
wife appears from the refult. - For he firft informs
us, that the proportian, he has fet down, is not
trye, but upon fuppofition, that the moon reflects
all the light, it reccives from the fun; and yet his
argument is drawn from comparing the light of ‘the
moon, feen in the day, with the light of the clouds,
that is, is deduced from the quantity of light actue
ally reflected by the moon.

8. AS this gentleman at art. g8th, &c. in rela.
tion to the apparent place and magnitude of the
images of objects feen by refleGtion and. refraction;
has thought proper to depart from the principles
delivered by the moft approved writers on opticks;
in order to form a judgment upon this innova-
tion, I fhall firft fet down diftinéily the received
opinion, )

9. Tue figure and colours of objects are imme.
diately prefented to the fight by the images made
upon the bottom of the eye; but their diftance is

o . * Lib. 3. prop. s8. _ o
- Vou. 1. P Judged
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judged of by concomitant circumftances. ~ This a?
.mongft other means is naturally fuggefted to us by
the rangement of the feveral objecs, that occur to
our fight; thofe appearing the moft remote, where
the greateft number of other objes are perceived
to intervene. This way of receiving information
of diftance by the fight has been anciently taken no-
tice of ; being at large infifted on by Alhazen the
Arabian in his treatife of Opticks, Lib. 2. n. 39. In
extenfive views there is alfo another more definite
circumftance, well known to the painters, which
fuggefts different degrees of diftance. This is the
blueifh tint, which the colours of objeés receive from
* the interpofition of the air between them and the
fight; which is greater in proportion, as a. greatef
quantity of air is interpofed between the eye and the
object. But as the laft of thefe two caufes can have
no fenfible effett in very fmall diftances, where the
eye is found to form an exact judgment, even with
eut the affiftance of the other, it is fuppofed, that
the eye is poffefied of fome powers within ifelf,
whereby it. receives this information. 'When any
.object is viewed attentively, we always turn the
fight directly to it, that the axis of the eye be point*
ed to the object; and therefore in viewing an objett
with both eyes, the axes of the eyes are more inclin-
ed to each other, when the object is near, than when
it is remoter; and this being an animal aion, is
capable, in confequence of habit, of fuggefting to the
mind the different _diftances of objects by the diffe-
rent degrees of this converfion of the axes towards
each other. . Befides, as it is . foupd, that the eye
cannot fee objets at the fame time diftinétly, which
are at any confiderable. difference of -diftance, but
can alternately fit itfelf to either; this change made
in the.eye is alfo by habit capable of fuggefting di¢
ftance. Both thefe caufes are very well explained
by James Gregory, in his Optica Promota. A the
- R i - €h
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end of prop. 28, he thus exprefles himfelf, ¢ quoti-
¢ diana experientia majoris vel minoris contorfionis
% [axium oculorum] natura eft edocta, ut de di-
¢ ftantia feu loco vifibilis conje¢turam facere pof=
 fit;” and of the fecond in the next propofition;
¢ nature infitum eft, ut humores oculi fluidos &
¢ mobiles aliquo modo difponat ad radiantia pro-
 pinqua, ut diftincte pingantur in oculi retind; ex
* quorum humorum mutatione magna vel parva

- ¢ dignofcit natura (quotidianis experiéntiis edocta)
“ num. parvo vel magno intervallo diftet radians
‘ ab oculo; atque ita de illius Joco conjeCturam
< facit.” The firft of thefe two caufes was known
before the latter, which was not dpprehénded, till
after the manner of vifion by the refrattion of the
eye had been well confidered; infomuch, that Kep-
ler, who has explained the fitft of thefe caufes di-
Atinétly *, confines the judgment of diftance from a
fingle eye to thofe diftances, which bear a fenfible
proportion to the breadth of the pupilt: and A-
guilonius, who alfo admits of the firft; lays down a
_propofition in form {though contrary to experience)
that one eye only is incapable of judging of diftance |l
-That the firft caufe does operate to this effect, is
from hence concluded, thiat we judge better of dis
-ftance by both eyes than by one alone, as is ufually
experienced by directing a perfon to endeavour to
-touch an objet at fome fmall diftance by a lateral
motion of the finger with- one eye fhut. But it is
.alfo evident, that the fingle eye will likewife in fome
.degree direct to the diftance; becaufle; if the objeé
is not touched, the finger will not pafs at a great
.diftance from it ; and thofe, who have the ufe but
of one eye; will generally fucceed in the experiment.
In optick inftruments; where the images of objects

* Paralipomen. in Vitellionem, prop. 8.

+ Ibid. prop. g.

} Optig: Lib. 3. prop. 1,

P2 gre
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are viewed with one eye, this laft caufe is fuppofe@
to be that, which fuggefts the diftance of thofe
images ; and that the eye fees them in that place,
whence the rays proceed, which enter the eye from
the feveral parts of the image.

10. THEsE are the moft dire¢t means of our judg-
ing of diftances. But as we do not always look at
objells with the greateft attention, there are other
circumftances accompanying objets, which offer
themfelves to our fight, whereby their diftance is
fuggetted. In particular the angle, under which an
object appears, whofe magnitude is fuppofed known,
will give us an apprehenfion of a greater or leffer
diftance, according as that angle, or mere properly
the magnitude of the image made in the eye, is lefs
or greater. Likewife if bodies are in motion, when
the angle, under which they appear, increafes, we
fhall judge the body to approach, or recede, when
that angle diminifhes. Thefe and other collateral
means of our receiving fuggeftions of diftance, when
they do not confpire with the former, often occafion
deception in the fight, and caufe us to miftake the
real diftance of objects.

11. Tue fame deceptions are alfo Hable to take
place in the images of objects feen by optick inftru-
wments; and the experiments, by which this author .
‘was induced to depart from the received opinion,
are evidently of this kind; where the image of the
-object by its increafing or diminifhing upon the mo-
‘tion of the eye or glafs feems to approach or recede,
contrary to what it ought to do upon the commeon
principles *.  But this gentleman fot duly confider-
1ing, that tHe eye was thus equally liable to deception
in optick inftruments, as in diret vifion, has been
fo far confounded by thefe appearances, as to think
it neceffary to relinquith the common doétrine, and

* Ast. 138. and the remarks upon it.
. : to
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to advance in its ftead a new rule for determining thé
apparent place of objeéts feen in thofe inftraments,

12. ACCORDING to this gentleman, the image of
the objet is always judged to be at that diftance
from the eye, where the objé& itfelf would be feen
under the fame apparent magpitude ®*. But this

rule is in the firft place deficient; as it can be no -

guide to the eye, when the original object has not
firft been feen. It is alfo contrary to faétin the mioft
common and fimple cafes. In microfcopes it is im-
pofiible, that the eye fhould judge the object to be
nearer than the diftance, at which it has viewed the
object itfelf, in proportion to the degree of magnify-
ing, For, when the microfcope magnifies much,
this rale would place the image at a diftance, of
which the fight cannot poffibly form any opinion,
as being an interval from the eye, at which no ob~
Jjectcan be feen.  Yet this geatleman exprefsly af-
ferts, at article 141, that the apparent Xi&ancc of
th:é{’magc of an object feen cither by refletion or re+
fradtion, is to the diftance of the object feen by the
naked eye, reciprocally as the apparent magnitudé
of the obje& to the apparent magnitude of the image:
I believe, in general, whoever looks at an objet
through a convex glafs, and then at the objec itfelf
without the glafs, will find the objet to appear
nearer in the latter cafe, though it be magpified by _
the glafs; and in the fame trial with a concave glafs;
though by the glafs the object be diminifhed, it will
appear hearer through the glafs than without. But
the moft convincing proof, that the apparent di-
ftance of the image is not determined by its appa-
rent magnitude, is the following experiment. It a
double convex glafs be held upwright before fome
luminous objec, fuppofe a candle, there will be feen
two images, one erect and the other invetted. The
* Art. 139. .
P3 firft

. -
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firft is made fimply by refleCtion from ‘the nearefy
furface, the fecond by refle@ion from the further
furface, the rays undergoing a refration from the
firft furface both before the refletion and after. 1f
this glafs has not too fhort a focal diftance, when it
i3 held near the object, the inverted image will ap-
pear greater than the other, and alfa nearer; but if
the glafs be carried off from the objeét, though the
eye remain as near to.it, the inyerted image will di-
minifh fo much fafter than the other, that it fhall
appear at length very much lefs, but ftill it will ap-
pear nearer. Here two images of the fame object
are feen under one view, and their apparenc diftances
jmmediately compared ; and here it is evident, that
thofe diftances have no neceffary connection with the
apparent magnitude. This experiment will-be rens
dered ftill more convincing by the following means.
If the glafs be of fome confiderable breadth, let a
{mall bit of paper, or the like objet, be ftuck upon
it fomewhere about the middle. Then let the in-
yerted image be viewed through a fhort tube, or a
hole at fuch a diftance from the eye, that the frame
of the glafs of any circumambient objeéts may ba
concealed from the fight. When the eye has atten-
tively confidered this image, and fixed an idea of its
apparent diftance, let the glafs be gently moved,
while the eye accompanies the image, till the paper
come alfo in fight; then as the image is actually
formed nearer to the eye than the glafs, fo the paper
will evidently ftrike the eye with the fenfe of its be-
jng more remote than the image. If the fame trial
be madg with the upright image, the paper will
appear neareft. This experiment fucceeds beft, when
the eye is held as near to the glafs, as it can bear to
fee the images diftin&tly. ~~ * B '

13. LeT us now confider Mr. Profeflor’s argus
ments, in art. 138, againft the received opinion.
“One of his reafons, that the different divergency of
L . B ) &
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zays cannot be the means of fuggefting to us the
place, whence thofe rays come, is, that ‘it is a
*¢ rational deducion from fenfe, which informs us,
*¢ that rays diverge from the points of an objeét ;
¢ which the majority of mankind are entirely igno-
¢ rant of, and the ancient philofophers, who thought,
<¢ that fomething like rays proceeded from the eye to
“¢ the objet, could diftinguith diftances as well as
“¢ we.” This is quite as.good a reafon for the rays
of light being no caufe of our fecing at all ; becaufe
thofe, who know the rays come from the object,
and thofe who imagined they iffued from the eye,
could fee equally well. But certainly, as the rays
of light make fuch an impreffion upon the eye, as
to raife in us the ideas of the objects whence they
-proceed, though we have no immediate perception
of thofe rays; fo the change made in the eye, in
confequence of the different divergency of the rays,
may be a fufficient caufe to fuggeft to us difference
of diftance, without our having any direct percep-
tion of that divergency. ’

. I4 ANOTHER argument is, that our fenfible
ideas of the places of the remote parts of a long walk
or gallery, and of the clouds ever head, and of all
«celeftial bodies, are quite different from the rational
ideas of the places, from whence the. rays diverge.
But thefe are objects placed beyond the utmoft di-
ftance of diftinét vifion, and our not receiving in.
formation from this power in the eye of the diftance
«of objedts placed beyond its reach, is no reafon againft
Ats producing that effet within the diftances, at
~which it operates. .
15. THE argument, drawn from the fuccefs. of
painters in impofing on the fight by projections in
perfpettive, by the reprefentation of lights and fha-
dows, and other parts of their art, will then deferve
1o be confidered, when a picture fhall be produced
not di,&inguifhabie from the original object at a di-
o N P s ‘ ftance,
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ftance, in which the eye can fee with perfedt diftin&-

16. Waar is {aid of objets feen through glafleg
by converging rays, is nothing to the purpofe. For
though we fhould admit this gentleman’ opirfion,
that the appearance of their appfoach 1s to be afcrib-
ed to the augmentation of their vifible magmitude,
this can only ‘be confidered as one of the cafes, in
whi{c':h the eye is fubjet to- a deception from ' that
caufe. : : _

17. Hr% e this gentleman has alfo objefted againfk
our forming 2 judgment of diftance from the incli-
nation of the axes of the eyes; becaufe thefe angles
are varied by.turning the head fide-ways; while we
ook at an objed, though the diftance rémains the
fame. But as this is no proof, unlefs we faw things
as perfe@ly by a fide-view, as by 'a dire® one; fo
in his remarks * on this article he corte@s himfelf,
and upon fecond thoughts; -it feems, will not dif-
pute, whether the feeling of the turn of our eyes in
directing their axes fucceffively from a- remhoter ob~
je& to a nearer may not alfo contribute to corre&t
our judgment of its diftance. = ‘

" 18. As our autlior has acknowledged for his pre-
deceffor, in his oppolition to the received doétrine, a
writer remarkable for the fingularity of his opinions,’
and has even adopted his arguments; I fhall here
occafionally obferve, that that writer has in-fa fub-
fcribed to the dottrine, he imagined himfelf to be,
oppoling, in regard to the power of both eyes in this
ufinefs.” This ‘is evident by comparing his words
1n the 17th fection of his Effay towards a new The-
ory of Vifion with the franfcript, we fet down above
from James Gregory . ~As Mr. Profeffor has ex-
ST AT ST Ay

* Art. 243.
+ ¢ Becaufe the mind has by conftant_experience (quotidia-
* na experientia, &c. Opt. Prom. J. Gregor.) found the diffe~’
' " e rent



ON Dr §MITH 434
aftly followed the example of his original in affent. .

ing at laft to the common opinion with regard ta
both the eyes, after having undertaken to oppofe it 3
fo poflibly he might by his fecond thoughts have
done the fame in relation to one eye, had his author
exprefled himfelf fomewhat more diftinctly, where
he has done fo; for under the improper terms of
ftraining the eye at Sect. 27, he has in reality ac-
knowledged this confequence of the power, which
fits the eye to ‘each particular diftance. * '

" .19. To apply this doftrine of apparent place ta
the affigning the apparent places of the images feen
in optick inftruments, it is neceffary, that the-ap»
parent magnitude be aflignable without regard tq
the apparent place, 'and for this end the antiquated
dottrine contained in that ancient, but trifling piece
of opticks afcribed to Euclide, that the apparent
nagnitude folely depends on, and is proportional to
the angle, under which it is feen, is here at article
g8 revived. Though Mr. Profeflor has delivered
this maxim undér the name of a definition 5 yet it i§
plain, he did not intend merely to impofe an arbi-
¢rary fenfe upon the phrafe apparent magnitude, but
underftood thofe words.in their common acceptation
for the idea of magnitude, which is excited in the
éye upon the view of any objet. Otherwife, what
is faid in the 104th and following articles concefning
the apparent magnitude of objects feen by refra&c%‘
or refleted rays, would be little more than tauto-
logy. Befides, he afterwards, at article 156, fol*

s rent fenfations correfponding to the different difpofitions of the ‘
é¢ éyes to be atended each with a different degree of diftance,
¢ in the objet, thcre has grown an habitual or cuftomary con-
¢ neltion between thofe two forts of ideas; fo that the mind ne
¢ fooner perccives the fenfation arifing from the different turn,
¢¢ it gives the eyes, in order to bring the pupils nearer or far-
¢ ther afunder, but it withal perceives the different idea of di-
¢ ftance, which was wont to be copnected with that fenfation.”

lows
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Jows prop. 6th of the treatife abovementioned in d¢fy
figning the diminution of the angle (without taking
in any additional confideration) .as the reafon, why
the diftanc parts of parallel lines feem to the eye not
{o wide afunder, as the nearer parts. - He alfo re-
peats after prop. 1oth and 1ith of this treatife- the
like reafon, why.the remote parts of a walk or a floog
appear to afcend gradually, and: the cieling to de-
fcend ; and after Aguilonius, whom the authority of
Euclide’s name led into the fame error, that the up:
per parts of very high buildings feem to lean for-
ward over the eye below, and that the diftant parts
of a line ¢xtended from the eye diminith to the
fight *, .
- 20. AfTER all this, in the 16pth and following
articles Mr, Profefior relinquithes this notion of ap»
parent magnitude, and acknowledges, that it de-
pends in part on owr judgment of the diftance ; that
awo yows of trees which are parallel, by ftanding
upon an afcent, whereby. the more remote parts ap-
peared farther off, than they really were, the trees
were thought to diverge; that animals and all fmall
pbjects feen in vallies contiguous to large mountains
appear extraordinary -{mall, becaufe we think them
pearer to us, than they really are; thatin like man-
per, when things are placed upon the top of a
mountain, or upon a large building, and are viewed
from below, we think them egtraordinary fmall for
the fame reafon ; and in the Jaft place, -that the fun
and moon in the horizon appear to us larger ynder
the fame angle, becaufe they are judged farther off.
21. To reconcile thefe conrradictions, in the res
gnarks, art. 301, it is faid, that there are two forts
of apparent magnitude. I hope, this gentleman
does not mean, that objeéts have two apparent mag:
nitudes at the fame time: and if he only means,

* Optic. Lib. 4. prop. z. & ConfeQ. % ’
o
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ghatin fome circumftances objects give us the ideg
-.of one apparent magnitudc, and under other circums

ftances of another; he ought to have thewn, how
it can be brought to pafs, that the idea of apparent
magnitude, which is unalterable, either by the power
of the imagjnation or any circumftances whatever,
that do not affet the picture of the object upon the
retina, can be obliterated, and another depending
upon a collateral circumftance take place in its
room. .
22. AS this gentleman is very large upon the apr
pearance of the horizontal luminaries; and, by his
referring at art. 333 of the remarks to Riccioli and
a paper of Mr. Molypeux publithed in the Philofo-.
phical Tranfattions, Numb. 187, for the hiftory of
what had been done before him, feems defirous, the
world fhould be duly apprized, how much he has
contributed to the explanation of that appearance ;
thefe accounts heing very defetive, I fhall here give
a fuller hiftory of this matter, - Prolemy in his Al-
.mageft Lib. 1. c. 3. afcribes this appearance to a re-
frattion of the rays by vapours, which actually en-
lJarge the angle, under which the luminaries appear ;
Juft as the angle is enlarged, by which an obje&t is
‘feen from under water. Thus he is underftood by
his commentator Theon*, who explains diftin¢tly,
how the dijatation of the angle in the objeét img
_merfed in water is caufed. This paflfage of Ptolemy
we find copied by the two Arabian aftronomers Al-
fraganus 1 and Geber ||,
" 23. Bur as foon as it was difcovered, that there
.was no alteration in the angle, this caufe was:re-
jected. Accordingly we find, that Regiomontanus
in his Epitome of the Almageft makes no mention
of this caufe afligned by Ptolemy, but refers to the
* Pag. 10. '

+ Elem. Aftron. cap. 2.
{| Attronom. Lib. 2. pag. 21y

&S pptical
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optical writers *, who agree in atodser opision;
“Albagen an Arabian awthor formewliat later than
‘Alfragiarrus and Gebker, though he admits, that fome
Rt tefradtion may at particular times caufe a niote
thaa ordinaty appearance of this phemomenon, yét
he denies this to be the conftant caufe, and that the
appearince is Aot owiag to any real augmentation of
the vifual angle, but to an optical deception. Af-
ter hie has éndeavoured to fhiew in diftin& propofi-
tions, that the ordinary refration of the air would
racher diminith than increafe the vifual angle ¢ the
horizon 3 then to account for the appeararice in
queftion, he repeats from a former part of his work,
that the fight judges of the magnitude of vifi-
ble objects by comiparing the vifual angles, under
which they are feen, with their diftances 1+, and that,
if the eye does not form a true judgment of the Ui-
ftances of objets, it will not form a juft opinion of
their quantities, Next he obferves, that the figlit
perceives the colour of the fky, but not its form;
and whenever the fight perceives any colour extended
in length and bteadth without difcérning its trve
form, it will concelve it, 4s flat, by refemblidg itto
the ufual fuperficies, which occur o the fight, fuch
as walls, or the like, and thisis the appearance of
all convex and coneave furfaces at diftinces very re-
wote J : therefore that the fight apprehends the ;'ufi-
’ : ice

* In ea re fenfum decipi perfpeQivis conclamatum eft. Lib. 1,
‘Concluf. 1. ~ _ )

+ Dico, quod in fecondo tralatu hujas libri declaravimus,
cum tralavimus de magnitudine : quod fi vifus comprehenderit
nmagnitudines vifibillum : comprehendit illas ex quantitatibus an-
‘gulorum, quos réfpicinnt vifibilia apud centrum vifus & ex quan-
titattbus remotionum, . & ex comparatione angulorurh ad remo-
tiones. Optic. Lib. 8. n. 55. p. 280.

1 Vifus comprehendit colorem cceli, nec tamen certificat for-
~ mam ejus nudo fenfu. Et cum vifis comprehenderit colorem.

a.}iquen} in longitudine & latitedine: fuper hoc; quod CO;T:PQ‘:
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face of the {ky, as flat, andjudges of the ftars, as
it would of ordinary vifible objetts extended upon a
wide fpace; and when the fight views fuch o _]cé‘ts'
difperled over any extenfive place, and fees them un-
der equal angles, and perceives the quantities of their
diftances, then that, which is moft remote, is efteem-
ed the biggeft *. Again, as the fight does not per-
ceive the concavity of the fky, and confiders the
ftars, as placed in it, it perceives equal ftars to be
unequal, when in different places. For it compares
the angle, under which a ftar is feen near the horizon,
to a remote diftance, and the angle, under which the
fame is feen in a more elevated part of the fky, to 2
near diftance, and eftimates a ftar in or near the hori-
zon to be greater than in the upper part of the fky;
and therefore eftimates the fame ftar in different parté
of the fky to be of a different magpitude +. And
after having argued againft the refraction of the air’s
being the caufe of this appearance, becaufe, though
it confpired to this effect, it would be too fmall td

hendit figuram & formam: comprehendet ipfum plz;zum : afff-

rhulabit enim ipfum aliquibus fuperficiebus affuetis, ut parieti &

aliis. Et hoc modo comprehendit fuperficies convexas & con-
" cavas in remotione maxima. Ibid.

* Vifus ergo comprehendit faperficiem cceli planam, & com-

prehendit fellas; ficut comprehendit vifibilia aflueta feparata,
quz funt in locis {patiofis. Et cum vifus comprehenderit aliqua
vifibilia affueta in loco aliquo. fpatiofo, & comprehenderit: illa
angulis =qualibus, & comprchenderit quantitates diftantiarum
vifibilium : tunc illud, quod eft remotius, comprehendetur
majus.  Ibid. p. 281.
" 4 Vifas ergo comprehendit fuperficiem cceli planam, necTen-
tit concavitatem ejus, & comprehendit @ellas feparatas in ipfo.
Comprehendit ergo ftellas zquales, fegaratas inzquales : nam
comparat angulum, quem refpicit flella extrema, propinqua
horizonti apud centrum vifus, ad diftantam remotam, & com-
parat angulum quem refpicit ftella in medio cceli, & propinqua
medio, remotioni propinquz. Et fimiliter comprehendit ftel-
lam, quz eft in horizonte aut prope, majorem ea, quz eft in
medio cceli aut prope.. Comprehendit ergo eandem fellam &
diftantiam in diverfis locis cceli, diverfe quantitatis, Ibid.

' 1 . produce
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produce the appearance, he fums up the whole thus
¢ Caufa ergo, propter quam videntur diftantize fel-
¢ Jarum in horizonte majores, quam medio cceli
<t aut prope: eft illud: quod fenfus wftimat illas
¢ diftare magis in horizonte, quam in medio cceli.
¢« Et hoc, quod vifus comprehendit ftellas in diver-
< fis locis cceli diverfas in magnitudine : eft error
¢ perpetuus : quiia caufa eft perpetua: & eft:. quo-
< niam vifus comprehendit fuperficiem cceli planamy
¢ nec fentit concavitatem ejus & ®qualitatem diftan-
¢ tizavifu? 1bid. pag.282. = . ]
. 24. THis caufe of the appearance is fo fully fet
forth by this writer, that he has been almoft univer-
fally followed ever fince. Vitellio affigns the fame ¥,
and receives therein the approbation of his commen-
tator Kepler 15 infomuch that; where he feems to
join the refraction of the air as an additional caufe,
Kepler afcribes it to a typographical error |} ==~

. 25. Our countrymen John Peckham Archbifhop
of Canterbury and the fimous Roger Bacon have
very diftinctly expreffed the fame. . The former in a
treatife entitled Perfpetiva Communis firft lays down
this propofition, ¢ Diftantiam horizontis majorem
¢ apparere quam alterius cujufcunque partis heemi-
¢ fpherii.”” His reafon is, ¢ Ubi major magnitudd
¢ interjacere ,videtur, necefle eft, ut etiam major
¢ diftantia eflfe videatur. Sed inter horizontem &
“ videntem tota terrae latitudo interjacere videtur.
¢ At inter videntem & Pun&um cceli verticale nihil
*¢ interjacere videtur.” Then his 82d propofition
is this, ¢ Stellas in horizonte majores apparere, quam
“¢.in alia parte cceli,” which he proves from the

- . former propofition, ¢ Quia magis diftare videntut

‘¢ ftellz in horizonte, quam in alia cceli parte, aé
¢ tum in ortu, wwm in medio cceli fub =quali an-

* Optic. Lib. 10. n. 54. Il Ibid. p. 132.
t+ Paralipom. in Vitell. p. 134. 3 Lib. 1. prop. 65.

¢ gule
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¢ gulo videntur; fequitur ftellas in horizonte ma-
¢ jores appatere quam alibi. Quia res ex =qualt
¢ angulo ad majorem diftantiam relata, major effe
¢ judicatur.” The latter, though more concife, is
equally explicite. * Quod vifus judicat ' ceeluny
¢¢ quafi planz figurz extenfa fuper caput in orien<
¢ tem & occidentem, quando afpicit ad alterum
¢ illorum. Sed quod videtur prope caput propin-
¢ quius videtur, & ideo ftella quando eft in medio
t¢ cceli videtur effe propinquior, & ideo in horizonte
¢ videtur magis diftare, fed quod. magis videtur
¢ diftare, videtur effe majus, poftquam fub eodem
¢¢ angulo videtur.” - Perfpeétive Diftinét. 3. cap. 6.

26. TH1s was the opinion of the caufe of thig
appearance, while the Arabick learning prevailed,
and the fame has been generally adopted fince. Be+
fides Kepler before mentioned, who propofes agairt
thé fame opinion in his excellent Epitome of Aftros
nomy, Lib. 1. pa%). 81. Chriftopher Rothmannus
fomewhat earlier, being mathematician to the fa-
mous Landgrave of Hefle-Caffel, and con-temporarg
with Tycho Brahe, at page 109 of his Difcourfe on
the Comet in 1585 in diret terms approves of the
explanation of this.phznomenon given by Alhdzen.
And Cardan ftill earlier has very dftinctly exprefled
the fame opinion in the following words. ¢ Aftra
¢ omnia, dum oriuntur & occidunt, majora viden-
¢ tur, quam in cceli medio, quoniam terre magni-
¢« tudo intermedia facit, ut oculus ea plus diftare
¢ exiftimet, & ob id efle majora: nam & turris
¢ ulna major judicatur ab oculo illius diftantiam
¢ comprehendente, tametfi minorem angulum in
¢ oculo faciat ulna ipfa *”,

" 24. Acain, Martin Hortenfius in his Differtation
on the appearance of Mercury in the fun anno 1631,
at pag. 42 exprefles himfelf to the fame effect;
¢¢ Quia ccelum longius a nobis putatur diftare in

* De fubtilitate. Lib. 3. § 4.
¢ horizente
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«¢ horizonte eb longiffimum terrz traftom intefs
% jettum, in medio autem cceli videtur vicinius;
¢ quia nihil ei interjicitur. Apparent quoque fielle
% majores in horizonte quam in medio ccelt 5 cany
¢ eorum que fub eodem angulo videntur; quas
s¢ longius putantur abefle, majora appareant; qua
¢ propius, minora.” ‘ :
28, A Few years after, Des Cartes in his Diop-
tricks cap. 6. p. 93. gives exprefly the fame reafon 3
< Hzc aftra [fol 8 luna] circa mesidianum in ceeli
¢ yertice minora apparent, quim cum funs in orta -
% vel occafu, & occurrunt inter ipfa & oeulos no-
¢ ftros diverfa objecta, que judicium de diftanti?
¢ melius informant. Et afttronomi cum fuis ma-
¢ chinis illa dimetientes fatis experiuntur hoc, quod
¢ ita jam majora; jam minora appareant, non ex
¢ eo contingere, quod modd fub majori; modo fub
¢ minori angulo videantur, fed ex eo quod longius
¢ diffita judicentur”® _
29. THese are the words of Des Cartes, which
Mr. Molyneux in the paper, to which our author
. refers his readers, has fo ftrangely mifreprefented:
Nor has Mr. Hobbes fared any better under his
hands. For though he erred in fuppofing; theré
was any neceflary conneétion between the center
that atch, into which the fky appears, as formed,
and the center of the earth ; yet he accounts for the
appearance truly from our being to fenfe out of the
center of that arch * ; nay has extended this fo far,
as
_® ¢« Caufa quare fol; luna, & cater= ftellx majores apparent
¢¢ prope horizontem quim ab horizonte remotiores, ex eo oris
¢ tur, qudd cum oculus fit in fuperficie, non in centro terrm
¢ iagis diftat ab horizonte afpectabili, hoc eft, ab horizonte
¢ czrulez illius fuperficiei quam vocamus ccelum, quim ab e-
¢¢ jufdem fummo culmine. Etfi enim terra ad orbem ftellz cu- ,
¢¢ jufcunque rationem magnitudinis habeat inconfiderabilem,
¢ magna tamen eft comparata cum diftantia, qua apparet ab
¢ ipfa ad loca ftellarum apparentia.”  As this writer had very

little mathemarical fkill, no wonder he fhould conceive the fub-
. je&
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4s to obferve this deception.to operate gradually
from the very zenith to the horizon, and that if the
apparent arch of the fky be divided into any num-
ber of equal parts, thofe parts in defcending towards
the horizon will graduaﬁy fubtend a lefs and lefs
angle *, ‘ . _ .
30.. JaMEs GreGorY fubfcribes to the comthoft
opinion, though he agrees with Alhazen, that an
extraordinary refratian by clouds may at particular
times increafe the eppearance. Geom. Par. Univerf.
p. I41. , . ; . . .
31. Fatuer Malebranche alfo in the firft book of
his Recherche de la verité printed in 1673, has ex-
plained this phenomenon almotft in the exprefiions of
Des Cartes, and twenty 'years after in defending i,
he fuppofed Jike Mr. Hobbes the vault of the {ky to
appearance fpread into what, he fomewhat impro.
-perly ealls a demi fpheroide applati +. And he
caufed to be printed in the Journal dés Sgavans I,
an Atteftation figned by M. le Marquis de I’Hépi-
tal, M. Varignon, M. Sauveur, and M. L’Abbé de
Catelan, fignifying that his reafons were demonftra,

jett fo indiftin®ly ; but imiediatély after le gives a better rea-
fon for this difference in the apparent diftance of the different
parts of the fky. * Accidit oculo horizontem profpicienti di«
‘ ftantiam cjus terram interpofitam. legendo =zftimare, unde
¢ magis videtur diftare quam a ccelo fummo. Majorem autern
¢ diftantiam apparentem fub ebdem angule viforio neceffario
¢ fequitur imago major.” Hobbes de Homine cap. 3. p. 17.
If it be furprizing, that this author fhould here exprefs himfelf
in part fo ill, in part fo juftly, it may be remembered, that he has
been fufpedted of receiving affiftance, in what he has writ both in
geometry ahd opticks from the manuftript papers of a perfon of
more {kill, Mr. Warner the publifher of Mr. Harriot’s Artis Analy-
tice Praxis. See J. Wallifii Elench. Geom. Hobbian. p. 116 &
Sethi Ward, Exercitatio in Philofophiam Hobbianam p. 356.

* Hobbés de Hornine, cap. 7. p. 41. '

+ Reponfe du P. Malebanche & M. Regis a Paris 16g3.

1 Ann. 1694, N°. x.

Vou. Il Q tive
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tive and - clearly deduced from the true principles of
opticks. '

32. I wonpEr our author fhould reprefent Mr.
Molyneux’s paper, as containing the laft thoughts,
which had been advanced upon this fubjet, excepting
the fancy in the Effay toward a new Theory of Vifion,
which is here fo diffufely examiried ; when in the fame-
Philofophical Tranfation, in which Mr. Molyneux’s

aper was publithed, there follows a difcourfe of Dr.
allis, which alfo is quoted in the New Theory of
Vifion, wherein the Do&or affigns the fame caufe as
thofe authors, we have here named. And fince Mr.
Profeffor thought fit to examine in form fo trifling
an opinion, he fhould not, methinks, have put us off
with a bare referring to Riccioli for the hiftory of the
fubje&t. For he has made mention of no other than
, the two opinions, which we have already taken no-
tice of, excepting that of Gaflendus; whereas Bap-
tifta Porta has given us no lefs than three others *,
‘and Scheiner has likewife fuggefted a particular
- thought upon the fubjeét, that the appearance might
In part arife from the contraction of the perpendicu-
Jar diameter of the luminaries, or the perpendicular
“diftance of ftars near each other, whereby we may
be led into a wrong judgment, and inftead of confi-
dering thefe, as leflened, conceive the horizontal
diameters of the luminaries, or the horizontal
“diftance between two ftars, as increafed. Refract.
Ceeleft. cap. 28. pag. 46.
" '33. But indeed none of thefe obfcure opinions
deferve any particular examination ; nor even that of
Gaflendus, though an author of greater fame, who
would afcribe the appearance merely to a dilatation
of the pupil, which he fuppofes to attend the view
of celeftial objetts near the herizon +; for this is

* De Refra&. L. 1¢ prop. 12.
t De apparente magnitudine folis humilis & fublimis Epift. 1.
art. g .
incon-
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inconfiftent with the principles of opticks, and the

author of it is {o totally ignorant in that {cience, as to

affert, that a_dilated pupil magnifies an object fot
the fame reafon, as a convex glifs does *. His

letters upon this fubject contain likewife divers other

abfurdities ; that the office of. the cryftalline humout

is to erett the images of objefts, which otherwifeé

would appear inverted 3 that no objett is ever feen

by both the eyes at once for this ftrange reafon, that

becaufe an object viewed firft with one eye alone, and

then with the other, appears to cover different places

of a diftant wall; therefore if the axis of both eyes

were togethet direCted to the obje&, both thofe parts

of the wall, if not the whole interval, ought to be

hid }; nay; great part of thofe letters is taken up
in reviving and ju&ifying the ridiculous Epicurean
Icheme, that obje@s are feen by fpecies continually
flying off from them. .

34. Nor do we find, that this opinion of Gaffen<
dus gained any credit with the {kilful, however a
writer ot two of little note may have fruitlefsly en-
deavoured to make fenfe' of it. On the contrary
Huygens in his treatife upon the Parhelia, tranflated
by our author, has approved, and very clearly ex-
plained the réceived opinion §..

: ‘ 35. THig

_ ® De dppatente tmagnitidine folis hurilis & fublimis Epift: 2,

. 13. pag. 3G.

t Toid, S 4. pig. 18,

1 1bid: art. 17. pag.52. . . . .. . . .

§ ¢ The caufe oF Lﬁis fallacy in fhort is this, that we think the
é fun or any thing €lfe in the heavens to be remoter from us; .
¢¢ when it is near the hotizon, than when it approaches towards
4 the vertex, becaufe we imagine every thing in the air that ap-
é¢ pears near the vertéx to be no fatther froim us than the clouds
¢ that fly over our heads ; whereas on the other hand we are ufed
« to obferve a large extent of land ljing between us and the ob-
« je@s near the horizon; at the far end of which the convexity

Q.2 e of



244 R"EMARKS,

35. THis apparent greater diftance of the fky
near the horizon is fo very obvious to the fenfe, that
we find it affumed, as indubitable, upon all occafi-
ons. Aguilonius, though he does not confider the
effect of this appearance upon the luminaries, or the
diftance of ftars, has in the very page quoted by our
author, in article 160, for another purpofe this pro-
polition, ¢ Ceelum prope horizontem longius a no-
bis diftare videtur quam juxta verticem *. And
Merfennus in his Opticks, pag. 495, fays, ¢ Vifus
¢ non deprehendit quantum aftra diftant a nobis, &
¢ ceelum terre in ambitu horizontis cohzerere putat:
res enim ut plurimum propinquiores exiftimantur,
quarum intermedium fpatium non percipitur: hinc
ccelum prope horizontem longius quam juxta ver-
¢ ticem a nobis diftare videtur.” ‘

36. Bur Mr. Hobbes is the firft, who has exprefsly
confidered this vaulted appearance of the fky, as
the real portion of a true circle, and Mr. Profeflor
has followed him herein fo far, as to improve upon
his thought of dividing this arch into equal parts ;
propofing to find what portion of a circle this arch
contains by obferving the angle of the elevation of
the middle point between the zenith and horizon.

37- As this is the only addition, this gentleman
has made, to what had been before advanced upon
this fubject, I am furprized to find the problem fo
wery flightly pafied over, fince it is capable of a
geometrical folution, which affords a better mecha-
nical conftruction than the inartificial one, he ac-

[ {3
{3
N {3

:%¢ of the tky begins to appear; which therefore with the objeds
¢ that appear in it is ufually imagined to be much farther from
“ us. Now when two objets of equal magnitudes appear un-
¢ der the fame vifual angle, we always judge that obje to be
¢¢ larger which we think is remoter. And this is the true caufe
¢¢ of the deception We have beeri fpeaking off.” Art. 556.

* Optic. L. 4. Prop. 4. Confeft. 1.

quic('ccs
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guiefces in; and befides admits of a computation {o
concife, as to be prefera- H
ble to either. If in the Ml B
circle ABCD, whofe cen- g
ter is E, two Diameters
AC, BD be dra‘»;/\n per- al v
dicular to each other, |E
fxfs in AE, EF be taken Q‘S/ /
to AE, as the tangent of :
the angle obferved to the / K
radius, this angle being
lefs than half a right the
point F will fall between ‘
Aand E. Then EF being divided into two equal
parts by the line GH parallel to BD, and ED alfo
divided into two equal parts by the line 1K parallel
to AC, and to the afymptotes GH, IK the hyper-
bola LM being defcribed through F cutting the qua-
drantal arch AB in N ; the atch BN will be fimilar -
to half the apparent arch of the fky between the
zenith and horizon. But the problem may alfo be
folved by computation thus. Deduét the fquare of
the tangent of the angle obferved, and one third of
that {quare each from the fquare,of the radius. Then,
- as the radius is fuppofed unity, the arithmetical com-
‘plement of the logarithm of the greater of thefe two
numbers, half that complement, and the logarithm
of the other number being added together give the
logarithmick cofine of an angle, the cofine of the third
part of which exceeds half the arithmetical comple-
ment of the greater of the two forementioned num-
bers by the fine of the angle, whofe tangent is to the
radius, as the apparent horizontal diftance to the ap-
parent perpendicular diftance.

38. By this computation it will be eafy teo judge,
how far the figure of the fky can be determined by
obfervation upon this principle. As our author
places the limits of the middle altitude within 18

Q3 and
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and 30 degrees, if the altitude be 20 degrees, the
horizontal diftance will be fcarce lefs than four times
the perpendicular diftance ; but if the-altitude be 28
degrees, it will be little more than two and a half.
39. AFTER this account of what authors have
{aid upon this phznomenon, it plainly appears, how
little reafon Mr. Profeffor has to affert in ‘article 333
of his remarks, that ever fince the time of Ptolemy
the caufe of it has been dubious and difputed.  Pro-
bably he fcarce looked farther into this matter than
the differtation of Mr. Molyneux, he here praifes,
who alfo for want of inquiry and miftaking the au-
thors, he had feen, had thus reprefented it.  But we
find on'the contrary, that from the time of Alhazen

. the opinion of the beft writers had been, as it were,

pnanimous. Where this gentleman learnt, that the
firft aftronomers were not aware, that the intervals
of ftars feem much greater near the horizon than the:
meridian, 1 cannot conjeture : for furely it is im-
poffible to have lookt at the ftars without perceiving
at. Nar can I find, where Prolemy has given that
piece of advice, our author here afcribes to him. In
the place, he has quoted, nothing is faid upon the
fubje@. But I fuppofe, he intended to refer to the
fecond chapter of the ninth book of the Almageft,
which is cited by Kepler on this occafion *, though
nothing farther is there to be found than this fhort
?tbfervation, that the differénce in the apparent di-
ance between ftars in different elevations created 3
difficulty in judging of the exac time, wherein the
planets are feen ftationary. =
" 40. IN this particular inquiry, befides thewing the
true {tate of the fubje@, T had alfo a farther delign,
to fet forth how well the principles concerning the
apparent magnitude of obje&s had been eftablifhed,
znd how generally approved, which this gentleman

* .P.;;.rali;c-om. in Vitel. pag. 134. B
R A A a



ON Dr. SMITH 24
has rejected for that crude conception corncerning
it, advanced in the firft dawn of this fcience. Bug
it will not be amifs to fee farther, how diftin¢tly op-
tical writers have exprefled themfelves upon this

head in general.

41. ALHAZEN has here delivered himfelf .in very
diftin& terms, that though the apparent magnitude
of objets had been by moft afcribed to the magpi-
tude of the vifual angle only, yet that this opinion
was undoubtedly falfe. He affigns this reafon, that
within moderate diftances it is evident to the fenfe, -
that the object does not appear lefs to the eye by in-
creafing the diftance. That for inftance the eye does
not perceive a thing at two cubits diftance, as if it
were lefs, than at the diftance of one cubit, nor even
though it were removed to the diftance of three or
four®. He confirms this farther by obferving, that
if two diameters are drawn in a circle, and the circle

* Plures opinantur, qudd quantitas magnitudinis rei vife non
comprebenditur a vifu, nifi ex quantitate anguli, qui fit apud
centrum vifus, quem continet fuperficies pyramidis radialis, cu~
Jus bafis continet rem vifam: & quod vifus comparat quantita-
tes rerum vifarum ad quantitates angulorum, qui fiunt a radiis,
qui con tinent res vifas apud centrum vifus, & non fuftentatur in
comprehenfione magnitudinis, nifi fuper angulos tantim. Et
quidam. illorum opinantur, quéd comprehenfio magnitudinis
non completur in comparatione ad angulos tantim, fed per con-
fiderationem remotionis rei vif, & fitus ejus cum comparatione
ad angulos. Et veritas eft, qudd non eft poflibile, ut fit com-
prehenfio quantitatum rerum vifarum a yifu ex comparatione ad
angulos, quos res vifz refpiciunt apud centrum vifus tantim.
Quoniam eadem res vifa non diverfatur in quantitate apud vifum,

uamvis- remotiones ejus diverfentur diverfitate non magna.
?Qloniam quando res fuerit prope vifum, & ipfe comprehenderit
quantitatem ejus : & poftea fuerit elongata a vifu non multdm ;
pon diminuetur ejus quantitas apud vifum, quando ejus remo-.
tio fuerit mediocris. non comprehendit vifus rem viv
fam in remotione duorum cubitorum, minorem, quam in reme-
sione unius cubiti. Et fimiliter fi elongetur  vifu per tres cu«
bitos aut quatuor, non videbitur minor, quamvis anguli, qui
fiunt apud vifum, diverfentur diverfitate extranea. Opt. Lib. 2.

. 36. . ' .
Q4 fo
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- fo prefented before the fight, that one diameter
fhal] appear under a lefs angle than the other; or
if the two fides of a fquare are offered to the fight
in the fame manner ;. yet, if the diftance be mode-
rate, the eye fhall notwithftanding fee one as a circle,
the other as a fquare *.  To fhew how confiderable
a power the diftance of the object has upon the idea,
we receive. from the eye of its magnitude, he after-
wards propofes this obfervation; if a man fhould
cover with his hand before his fight a great part of
a diftanc: wall, or of the fky, and then upon the re-
moval of his hand obferve the idea raifed in his mind
from that part of the wall or fky, which his hand
before covered, he will perceive his:imagination to
be affeted in no-degree with the impreflion of his
hand being of a like apparent magnitude with. that
part of the wall or {ky, it covered+. This is fo di-

~ ftinctly explained by this author, and fo generally
followed I, that Herigone has fet it down as an op-
tical axiom, ¢ Qua fub eodem angulo videntur,
¢ quaz longius putantur abeffe, majora apparert s

42.. THis point therefore having been fo generally
received, I think Mr. Profeffor’s fellow-writer might
have fpared himfelf the trouble of his long differta-
tion in fupport of this opinion§; which can only
ferve to perfuade the world, that thefe gentlemen
had but juft come to the knowledge of fo common
a principle, & ' ‘
* Thid.

+ Ibid. n. 38 ‘ .
1 See Vitell. L. 4 prop. 27. Peckham Perfpec. L. 1. prop.
64. Bacon Perfp. Diftinét. 3. c. 5. ‘ '
" || Curfus Math. Tom. 5. pag: 15. ‘This author conceived
fo little difficulty in the appearance of the horizontal moon, that
he produces it as an indubitable proof of the axiom. ¢ Ut luna,
¢¢ quamvis in horizonte & medio cepli, fub eodem angulo ‘cer,
¢ natur, major tamen in horizonte quim in medio cceli apparet;
¢ quod ejus diftantia in horizonte major exiftimetur propter in-
et terje&a corpora.”? Lo R
& Art. 171. of the Remarks,
" 43. WaEy
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43-WHeN Alhazenhas exprefied himfelf fo diftinct-
ly upon this fubjet, as we have feen, it is a ftrange
affertion of Tacquet, that every one of the ancient
writers upon opticks fuppofed the vifual angle alone
to determine the apparent magpitude ®. But this
author can be of no account in this matter; fince he
had fo little canfidered the operation of the eye, as
to fubfcribe to'the abfurd affertion already mentioned
of Gaflendus, that the axes of bath eyes are never
dire(ted to the fame objett +. "

44. Aguilonius, though he adopts the fame form
of expreflion, yet by better confidering the fubje&
found himfelf obliged to acknowledge, that the eye
does in fact eftimate the magnitude of objets by
comparipg the vifual angle with their diftance:
“ Vim oculis natura conceffit, qua fimul rei diftan:
¢ tiam percipiant, atque ex ejus collatione cum an-
¢ gulo pyramidis optice, veram magnitudinem
¢ quam proximé dignofcant. Manifefte enim de-
¢ prehendimus errores omnes, qui in magpitudinis
¢ perceptionem irrepunt, ex diftanti® ignoratione
¢ originem ducere}.” And he afterwards quali-
fied the affertion, that thgfe things, which appear
under the fame angle, are Judged equal, and thofe,
which appear under the greater angle, greater, by
limiting it to the cafe, when the difference of diftance
is not taken cognizance of |.

* Quz fub zquali angulo videntur, apparent zqualia; qua
{ub majori, majora; minora fub minori; & qualis eft angulorum
,,osticorum, ‘talis eft & magnitudinum apparentium proportio.
Id veteres optici ad unum omnes axiomatis loco habuere. Opt,
Lib. i. prop. 3. . S T ’
"+ Ibid. prop. 2.

1 Opt. Lib.'3. prop. 11,

-l Prar. X. S

Majoribys fpe&ata angulis majora, minora minoribus, zqua-
libus zqualia videntur.

“In hac propofitione fubintelligendum effe, ut ratio difparis in-
tervalli, quo maguitudines ab afpectu diftant, penitus ignoretur.
Opt. Lib. 4. = o R o

' ‘ 45. WHaAT
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45. What Agilonius has mentioned of the er-
~yors - we fall into in relation to the apparent magni-
tude of objets being caufed by a wrong judgment
of their diftance, Alhazen has particularly infited
on, when amongft the feveral caufes of errors in vi-
fion, he f¢ts down one to be great diftance, and
fhews, that from thence will arife an error in our
judging, both of the interval between diftant bodies,
and alfo of their magnitude 1.

46. It is this error in our judgment of diftance,
which caufes parallel lines to feem converging, and -
the like deceptions, which in 'the optical treatife
afcribed 'to Euclide, and by our author are referred
to the mere decreafe of the angle. Trees are fome-
times planted fo as to appear in one point of view,
as parallel.  But in thefe the angles fubtending their
diftances continually dimini(h, as thefe diftances
are farther removed 'from the fight, though not fo
much, as when the trees are really parallel. If the
angle only determined it, trees, which extended in
two lines from the point of view, muft be feen as
parallel. ‘

47. Bur now to fumyup the refult of this difqui-
fition concerning the apparent magnitude of objeéts;
as we have thewn the concurrent opinion of all the
beft writers to be, that it is conneéted with our ideas
of their diftance; fo this gentleman has not only ad-
mitted as much in many obje&s viewed by the na-
ked eye; but alfo in terreftrial objects feen through
telefcopes *, that the objeét does not ftrike the be-
holder with the appearance of its magnitude being
increaled as much as the angle, under which it is
feen, - becaufe it is thought nearer. And-this is cer-
tainly the true caufe of the appearance. But I am
very much furprized to fee it afhrmed, that, what is
here faid, exprefles the true fenfe of his definition of

t Optic. Lib. 3 m §2, ¥ Remarks, Art. 243.
. apparent
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apparent magnitude given in the g8th Article of
his book, where it is afferted, that the greater vifual
angle not only caufes a larger picture of the obje@t
on the bottom of the eye; but that this picture be-
ing larger er fmaller caufes a fenfation of a greater
or {maller vifible extenfion, :

48. In fhort,- what has perplexed Mr. Profeffor
is this, that the apé)arcnt magnitude of very diftant
objeéts is neither determined by the magnitude of
the angle only, under which they are feen, nor is
-in the exa&t proportion of that angle compared with
their true diftance, but is compounded alfo with a
deception concerning that diftance; infomuch that
if we had no idea of difference in the diftance of
pbjedts, each would appear in magnitude proporti-
onal to the angle, under which it was feen; and if
our apprehenfion of the diftance was always juft, our
idea of their magnitude would be in all diftances un-
varied : but in proportion as we err in our concep-
tion of their diftance, the greater angle fuggefts 3
greater magnitude, Our author not being apprized
of this compound effe&t, has fometimes explained
the apparent magpnitude by the vifual angle only, at
other times by that angle compared with the diftance,
and by that means becomes thus inconfiftent with
himfelf:

49. However befides this gentleman's incon-
fiftericy, tlie method he has taken to determine the
place of images made by reflection or refraction
fimply from the magnitude of the angle, under which
they are feent, is certainly erroneous. For not to
mention other examples to the contrary, when the
inverted image madé by reflettion from a convex
lens appears lefs than the ere&t image; though -the
inverted image feems neareft, yet it not only looks
lefs 'to the fenfe, but alfo in reality fubtends a fmaller

t Art. 139, ~

angle,
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angle, as may be eafily proved by bringing one of
the images over the other. :
- 50. I BELIEVE, T need not apologize for the
length of my remarks upon this point; becaufe it
- yelates to a principle, that extends itfelf throughout
this whole work, and in which Mr. Profeflor tri-
umphs as a great difcovery in opticks unknown even
to Sir Ifaac Newton or Mr. Cotes+. But I fhall
now conclude this head with one thort remark upon
what, he has faid concerning the inventors of the
telefcope. For, as he has promifed us the hiftori-
cal, as well as the other parts of -the fubjeét ; this -
account would have been lefs deficient, if befides
the tranflation of Huygens’s hiftory of the invention,
and the defcant he has made upon Mr. Molyneux’s
clajm in behalf of Roger Bacon, he had taken notice
of the pretenfions ot another of our countrymen
Leonard Digges Efquire. For, if Roger Bacon had
never compounded glafles together, it is certain,
this gentleman had. For he exprefsly fays in the
21ft chapter of the firft book of his Pantpmetria,
publifhed by his fon Thomas Digges Efquire in
1571, * Marveyloufe are the conclufions that may
= be perfourmed by glafles concave and convex of
. ¢ circulare and parabolicall fourmes, ufing for mul-
¢¢ tiplication of beames fometime the ayd of glaffes
¢¢ tranfparent, whiche by fraction fhould unite or
¢¢ diffipate the images or figures prefented by the
¢ reflection of other. By thefe kinde of glafles or
¢ rather frames of them, {¢.”” Whoever reads the
whole chapter, I think, can fcarce doubt, but the
author had feen in fome meafure the effects of view.
jng an obje&t made by reflection from concave or
convex furfaces through a lenticular glafs.

51 HoweveRr, if Roger Bacon were quite igno-
gant of the telefcope, yet I cannot agree, that the

+ Remarks, Art. 197, 465, 494, 536.
' ufe
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ufe of glaffes of {mall convexity for the relief of the
fight decayed by age was fo very imperfeétly known
by him, as this gentleman fuppofes *; for the more
deficient or erroneous his theory is, the lefs probable
is it, he fhould make fuch an affertion in terms fo
exprefs (* hoc inftrumentum eft utile fenibus”) if
_ he had not feen the effect, The curfory manner, in
which this is mentioned, perfuades me, it was not
an invention of his own; but I cannot conceive,
how he fhould have faid it fo directly, if this ufe of
glafies had not at that time begun to be in practice;
efpecially in a chapter, which profeffes to exhibit
examples of the doftrine before laid down. Mr.
Profeffor’s opinion, that the fryar had here only in
his thoughts a plano-convex glafs with the flat fide
laid immediately upon the obje, 1 cannot fubfcribe
to. Not to examine into the criticifm on the word
« fuppofiti,” the confequence drawn from Roger
Bacon’s confidering in his reafoning only the refrac-
tion of one furface is, I think, certainly invalid:
for by the fame argument one might conclude, that .
telefcopes are now moft ufually made with a plano-
convex object-glals; becaufe Dr. Smith has deter-
mined the relation of their lengths to their apertures,
charges, and power of magnitying upon that fuppe-
fition+. Certainly fince Mr. Profefior in fo ample
a treatife has thought fit to conclude thefe points
from the cafe, where one refraction only takes places
though the object-glaffes of thofe inftruments in their
common fabrick have two furfaces, which refract s
why may we not fuppofe this old writer in that very
imperfect ftate of the fcience to have taken the like
liberty.

52. IN what relates to the philofophical theory
of light, this gentleman has had the caution to fet
down Sir lfaac Newton’s difcoveries for the moft

* Remarks, Art. 88. + B. 2. chap. 6, & 7.
part
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part in his own words®; but has entirely omitted
all, that he has eftablithed in his fecond book of
Optics concerning the caufe, why fome part of the
light is tranfmitted, and fome part reflected at every
llucid fubftance. Now as this fpeculation is.the
rongeft inftance of the wondrous capacity of that
great man in unravelling the moft intricate and dif-.
uifed operations of nature, and eftablithes at thé
ame time fuch a feries of properties belonging to
light, as give us no fmall reafon to hope, that by
diligently following the clue, he has here put into
our hands, ftill greater fecrets of nature may one day
be brought to view; Mr. Profeflor ought not to
have paflfed over fo important and complicated 4
fubject by a bare hypothefis, that the paffage of a
ray of light at a furface, where it is reflected, is in
a curve with one point only of contrary reflection a¢
the very furface +. For if the.light is infle€ted in
its paffage near the edges of bodies by the fame prin-
ciple, as it is refle@ted and refracted, and the alter-
nate returns of eafy reflection and eafy tranfmiffion
will give the light in its paffage by thofe edges fo
many different bendings as to form three or even
more vifible fimbrize to the thadows of bodies, why
may not the fame alternate difpofitions at refracting
furfaces produce in the light a more compound
motion ? ‘

53. IN the remarks upon the eaufe of refration
and refletion, fince Mr. Profeffor thought proper
to explain the hypothefis of Leibnitz } more at large
than any other; it would not have been amifs for
him to have afcribed it to its true author, Monf.
Fermat [|; nor would it, I believe, have difpleafed a
geometrical reader in fo large a work, containing fo

* B. 1. chap. 6, 7, 8.

+ Article 1g1.

1 Article 413. S

i See Varia Oper. Math, Pet. Fermat, pag. 156, &c.
‘ . - many
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any collections, to have feen Huygens’s moft ele-
gant demonftration from his treatife of light *.

54. 1 SHALL: now proceed to confider the 2d
book of this treatife, in which we may difcover per-
haps one caufe of Mr. Profeflor’s falling into the a-
bovementioned miftakes. For here, I think, ap-
pears throughout that inexpertnefs in demontftration,
which fhews him to have been too little converfant
in the writings of the beft geometers. Of this we
might have before taken notice of fome examples.
For inftance, in article 157 it is faid, that the ap-
parent magnitude of a given line AB feen very abli-
quely at a given di-
ftance OA (meaning
the angle A OB,
which ic fubtends ac
the eye in O) in- o
creafes and decreafes B
in proportion to the ; - >
inc&a e or decreafe of P A}

- OP, the perpendicu~
lar diftance of the eye from the-line AB produced;
provided that the diftance AO be very large in
comparifon to AB. But though this aflertion may
be admitted, his proof is not to be juftified. Firft,
he fays, if the ray BO cut a line AC perpendicu-~
lar to AB in C, while the eye is raifed or deprefled

- in the perpendicular OP, the linefAC will increafe
and decreafe, as OP does: whereas this is falfe ;
for AC is to OP as BA to BP, which is not a given
proportion, fince neither BP nor. AP are given, but
AO. Again the angle AOB does not fo properly
vary in the fame proportion with the line AC, as
with a line let fall from A perpendicular on OB,
or from B perpendicular on OA 3 and it is this pei-

. pendicular BZ, which is in a given ratio to OP, BZ

* Traité de la Lumiere, chap. 3. p. 40.

3 being
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being to OP as AB to AO. From this wrong
turn given to the demonftration he was obliged to
put an unneceffary reftriCtion upon the propofition ;
for it is equally true, when the diftance AO bear}
a very great proportion to AB, whether AB be feen
with a great or {mall degree of obliquity.

55. But in the fecond book we find perpetual
~ proofs of this unfkilfulnefs in regard to geometrical
demonftrations. Hence his complaint againft the
great Huygens’s demonftrations for being -tedious,
intricate and embarraffing to the reader, by what he
is pleafed to call formal compofitions and refolutions
of ratios * 3 the inartificial method of marking the
fame points with different letters 13 demonftrating
by folding up the paper; grounding his demon-
ftrations || concerning cauftics upon the defcription
of them in the popular part of his treatife; where
eye fight is appealed to for the light being condenfed
at them; the unufual phrafes of proportionable,
middle proportional; conjointly to fignify every me-
thod of adding the terms of proportionals, and dif-
jointly both for divifion, converfion, and taking the
difference of the antecedents and of the confequents:
To the fame caufe was owing the great tnaccuracy,
with which he exprefled himfelf in relation to what,
he calls-the center of alens. This likewife could
be the only reafon, which fhould induce him to take
refuge in algebraical calculations **, in a cafe, whofe
demonftration is no more than this. XY being to
TX as AP to PT, and X+ to XY as TP to PB, by
equality X7 is to TX as AP to PB, and by eom-
pofition T+ to TX as AB to BP, or as B3 x BA to
BB x BP. Again TF being, to Fr as APg to P@q,
by converfion TF isto Tr as APg to AR x fB.
Therefote T+ being to TX as AB x 3B to P@ x 8B,

* Remarks, Art. 421, 475. || Art. 329.
+ Fig. 440 & 443. ** Art. 339.
1 Art. 214,

by
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by equality TF is to TX as APg to PB x @B.
Confequently TX is greateft, when the rectangle
under P@B is greateft, that is, when it is equal to
one fourth of the fquare of PB or AP, and then,
fince TF is o TX as APgto P8 x B, TX ,will
be equal to a fourth of TE, and XY equal to one
fourth of FG.

56. Our author feems himfelf confcious of this
imperfection, when he takes advantage from his
fubjeét to exprefs the lemma, whereon Sir Ifaac
Newton builds his demontftrations by prime and yl-
timate ratios in fuch terms, as he thinks, may be
allowed in a phyfical fubject, but in a demonftra-
tion purely mathematical have certainly no meaning,.
For, when it is faid, that quantities and their pro-
portions, which fo approach to a ftate of equality as
to become equal at laft, may be taken for equal in
a ftate immediately preceding the laft, were he
afked to explain, what that ftate is, which can be
underftood immediately to precede the laft in any
fubje&t of geometrical demonftraticn, it were im-
poffible to make fcn%c of the queftion. Nay, fo ap-
prehenfive is he of a defect in his geometrical rea-
foning, that he even refers to computation (a me-
thod, he has in another place * cenfured) as an ad-
ditional confirmation +.

57. BuT belides fuch imperfetions we find feve-
ral diret errors. The fourth chapter has affixed to
it a very pompous title, though it contains no more
than two propofitions, and thofe relating to the very

® Remarks, Art. 421.

. 4 The whole lemma runs thus. ¢ Quantities and their pro-
s portions, which fo approach to a ftate of equality as to bea
¢ come equal at laft, may be taken for equal in a ftate imme-
«¢ diately preceding the laft ; and alfo in a ftate fomewhat remote
¢ from the laft without fenfible error in phyfical fubjefs: and
¢¢ the fame may be faid of figures, which continually approach to
s a ftate of fimilitude ; efpecially if thefe errors, when comput-
¢ ed, are found inconfiderable.” Art, 204.

Vou. Il .. R cafieft
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eafieft cafes. The fecond of which gives only am
approximation except in the fphere. The firft is
fearce true in any kind of object befides a plane or
curve line parallel to the refradting furface. It is
here only proved, that the diftances of any inter-
mediate point of a ftreight line from the extremes
are in the fame proportion in the image, as in the
eriginal. But ftreight lines are never in geometry
faid to be fimilar, becaufe they are proportionally
divided. If this term is to be applied to the right
line, it muft be faid without reftri¢tion, that all
ftreight lines are fimilar. In every other objeét not
parallel to the refratting furface, the propofition is
directly falfe. If the object were the arch of a circle
in any plane not parallel to the plane of refraction,
its image, as here affigned, would be elliptical. It is
alfo falfe in every plane objeét, not parallel to the
refracting furface ; and much more fo in every folid
object. '

58. InpEED the demonftrations in the firft chap~
ter of the foci, befides the impgrfection of the prin-
ciple, upon which they are grounded, are on ano-
ther account alfo inconclufive. As Dr. Barrow has
fearched with much more exaétnefs than any, who
had gone before him, into the place, where rays
are collected by refle€tion or refraction, and where
* the images of objeéts formed by this means are feen ;.

fo his exact inquiry into the line, in which each ray
pafles, and in what degree they condenfe together
m every circumftance drawing out his. difquifition
into fome length, others have endeavoured to give a
mote concife, though lefs perfett idea of this fubject.
For this purpofe, in particular, Dr. Gregory in his’
Elements of Opticks has by a method of demenftra-
tion fimilar to that of our author contented himfelf
with fhewing, whereabouts thofe rays would crofs
the axis of a refle€ting or refrating {pherical furface,
which would enter the eye placed in that axis ; and
' . thus
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thus far his demonftration may be admitted as juft,
But our author having ufed the fame method to af-
fign the place of the focus independent of the eye;
his demonftrations are by no means fo free from ex-
ception.  For in the firft part of his work *, he has
always reprefented as neceflary to conftitute 3 focus,
that the rays be in that place condenfed together s
but his form of demonftrating may be apgl@ed to
cafes, where there is no condeniation of rays. Fof
example, if rays parallel ‘
to the bafe of the cycloide. p
BAC generated by the re-
volution of the femicircle
BFE upon the line EC be
reflefled, as the ray DA
is refleCted into Ag, as
the point of incidence A
approaches towards C, the
. lines E¢; EC continually .
approach toward equality, and becoine equal, when
the diftance DE vanithes ; yet here is no condenfa-
tion of the rays on the axis at the point C; becaufe
the intervals between the points ¢ appertaining to:
equidiftant rays increafe, while DA approaches EC.,
This is evident, becaufe Aq is parallel to FG, the.
tangent to the femicircle BFE at the point F, where
the rays interfe¢t that femicircle, and Cg is equal to
- the excefs of the arch EF above the tangent. |

- 59. ARrTICLE 468 contains a falfe conclufion
from the preceding principles. For the denfity of.
the light, which is proportional to its heat of warmth,
is to be eftimated by a perpendicular fection of the
refletted rays, and t& be determined by the aberra-_
tion of the rays from the point of contalt at the
cauttic after this manner. :

60. IF rays diverging from any point A-are re-.
fleCted by the furface BC into the cauftic DE, all.

* Book 1. chap..z. -
R 2 the

E Q- 7 C
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the rays in the pencil BAC will be fpread through
the part of the cauftic FG, fuppofing F and G to

v “be the points, in which
the reflected rays BH
and CH touch the cau-
ftic. Here the denfity
of the light upon the
cauftic muft not be
meafured by the mag-
nitude of FG, but by

a perpendicular feCtion
of thofe rays, where
they are moft con-
denfed. Thus if HI be
drawn from H perpen-
dicular to' the curve,
- . every ray of the pencil
BAC will pafs through that line HI. This line
then will nearly reprefent the magnitude of a per-
pen icufar fe@tion of thofe rays at [ ; and therefore
if two pencils proceeding from A are taken fo that
that the quantity of light, or, which is the fame,
that the angles made by the extream rays may be
equal in each, the denfities of the light at the mid-
dle of the parts of the cauftic formed by each pencil
will be reciprocally as the line-1H in each. But
IH is ultimately the chord of  the angle BHC to
the radius GH or GI. The denfity then eftimated
by this means will be reciprocally as GI, or its
double GF compounded with the reciprocal of the
angle BHC. :

-+ 61. HencE it follows, that'when to equal angles
made by the incident rays at A" unequal angles are
made by the reflected rays at H, the denfity of the
rays will not be juftly eftimated by the reciprocal
of the part FG of the cauftic included between the
refleCted or refratted rays. For inftance, though
in our author’s cafe, at art. 465, when the rays

‘ refleCted -
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refleed by a circle iffue from a point in its circum-
ference the denfity of the light in the fuperficial cau-
ftic, which is proportional to its heat, is, as this
gentleman has computed, reciprocally as 2H x HI :
yetin his 467th art. when the rays are parallel, this
denfity is not in the fimple ratio of BD directly and
the triplicate of CD inverfly, as he has determined ;
but in the duplicate ratio of DB directly and in the
triplicate of CD inverfly. } ,
62. WHEREAS this gentleman profeffes to have
rendered the doftrine of the rainbow more general,
than it has been yet handled ; all that he has added
to what Dr. Halley had in the Philofophical Tranf-
actions Nutnb. 267. already done upon that fub-
je&, is the applying to the computation of the
inverfe problem a general theorem of Mr. John Ber-
noulli publifhed in the Aéta Eruditorum *, for find-
ing from the tangent of an arch the tangent of -any
multiple of that arch. The lemma in article 508,
from which this general theorem is deduced, might
have been demonftra-
ted thus, If ROA o
be one angle, ROB
tgc other, and RHQD
their fum or differ- ‘ B
ence. Draw OZ per- o A B z

pendicular to AO,’
then the angle ROZ /
is equal to the angle ~Zy{ R A

RAO, and therefore
the angle ROB being equal to the angle AOD, that
under RDO is equal to that under BOZ ; whence as
DZ t0 OZ fo is OZ to BZ, but as OZ to ZR fo is
. AZ 0 OZ, fo that by equality, as DZ to RZ, fo is
AZ to BZ, and by divifion as DR to RZ, fo is AB
to BZ, or by permutation DR is to AB as RZ to
BZ, or as RZx AR to BZx AR, that is, as ORg

* Apn. 1722, Menf. Jul. .
Rj3 to
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to ORg—AR xRB, when AB is the fum of the
given tangents and RD the tangent of the fum of
the arches, but as ROg to ROg4-AR xRB, when -
AB is the difference between the given tangents, and
RD the.tangent of the difference of the arches. -
63. Tue propofition contained in article 602 is
not: univerfally true, but fails, whenever the curva-
ture at the vertex of any one of the curves cannot
be compared with that of the circle. For inftance,
‘ in the cycloide ABC,
when any ray paralle]
to the bafe AB is re-
fletted at S, Bp, the ab-
erration from B, is e-
qual to the arch AD’
k t  lefiened by the tangent
RED —3r—a DPH or HA, and Bg is
. equal to AD—DI ; but
‘AD—AH bears not ultimately a finite proportion to
AD—DI. And hence the corollary in article 603
" 3s not true, when one or more of the furfaces are
cycloides or curves of the like curvature.
~ 64. But the %t propofition of this chaPtcr is
both defective and e¢rroneous upon the author’s own
principles. - Fhe place of the image cannot be deter-
mined, as is here required, till it be fhewn how ta
find the line, in which it is feen, that is, how tg
aflign the refle&ted or refracted ray, which fhall en-
ter the eye. - But of this our author has been abfo-
lutely filent. The problem is indeed in moft cafes
too complex to admit of a fimple and elegant folu-
tion 3 but this is no excufe, why in a treatife pro-
mifed to be compleat, no notice thould be taken at
leaft of what had been done by others in this parti-
cular. * Alhazen’s .problem to find the ray, which
ifluing from a given point fhould be refleéted by a
fphericdl furfacé to the eye'in”any given ‘pofition,
was thought worthy to exercife the invention of tw%
. . . Q .
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of the principal mathematicians of the laft age. The
hyperbola, by which Huygens folved the problem,
-efpecially as determined by Slufius in the Philofophi-
<al Tranfacions, Numb. g8. admits of a very con-
cife demonftration. Sup- :
pofe a {pherical furface A
IKL, whofe center is C,
and A to be a point,
whence the ray proceeds,
and B the eye. AC and
BC being joined, and
ACXEC likewife BCxCF
" made equal to the {quare
of the femidiameter, and
EF drawn and continued;
if an equilateral hyperbo-
1a FM be defcribed to the
. diameter EF, whofe or-
~ dinates fhall be parallel to
AB, theray, which paffing from A falls on the fur-
face in the point D, where this hyperbola interfects
the furface within the angle ACB, fhall be reflected
to the eye at B. Draw DHG parallel to AB, then
by the hyperbola EG is to GD as GD to GF, fo
that the triangles EGD, DGF will be fimilar, and
the angle DEG equal to the angle FDG. Again,’
AC x CE and BC x CF are equal ; therefoje AC is
to CB as CF to CE, the triangles ACB, FCE are
fimilar and the angle CEF equal to ABC or DHF.
Confequently the angles DEG, FDH being allo
equal, the angles DEC and DFC will be equal.
But if CD be drawn, AC is to CD as CD to CE
therefore the angle ADC is equal to DEC,  For the
fame reafon the angle BDC is equal to DFC; confe-
quently the angles ADC, BDC are equal; and fo
the ray AD will be reflected to B.
65. Ir the oppofite hyperbola be defcribed, it
will pafs through the point C; and where it cuts the
. R4 fpherical

i
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fpherical furface within the angle made by AC and
BC continued will give the point in the concave fur-
.face, whence the ray from A will be refle¢ted to B,
.66, NEITHER ought Dr. Barrow’s excellent folu-
tion given in his Optical Lectures * of the problem
in plane refratting furfaces to have been omitted ;
efpecially fince it admits of an improvement from
his Geometrical Lectures .
€7. Bur farther in this propofition, what relates
to the vifible place of the image is inconfiftent with
M. Profeffor’s gencral do&trine. For example, if

x

O ‘ P
the object be Qg a part of the line QP, itis here,
determined, that Q_x being drawn paralle] to OP to
meet the refieCted or . refracted ray, in which the
point Q is feen, and ¢gx drawn likewife paralled to
OP, till it meet the like ray in »; then the object Qg
will be feen as extended from yx to x; but the. gene-
ral precept was, that the object appears in that place,
where it would fill the angle, under which it is feen;
whereas here the diftance x » is greater than Q_¢.

68. WE have now gone through the two firft
books of this treatife, which are intended to com-
prehend as much of the fubject, as is the proper
obje&t of mathematicks. In the next book, which
promifes the mechanical part, to moderate our ex-
petatians the author feis out with informing us,
that he had himfelf no fkill, in what relates to the
figuring, grinding and polithing of glaffes; and.
therefore has contented himfelf with giving us what
collection, he could gather from others. Thus"
* Led. 5. §. 12 1 Lec. 6. §. 2.

LR

there
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- there is no account of the common methods made
ufe of 5 but only a particular artifice invented by
Huygens, as better fuited than the ufual ways of
working, to the formation of glafles for telefcopes of
-an extraordinary length. But I fhall take leave to
obferve upon this part of the work, that as our au-
thor profefies to deliver the hiftory and progrefs of
the fubjets, he has handled; in the defcriptions of
the aftronomical inftruments, which he has here in-
ferted, he fhould not have fubfcribed to the vulgar
miftake, that the method of graduation ufed in thefe
inftruments was the invention of Petrus Nonius ®.
For his method of divifion, which he explains at large
in his very curious treatife de Crepufculis 1 printed
at Lisbon in 1542, is widely different. k confifts
in defcribing within the fame quadrant 45 concentric
arches, dividing the outermoft into go equal parts,
the next within into 89, the next into 88, and fo on
till the innermoft was divided into 46 only. By this
means, in.moft obfervations, the plum line or index
muft crofs one or other of thofe circles very near a
point of divifion, Whence by computation the de-
grees and minutes of the arch might eafily be coun-
ted . This method of divifion is alfo defcribed
by Mr. William Barlowe in his book, entitled,
The Navigator’s Supply printed at Londonin 1597
and an atual example of it is to be feen in the

* Art. 861. + Part. 2. prop. 3.

1 This artifice Nonius likewife 20 years afterwards defcribes
briefly in his excellent treatife De Arte atque Ratione Navigandi,
where he would perfuade himfelf, that it was not unknown to
Ptolemy, faying, ¢ Ita enim exiftimo Claudium Ptolemzum
s« feciffe. Nam fi maximam folis declinationem idcirco (ait) re-
¢ perifle partium 23. m. g1, fe. zo. quia ea proportio inventa
¢« fuiffet totius circuli ad arcum inter tropicos quam 83 habent
« ad 11. Conftat igitur aliquem quadrantem intra ambitum in-
¢ ftrumenti defcriptum, in ipfos 83 mquales partes: deftributum
+ fuifle, quarum arcus inter tropicos 44 continebat. Neque
v enim tanta fuit illins inftrumenti quo Ptolemzus utebatur
« magnitudo, ut in o prima atque fecunda minuta notari pof-
¢ fent.” Lib. 2, Cap. 6, ’ firlt
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firft figure of Tycho Brahe’s Aftronomiz Inftaurate
Mechanica, printed in the fame year, But as this
divides the degrees very unequally, and is alfo
very difficult to execute with exactnefs, efpecially
when the numbers, into which the arches are to be
divided, are incompofite, of which there are no lefs
than nine 3 though Tycho in his fecond inftrument
endeavoured to leflen the latter difficulty by the ufe of
other numbers ; yet to that inftrument he alfo added
‘diagonals, which he fo much preferred, that at
length he left Nonias’s way quite off *, and ufed only

. ‘diagonals in his mural Arch and the reft of his in-
ftruments. :

69. THis method of diagonals was firft publifhed
by Thomas Digges Efquire, in an ingenious treatife
of his entitled Al feu Scale Mathematica, printed
at London in 1573, occafioned by the memorable

.new ftar, which had then lately appeared in Caffio-
pea, on which he made his obfervations by a fore-
ftaff thus divided. But he acknowledges, it was
not a difcovery of his own, having been long prac-
tifed in England ; and, as he had been informed,
was the invention of one Richard Chanfeler a moft
fkilful artift +. Tycho, in that part of his Progym-
na{mata, which treats of the fame ftar, takes notice
of this paffage of Mr. Digges, and affirms, when he
ftudied at Lipfick, he uled fuch an inftrument di-
vided after this manner, which was communicated to-

* De Cometa Ann. 1577. pag. 461. ;

.+ —¢ libere fateor illam' partiendi radium in plurimas fenfibiles
4¢ partes rationem a me inventam non fuiffe, fed din hicin Anglia
¢ a plurimis peritiffimis mathematicis nfurpatam. Primus tamen
#¢ qui ea divifionum ratione ufus eft, quemadmodum ex audity
¢¢ accepi, quidam fuit nomine RicHarpUs CHANSLERUS, peri-
#¢ tifimus & ingeniofifimus artifex mathematicus, cujus nomen
¢¢ eo libentius publicare decrevi, quod jam e vita difcefferit, ne-
¢ que monumentum fuarum virtatum yllum publicum reliquit,
¢¢ prater inftrumenta quzdam famma arte fabricata, & dulciffi-
¢ mam f{uz fingularis peritiz (in nonnullorum mathematico-
¢ rum adhug fuperftitym animis) mefroriam.” Capitul. 9.h.
m
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him from one Homelius, a famous mathematician of
that place ®*. This was about 15653 for in a letter
written to Rothman in 1487, he fays, he was then
17 years of age +.

70. BuT Jacobus Curtius, Vice-Chancellor of the
empire, improved at different times the divifion by
concentric circles. At firft, after defcribing with-
in the limb of the quadrant a number of fuch
circles, he extended the firft to g1 degrees, the fe-
cond to 92, the third to 93, and fo on; and then
divided each of thefe into 9o equal parts. This,
when he was the Imperial minifter at Rome, he com-
municated to Clavius, who publithed it there Anno
1586 in a treatife, where he defcribes an inftrument
for delineating of dials{; and Clavius himfelf pro-
pofes a variation in this method by defcribing 39
fuch concentric circles within the limb of the qua-
flrant, continuing the fecond of thefe to g1 degrees,
the third to 92, and fo on, till the 39th extended to
128 degrees. Each of thefe circles he divided into
128 equal parts, which is performed by the fimple
method of bifection §. Bt a calculation is necef-
fary, or at leaft a table ready computed, for know-
ing the degrees and minutes, which an{wer to the
divifions of the feveral circles in both thefe methods;
and Curtius made a fecond improvement, which re-
quired no fuch computation,

* « Ego cert¢ multo ab hinc tempore, videlicet annis plus
 minus 28, cum Lipfiz ftudiis incumberem, ejufcemodi parti-
“ tionem radii in ufu habebam, ex clariffimi mathematici Home-
“ lii officina, beneficio Bartholomei Schulteti, qui illi infervierat,
¢ mihi communicatam. Unde autem Homelius hanc hauferit,
¢ aut an ipfemet eam adinvenerit, apud me incertum eft. Sig
‘“ cujufcunque velit, ingeniofa certé & apprime utilis eft deftri-
¢ butio, quam & ego poftea arcualibus graduum fubdivifioni-
¢ busin quadrantibus, fextantibus & armillis non inconcinn? aut
L inﬁ'ugc(fieré applicui.” Pag. 671.

1 Epift. Aftronomic. pag. 6z.

¥ Fabrica & ufus Inftrumenti ad ‘Defcriptionem Horologior.
Cap. ult. p. 114. ' § Ibid. pag. 116.

4 [l . . . 71' TH‘S
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71. Tais he fent about 1590 both to Clavius and
Tycho, which the firft publifhed in his book of the
Aftrolabe, Anna1593*; and Tycho printed Cur-
tius’s letter with the account of this improvement,
ar the end of the abovementioned treatife, where he
gives a defcription of his inftruments.  This method
confifts in fetting off upon the firft concentric arch
within the outermaft, the 6oth part of fuch a por-
tion of that arch as anfwered to 61 degrees, and from
that divifion’ continuing on through the whole arch
the intervals of fingle degrees. By this means every
divifion in this arch is advanced one minute for-
warder than in the firft. At the beginning of the
next arch he takes off the 6oth part of 62 degrees,
and from that point continues through the whole arch
the intervals anfwering to fingle degrees; whereby
cach divifion in this arch is advanced two minutes
beyond the degrees of the firft. And thus he pro-
ceeds, till the degrees are divided into the whale
number of minutes they contain .

. Bur
o 72. By

* Lib. 3. Canon. 1. Schol. pai. 566.

+ This worthy gentleman Jacobus Curtius was the great pa-
tron of Tycho with the Emperor Rodulph the fecond, when
‘Tycho had been fo ill ufed by his countrymen. He was alfoa
very ingenious perfon, as appears from thefe methods of divi-
fion, as alfo from a fcale of his invention for readily drawing the
hour-lines, and a quadrant, which by the help of a table of fines
and tangents is of excellent ufe in aftronomy and pra&ical geo-
metry. Both thefe are defcribed by Clavius in the 16th, and lait
chapters of his abovementioned book of dialling. Curtius like-
wife made an improvement in trigonometry, which he takes no-
tice of in his letter to Tycho. This was occafioned thus.. In
1588 one Nicolas Raymarus Urfus, of whom both Tycho and
Rothman often complain as a plagiary, publithed at Strafburgh
a fort of rhapfody, which he called Fundamentum Aftronomicum,
where amongft many things good and bad, at fol. 16 and 17 he
gives a fcheme and direGtions how to refolve feveral cafes in tri-
gonometry by addition and fubtrallion; this Curtius informs
Tycho, he had improved fo as to include 2l! cafes. He does-ot
there directly fet down his method, bat only hiuts, how it migz:



ON Dr. SMITH 269

72. BuT as this laft imptovement is very operofe,
a moft excellent compendium of it has been fince in-
troduced. This was firft communicated to the world
by Peter Vernier a perfon of diftin¢tion in the
Franche-Comté, in a very fmall tra&, entitled La
Conftruction, I’Ufage & les Proprietez du Quadrant
nouveau de mathematique, &c. printed at Bruffels
in 1631. In his dedication to the Infanta of Spain,
Ifabella Clara Eugenia governefs of the Netherlands,
having fhewn its preference to what Nonius and Cla-
vius had done in the affair he adds, ¢ Le mien ayant

be done.  Pitifcus at the beginning of the fifth book of his tri-
nometry in 1600 gives a method to this purpofe; but Clavius
ad feveral years before in his abovementioned treatife of the
Aftrolabe, Lib. 1. lem. g3. performed it much better. This
method may be briefly reprefented thus. The produ& arifing
from the multiplication of any two numbers is equal either ta
half the fum or to half the difference of the cofines of the fum
and of the difference of the arches, to which the numbers pro-
‘pofed fhall be the fines, multiplied by the radius ; the fum of the
cofines is to be taken, when the fum of the arches exceeds a
quadrant, and the difference of the cofines, when that fum is"
lefs than a quadrant. If either or both the numbers exceed the
radius, fo as not to be found among the fines, fuch numbers muft
be divided by 10, 109, or 1000, &c. till they can be found in the
table, and the produce multiplied accordingly. In like manner
the %uotient -arifing by the divifion of any number by another, -
will be equal to half* the fum or half the difference under the con-
dition abovementioned of the cofines of the fum and of the dif<
ference of two arches, one of which has for its fine the dividend,
and the other for its co-fecant the divifor, that fum or difference
being divided by the radius. But if the dividend exceed the ra-
dius, it muft be'divided as before ; and if the divifor be lefs than
the radius, it muft.be multiplied in like manner, till it can be
found among the fecants. This dire&ly follows from thefe two
propofitions ; The firft, that the re&tangle under the fines of
two arches is equal to the reftangle under the radius and
half the fum or half the difference of the ofines of the fum and
of the difference of the arches. The other is, that the fine and
ce-fecant of the fame arch are reciprocals. A report of this arti-
fice feems to have put lord Napier upon the noble invention of
logarithms.  See Tycho Brahe’s life by Gaffendus p. 109, 165,
as alfo Anthony Wood’s Athenz Oxonienfes, Vol. I col. 549.

¢ tous
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«¢ tous ces advantages fur les autres ce n’eft pas fan§
“ fubjet que je I’appelle nouveau et de mon inven-
¢ tion.” In the preface alfo he claims it as his own
invention, "and fays, thereby a quadrant of-three
inches is rendered capable of determining minutes *.
In his book he thews how to apply it to inftruments
of different dimenfions. Hhis contrivance is a move-
able arch divided into equal parts, one lefs in num-
ber than the divifions of the portion of the limb cors
refponding to it . :

73. IN 1634 Joan. Baptifta Morinus, one of the
Royal Profeflors of mathematicks at Paris, printeda
book entitled Longitudinum Ceeleftium atque Ter-
reftrium Scientia. The way there delivered for find-
ing the longitude had been publickly examined by
commiffioners appointed by Cardinal Richelieu. The
author in graduating the inftruments for making ob-
fervations to fufficient exactnefs commends two me-
thods. The firft, he fdys, was the invention of
Joannes Ferrerius, 2 moft induftrious and accurate

artift . This is performed by circular diag;;?g:

® « —d’un infirument du tout admirable de mon invention,
* & qui n’a jamais efté veu, &c.——en un quart. de cercle de
¢ trois poulces d’eftendue, on demefle les minutes entieres du
¢ cercle quoy qu'il ne foit divifé qu’a ordinaire en nonante de-
¢ grées, al'ayde toutefois d’une petite portion de cercle mobile

¢ contenant feulement quinze parties efgales; qui font toutes les.

¢ fubdivifions neceffaires au di& inftrument.
+ In his firft inftrament after having fuppofed a quadrant to be
divided into half degrees, he adds, * La feconde partie de Vin-

¢ firument eft une planche conftrui®te en la forme & figure d’un.

¢ feQteur de cercle, la circonference de laquelle comprendra juﬁc.-
‘“ ment un angle de trente & un demy degrées, non toutefois

« formés ny defcrits, mais bien divifé en trente parties efgales

¢ feulement.—” p. 10.

1 ¢ Prima. Eft accurata & geometrica divifio cujuflibet gra--

¢¢ dus in 60 minuta, quz fuper Quadrante 2 pedum, imd unios
¢ pedis femidiametri commode applicari poteft; quam adinvenit
¢¢ D. Joannes Ferrerius inftrumentorum mathematicorum foler-

“ tiffimus & accuratiffimus fabrefattor, qui prafens aderat ; ipfis
' « notiflimus
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which continued fhall pafs through the center of the
quadrant, and which he demonftrates to anfwer to
geometrical rigour *. But to fave the trouble of
drawing particular diagonals for every degree he ad«
vifes one only to be affixed te the moveable index,
which being divided into 60 equal parts, by its in-
terfection with the ftreight lines proceeding from the
center and diftinguifhing the degrees on the limb of
the inftrument, will give the overplus minutes 4.
The other method is Vernier’s }, which Morinus
particularly explains, and fhews, if the radius of the
quadrant be half a foot, one foot, two feet, or three
feet, by a fmall arch divided into 30 equal parts an-
fwering to 3r of the divifions of the limb, along
which it moves either as a fector, or as joined to the
arm that carries the fights, angles may be meafured
true to one minute, 30 feconds, 15 feconds, or &
feconds refpectively. " This he juftly prefers to the
other method ||, and -defcribes it again in the con-
tinuation of his book, printed in 1635 §, and again

* notifimus Commiffariis, quibus inventionem fuam pridem
* detexerat.” Long. Scient, Par. 1. p. 17. This Ferrerius
muft have been then very old, if he was the fame, that is praifed
for finding out a new method of drawing the hour-lines upon
dials by Clavius, in the preface to his abovementioned book
printed in 1586, in thefe words ; ¢ Inventor primus hujus ratio-
“ nis, quz preclariffima eft, Hifpanus quidam dicitur, nomine
¢ Joannes Ferrerius, homo in primis acutus, & in rebus invenien-
“ dis admodum fagax. ’ )

* Long. Scient. Part 2. pag. 51, &c.

t ¢ Hzc enim particula femper adhzrens alhidade & fe@ta &
“ lineis qua diftinguunt gradus inftrumenti, oftendet in fe&tione
* minuta gradibus addenda.” Ibid. p. 52, 53.

1 < Secunda eft accurata etiam divifio 31 graduum five par.
“ tiam Quadrantis in 30 partes ®quales; inventa & in lucem
“ edita 3 Nobili viro Petro Vernerio in comitatu Burgundiz
. caftelli Dornanfii Capitaneo ; qui ‘cum Quadrante 2 pedum’
* quarta pars unius minuti fenfibiliter menfuratar.” Ibid. Par, 1.

g. 18.
It Ibid, Par, z. pag. 53 § Par, 6. pag. 187.

.

in
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in a further continuation printed in 1639, where he
recommends an azimuth quadrant of 5 feet radius,
which by this artifice would meafure angles to two
feconds *; and laftly, in his anfwer to Longomon-
tanus, prioted in 1641, he mentions both thefe
methods .

- 74. NorwiThsTanDING all this, in 1643 one
Benedictus Hedrzeus a Swede, publifhed at Leyden
a fmall treatife, entitled Nova & Accurata Aftrola-
bii geometrici Structura, &c. where in the preface
he takes occafion to defcribe circular diagonals with-
out mentioning Ferrerius, and aflumes to himfelf
Vernier’s method.  This in his book he applies toa
Theodolite and Protradtor, by dividing fuch a part
of a moveable circle as anfwers to 61 degrees of the
limb of the inftrument, into 60 equal parts}; he
fhews alfo how this moveable circle may be otherwife
divided §, and likewife defcrites a large aftrono-
mical quadrant, which by a fmall moveable arch
.correfponding to 5 degrees 5 minutes of the limb of
the inftrument, each degree of which limb being di-
vided into 12 equal parts, would meafure angles to3
feconds |}, or even half that. :

75. THis method is alfo fuccinétly explained by
Tacquet in his Opera Mathematica ** printed in
1669, where he would afcribe the original of it toa
propofition of Guido Ubaldi in his book of Aftro-
nomical Problems 1+ publithed after the author’s

® Par. 9. Cap. 8.

4 Coronis Aftronomiz, p. 14.

1 ¢ Limbo fic divifo, numerentur ab una linearum, quas vo-
s¢ cant fiduciz, ut in delineatione AB, in quam partem placuerit,
< 61 gr. ab Aufquein C, & fpatium illud 1n circulo mobili, quod
«¢ hifce 61.gr. refpondet, dividatur in 60 partes zquales.” Par. 1.
Memb. 1. cap. z. ,

§ Ibid. cap. 6.

li Par. ult. Memb., 1. cap. z & 3.

** Geom. Pratt. lib. 1. cap. 4. pag. 23.

4+t Lib. 1. Prob, 1.

*death



ON Dr. SMITH. 277

death in 160g. But this was delivered very diftinct-
ly by Clavius in 1586 *, as the invention of Fabri-
tio Mordente, the Emperor Rodulph’s mathema-
tician, who difcovered it long before, as appears
from a treatife of his brother printed at Antwerp in
1584, entitled Il Compaffo del Signor Fabritio Mor-
dente : con altri iftromenti mathematici ritrovati da
Gafparo fuo fratello. Though this can at moft bg
confidered only as a very faint rudiment of thefe me-
thods, being no more than a propofal to find the
number of minutes, feconds, &c¢. of any arch lefs
than a degree, by multiplying this arch 6o times,
whereby the number of degrees, it meafures; will
exprefs the number of minutes jn the original arch;
and if the multiple exceed an exa& number of de-
grees, the excefs multiplied in like manner will ex-
hibit the feconds, whereby the arch given exceeds an
exact number of minutes.

76. Iy 1673 the famous Hevelius publithed the
former part of his Machina Cceleftis, where he adopts
this method with' due applaufc ; being the firft that
reduced it to practice in large aftronomical inftru-
ments. He defcribes it from Hedrzus, and appears
pot to have known, that it had been mentioned b
other writers.

77. In 1674, one Gerard i Gutfchoven, Profef>
for of the Mathematicks and Anatomy in the Uni-
verfity of Louvain in a very fmall piece entitled Ufus

vadrantis Geometrici printed at Bruffels gives this
method without taking notice of any preceding au-
thor, He applies it in the form of a feCtor tto 3

® Fabrica & Uf Inftrum. &c. cap. ult. pag. 120.

4 ¢ Curfor eft feQor circuli mobilis, cujus partes funt arcys
‘¢ minutorum, arcus nempe in 30 partes zquales divifys, ipfq'
#¢ Quadrantis gradus lambens.” in praf,

You. II, g8 {mall
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{mall quadrant, whereby minutes may be meafured®,
This quadrant, which he fo much boafts of, as nog
the. production of his clofet, but as brought into ufe
in the fields and woods, has the retilinear fides of the
quadrant projeted into two circular arches ta make
room for the finical divifion in the middle +, which
had been defcribed by others }. .

78, LastLy, it is this method of Vernier, thas
Mr, Profeflor Smith has alfo defcribed, . which is in-
deed preferable to any form of diagonals, though
Pr. Hook in oppofition to Hevelius labours tp prove
the contrary §. The de&or has indeed removed the
objection againfl the abfolute exatnefs of reilineay
diagonals, when divided by equidiftant concentsic
arches, by fhewing how to divide them mose truly’
by the help of a table of tangents |. But ag; his ar-

. * ¢« Quadrans totus divifuseft in go gradus ; Curfor autemin
‘¢ 30 partes.zquales qui comprehendit accurate 31 gradus qua-
“ drantis. Quifque Curforis gradus fingulos Quadrantis gradus
o excedit uni trigefimi gradus, id e, dubbus minugis. primis,
¢ unde fit ut fequenti methodo non gradus tantum, -fgd etiam
« fingnla minuta prima A Regula fiduciz abfciffa numerare valea-
¢ mus.”—Prob. 1., S "

+ ¢« Ufui & praxi maxime appropriatum [inftrumentum] mihi
% .excogitavi tior: inMufzo vel Cathedra, fed in ipfis agris &
¢ filvis, in ipfa manuali operatione.” In pref. ¢ And after-
¢ wards Habes Scalam altimetram ad arcym redu@am variis ufi-
¢¢ bus deftinatam :—Tandem planum.opplevimus lineis cancellar
‘¢ tis, magnum.in triangulis folvendis ufum habentibns ; & hze
# etiam de penu meo deprompta funt.” ' B
. 1 The Arabians, who introduced the ufe of fines into.trigano-
metry, feem to have been the authors of this device ; {eq Catalog.
MSS. Angl. p. 461. N°. 3309-6. But Petrus Apianus in his
Tntrodu@io Geographica, printed at Ingolftad in 1533, has
given a figure of it with thié infcription on the limb, “ Qua-
¢¢ drans univerfalis a Petro Apiano jam recens inventus;” pre-
mifing this chara&ter of it : ¢ Quadrans novus.quem univerfalem
< {eu generalem libuit appellare, €6 quod quicquid in primo mo-
¢« bili queeri, excogitari; aut proponi poteft per hunc licet inve-
¢ nire.” . . , .

§ See his Animadverfions on Hevelius’s Mach, Ceeleft.

|l Ibid. pag. 2z.and 23,

3 ~ gusnts



ON DrR:SMITH.. 27
guments for their preference are very weak ; fo he in
vain would alledge the authority of Tycho on his fide :
for it does not appear from Tycho’s works, that this
compendiumy was at all known to him. The cita-
tions * thence given by the Dottor, refer only to that
little improvement upon Nonius mentioned above.
- 29, THe truth is, neither of thefe methods are
of any ufe unlefs executed with exattnefs ; and one
great excellence of that of Vernier is its readily dif-
covering, the leaft error commitred in the divifions.
For which reafon none but an able artift dare under-
take it. - But it is now performed very accurately in
various inftruments by our moft fkilful workmen, and
its fuperior ufefulnefs is fufficiently eftablifhed by its
having a place in the mural arch of our Royal Aftro-
anomer 3 whom the fame ardor ftill fupports, which
above 60 years ago carried him' to St. Helena to fet-
tle the fouthern conftellations ; fo that we may ex-
pect from his great abilities, and unwearied diligencey
@ feries of obfervations upon the Moon’s motion,
thac will far exceed, whatever has been produced
fince the very beginning of aftronomy.

80. BUT to return to our author, whofé fourth
and laft book promifes a compleat hiftory of the dif-
toveries, that had been made in the heavens by the
telefcope, feleCted from a great variety of books,
memoirs and obfervations of the beft aftronomers ;
which books are thefe, Galileo’s Nuncius Sydereus
the firlt on. the fubjett, the Syftema Saturnium of
Huygens,; Du Hamel’s Hiftory of the Royal Aca-
demy of Sciepces at Paris, the Memoirs of that
. Academy, our Philofophical Tranfaétions, and a late
treatife- of Bianchini, entitled, Hefperi & Phof-

hori nova Phenomena. But as in relation to the
ﬁtté wonderful difcovery of an apparent motien in
the fixt ftars, which is eccafioned by the gradual

* Ibid. pag. 3, & 4: - 1 Dr. Halley. »
‘ Sa progrefs
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rogrefs of light, wherein the worthy Savilian Pro
ﬁ:ﬁ“or of Aftronomy at Oxford, Mr. Bradley*, has
fhewn eci‘ual diligence and {kill in obfervation in de-
teting the circumftances of the appearance, as faga-
city in fearching out the caufe; fince our author has
only dilated upon what Mr. Bradley has himfelf
writ, I fhall conclude my remarks on' this treatife
with a fhort account of an'improvement communi-
cated in 1729, as foon as Mr. Bradley’s difcovery was
known, by the late great geometer Dr, Taylor to-
fome of his friends ; wberck;y the particulass of this
appearance may be exhibited according to the exaét
theory of the earth’s motion. . '

81, LTt ABC be the orbit of the earth, in
which it moves from B
to Cand A round the

“fun in D. Then the
earth being in C, if the
tangent CE be drawn,
and upon the tranfverfe
axis AB as a diameter
the circle AEBF be
defcribed, ED being
drawn and continued
to G, DE is perpendi-
cular to the tangent
EC; and therefore the
velocity of the earth in
B is to the velocity in C
reciprocally as DB to
DE; that 1s, directly as
AD to DG, fince the
reCtangles under ADB
and EPG are equal.

Now CH being drawn from the earth in C toward

® Now Dr. Bradley, and the Royal Aftronomer at Greenwich,
as well as Profeffor at Oxford.

the
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the true place of any ftar, take CI to AD as the ve-
* Jocity of light to the velocity of the earth in B.
Through I draw KIL in a fituation perpendicular to
AB, and making KI equal to AD and IL equal to
DB, upon the diameter KL defcribe the circle KMLN
parallel to the plane ACBF. Lattly, make the angle
under KIO equal to that under ADG, which is
nearly the arithmetical mean between the mean and
true ‘diftance of the earth from the aphelion, and
draw CO. Now KL being in a fituation perpendi-
cular to AB and the angles under KIO, ADG equal,
OI will be equal to DG, and be fituated perpendicu-
larly to GE, and therefore is parallel to CE or to the
direction of the earth’s motion in C; and is to KI as
the velocity of the earth in C to its velocity in B,
Confequently fince KI or AD is to CI as the velocity
of the earth in B to. the velocity of light, by equa-
lity Ol is ta IC as the velocity of the earth’s motion
in C to the velocity of light. Therefore the ftar
will be feen from the earth at C in the dire&ion CO.
Heénce it follows, that every fixed ftar is viewed from
the earth as moving in a circle paraliel to the plane
of the ecliptic, the diameter of that circle which is
parallel to the lefler axis of the earth’s orbit being
divided by the true place of the ftar in the fame pro-
portion, as the greater axis of the earsh’s orbit is
divided by the fun.

£ S3 REMARKS
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R EM AR K §
| | O N '
Dr. 7'URIJV’6. Ess.}w
UPON |
Diftinét and Indiflinét V1810 N,

1. T O thefe animadverfions upen Mr. Profefior
Smith’s compleat Syftem of Opticks I fball
add fome obfervations upon the Effay fubjoined by
his friend and fellow-writer Dr. Jurin. This dif-
courfe confifts of four general heads. The firft re-
lates to the -difference in the appearance of an objeét
when feen diftinétly, and when confofedly ; the fe-
cond to that faculty in the eye, whereby it accommo-
dates itfelf to the different diftances of objects; the
~ third to a particular phaznomenon in indiflinét vifion,
‘which is the multiplication of the object; and the
fourth is taken up in confidering the dazling, to
which the eye is fubject by the immediate contraft
of light and darknefs. -

2. AS it appears, that this gentleman learnt the
principles of opticks from his triend’s book 3 fo in
his firft head he has expatiated on the fimple cafe of
a uniform white object-upon a black ground feen in-
diftinctly more in detail, than one can fuppofe, 3

’ " writeg
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#vriter would have done, to whom the fubje&t was
not new : And after all he has treated of it but im-
perfe@tly, proceeding on a fuppofition, that the light
1s uniformly fpread through his circles of diffipation;
whereas he confefles at art. 220. that the denfity of
the light isdifferent in different patts of thefe circles.
Nay, he had fo ill fixt the fubject in his thoughts,
that when he was put to fuch hard fhifts how to ac-
count, that the aftronomers without the affiftance of
telelcopic fights fhould obferve the diameter of the
moon nearer to the truth, than he could have ex-
pected, he had certainly forgot, that the magnitude
of his circle of diffipation depends upon the breadth
of the pupil; for as thofe obfervations were made
either through a fmall hole, or flit much narrower
than the pupil, the dilatation of the moon’s image
from its indiftinctnefs muft bave been proportiona-
bly leflened. -

3. WHEN he comes to confider at art. go. an ob-
je€t but a little more complex, a black circular line
{een upon a white ground, or two black parallel lines
viewed in like manner, he has much miftook. It is
a fad@, that fuch a circle at one diftance from the eye
will appear'to have a black fpot in the middle, and
the middle fpace between two parallel lines near to-
gether in the like fituation will become dark ; but

this is owing to a very different caufe from what he
has affigned : For if AB be the diameter of the pupil,

and CE, FD the diftintt images of the tranfverfe
N S 4 feCtions.

<

N



8% R EMAREK.S
fe&ions of the circumference of the circle, or of the
parallels; and frém the extremities of the pupil to
the extremities of thefe images the rays AC, AE,
AF, AD, and BC, BE, BF, BD be drawn, - the
‘{paces GCHE and IFKD will be deprived of light;s
but all without thefe fpaces will be fo much illumi-
nated, that the axis of the eye can no where be de-
rived of light fufficiently to produce fo diftinguifha«
Ele a degree of darknefs. Neither is the appearance
truly defcribed by our author, for the middle dark-
nefs in the parallel lines, and the central fpot in the.
circle do not extend into a fimple pemumbra gra-
dually vanifhing, but that fhade is compofed of a
number of different images, and appears uniform,
only when thofe images become fo numerous, as not
to be eafily diftinguifhed. And the true caufe of this
" appearance is the multiplication of the image found
in objects feen indiftinétlys which I apprehend to
atife from fome corrugation, or inequality of fur-
face, to which that part in the eye, which is changed
for the different diftances of objeds, is fubje in its
extreme tenfion either way, whereby the image of
an objet looked at out of the limits of diftin& vi-
fion is multiplied. From this multiplicity of images
two parallels, as each is multiplied, at firft are feen
as four lines, or even more, but at length the two
Innermoft unite into one; and in the circle by a
more multifarious appearance a fpot in the center is
in one fituation produeed by the union of the dif-
ferent images in fome one part.

4. MorEQVER the defence of Hevelius againft
the objections of Dr. Hook, which this gentleman
is here pleafed to bring in, ferves only to fhew, he
did not underftand the method of obferving prac-
tifed by that great aftronomer. It is very well
known, that Dr. Hook paffed too fevere a cenfure
tipon Hevelius’s inftruments, and his method of ob-
fervation.  But this mere imagination of an extra:

ordinar

/
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©ordinary length of fight, which Hevelius might ac-
quire from age and long exercife is a very trifling
defence. But the truth is, his method of obferva-
tion required no fuch length of fight. This mighe
be juftly objeted to the method of obferving
practifed betore Tycho Brahe ;' but that noble
* reftorer of aftronomy invented a form of fights con-
tinued in ufe by Hevelius not chargeable with this
inconvenience. The fight next the eye is a plane
furnifhed with two parallel chinks, both of which,
not one only, as this gentleman * has reprefented,
gre made mfe of in every obfervation. The other
fight is either a plane likewife equal in breadth to
the interval between the chinks, or a cylinder of that
thicknefs. Now when thefe fights were pointed to-
wards any ftar, a little before they came into the exat
digection of the ftar, the light of the ftar would fhine
through one of the chinks, but be intercepted from
the other by the interpofition of the remoter fight,
and when the fights had paffed the dire@ion of the
ftar, the chink before obfcured would now receive
the light of the ftar, and the other chink be covered
from it. But in the intermediate fituation, whichis
the very diretion of the ftar, the light of the ftar
would pafs through both chinks, ~ Therefore it was
the bufinefs of the obferver to bring the fights into
fuch a fituation, wherein by looking through each of
" the chinks, one immediately after the other, his eye
would receive the light of the ftar through both,
“This method of obfervation therefore is little in-
fluenced by the larger or fhorter fight of the ob-
ferver, but its accuracy depends upon the proportion
of the breadth of the chinks to the diftance between
_ she fights t and thofe chinks were fo framed, that
by a {crew or fome other like contrivance they mighe
be equally dilated, or contratted together. In this
manner of obferving Dr. Hook’s affertion is evi.

* Eﬁ'ay upcn diftin® and indiftin& Vifion, art. 183.
dently
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dently falfe, that a leflfer angle casnot be diftine
guifhed better by a long radius than by a fhort one *;
"~ 5. IN the fecond part of this effay, after inform-
ing us, that he had deccived himfelf by certain trials
to favour the fingular opinion of Monf. de 1a Hire,
that the eye was not pofiefled of the faculty, he now
admits of, he tells us, that Dr. Porterfield in his dif-
fertation lately publithed by experiments better con-
trived has caufed him to change his mind, and fub-
fcribe to the common opinion.

6. In relation to the pew fcheme, he advances,
concerning this change in the eye ;. before it is any
further confidered, I think, we muft afk the anato.
mifts, whether a mufcle ftrong enough to keep the
eye tenfe can be invifible. : o
7. IN his third head this gentleman has had the
hardinefs to advance beyond the inftructions of his
mafter ; and has adventured to expatiate upon the
difcoveries of Sir Ifaac Newton, concerning the fits
of eafy refletion and tranfmiffion of light, where
Mr. Profeflor has chofe to be very concife. And as
our compleat fyftem of opticks is upon this argu-
ment fo very deficient, that thefe alternate fits of re-
fle¢tion and tranfmiffion of light are not fo much as
mentioned by name, where he has undertaken to ex-
hibit Sir Ifaac Newton’s difcoveries in optics + ; be-
fore I come to confider this writer’s {peculations upon
this point, I fhall briefly give fome account of this
matter.

8. It is well known, that when light falls upon
any the moft tranfparent fubftance, a part only en-
~ters the fubftance, fome part being reflected at its
‘fuperficies. Again, when the light, which paffes
into the fubftance, is arrived at its farther fuper-
ficies, the whole is not tranfmitred through that fu-
perficies, but there alfo a pare is refleCted back.

* Animadverfions on Machina Celeftis, pag. 7, & 8.
t Book 1. chap. 6, 7, 8. ' .
' When
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When any colourlefs tranfparent fubftance is expofed
to the open light of the day ; what is refletted from
jts firft fuperficies is always white, and fo is the light
returned from its farther furface, unlefs the fubftance
be very thin; for in that cafe the light is coloured ;
and the colour differs according to the particular
thicknefs of the fubftance. If fuch a thin tran-
fparent plate be unequally thick, the light refletted
f?om its farther furface will be variegated with dif-
ferent colours. Such is the appearance feen in a
bubble blown up with water rendered tenacious b
the diffolution of a little foap. When this bubble is
laced under a glafs to protet it from being difturbed
gy the agitation of the air, the water, which compofes
it, will gradually and regularly defcend from the upper
to the lower part, rendering the bubble continually
thinner and thinner till it breaks ; the upper part alfg -
by this means will be always thinner thap the lower.
This bubble, when grown very thin, will be over-
fpread with a great variety o¥ colours, which Sir
Ifaac Newton has very particularly defcribed. Like-
wife, if the object-glafs of a very long telefcope be
laid upon a glais, that is flat, fo as to touch it in one
point, the fmall convexity of the telefcope glafs will
ﬁ:ave between the two a thin plate of air of a confi-
derable breadth perforated in the middle, ‘where the
laffes touch, 'and from thence gradually thickening.
%—lere, where the glaffes touch, and for fome little
diftance round, the light is fo freely tranfmitred,
that no reflection is feen, but this dark fpor will be
encompafled round with a great variety of colours of
the fame kind with thofe {een upon the water-bubble.
When the plate of air begins to be a little thick,
thefe colours become of a very compound kind, and
foon after end in perfect whitenefs. In like manner
the light refle(ted from the bubble of water ar firft,
while its coat is thick, is uniformly white ; and on
the contrary, when it becomes extremely thin, a d;rlg
- ' o POk
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fpot appears on the top by the reflective power being
in that place nearly quite loft.

. 9. THe caufe of thefe phznomena Sir Ifaac New-.
ton found to be, as follows. The rays of light in their
motion through the air, or any other tranfparent me-
dium, are not alike difpofed inevery part of their paffage
in regard to reflection and refraction ; in fo much that
in fome places, if they meet with another tranfparent
fubftance, they fhall enter it freely, fuffering only a
refraction at the furface upon its tranfmiffion through
into the tranfparent fubftance, but in other places
the fame ray fhall be difpafed to be reflected back
from any fuch fubftance in its way. Thefe alternate
difpofitions are found to return at equal intervals
after this manner. Suppofe AB to reprefent the path
of arayof light. Then if atthe point C the ray be

A CYDLE F
difpofed to enter freely any tranfparent fubftance in-
terpofed in its way, but at D be difpofed to be re-
' fleCted, from the {urface of fuch a fubftance; if DE
be taken equal to CD, at E it fhall again be in a dif-
pofition freely to be tranfmitted through the fuper-
ficies of fuch a furface, and if EF be taken of the
fame length with the former intervals, the ray at F
fhall be again in-a difpofition to be reflefted. And.
thus will thefe two difpofitions change and return at
¢qual intervals throughout the whole progrefs of the
ray within the fame medium. But thefe alternate
tlifpofitions are not to be pnderftood, as confined to
thefe precife points ; but if thefe difpofitions are fup-
pofed to operate ftrongeft at thefe points, they muft
be confidered, as decreafing gradually from them both
ways. Sir Ifaac Newton divides thefe intervals into
two equal parts, as here CD is divided atg, and DE
at b; and confiders the whole fit of refle&tion to be
extended between g and 4, but firongeft at D,‘_w@
PN rom
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from thence gradually weakening toward g and 5,
yet with this caution that it thould not be conceived
as precifely limited at thefe points g and b, but to de-
cay indefinitely. ,

10. Bur farther, as the rays of light differ one
from another in colour, and refrangibility, infomuch
that there are rays of all degrees o% refrangibility in-
definitely from the leaft to the greateft; fo the
lengths of thefe fits of eafy reflettion and tranfmif-
fion are as much varied, and every degree of refran-
gibility is accompanied with a peculiar length of
thefe fits, the leaft refrangible rays having their fits
the longeft, and the moft refrangible rays the fhorteft
within the fame medium. :

11. Acaln in different mediums, and according
to the different angle, under which the ray enters
any medium, thefe fits are in the fame rays different.

12. THe inequality in the length of thefe fits be<
longing to rays of ditferent refrangibility and ¢olour,
is very great within the fame medium, the intervals
between the middle points of two neareft fits either
of refletion or refrattion in the moft refrangible rays
being to that length in the leaft refrangible as 63 to
100 ; whence it follows, that when the medium
through which the light pafies, is fo thin a plate,
that its whole depth contains but a fmall number of
thefe fits in any one colour, the light of fome co-
lours may at its farther furface be in a fit of ealy re-
fleCtion, and the light of other colours in a fit of eafy
tranfmiffion, in which cafes the light reflected will be
coloured. Sir Ifaac Newton exhibits for an inftance
of this the thicknefs of a plate, wherein the green
light fhall at the farther furface be in its third fic of
eafy. refleCtion; there the yellow, and great part of
the blue will in fome degree be in a fit of eafy re-
fleCtion alfo; but no other part of the light = there~
fore the refleted light will be pure green compound-
cd-only with fome yellow and.gluc. A

1 : 13- How.
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13. However to produce this coloured appear:
ance the plate muft be very thin ; for thefe intervald
in every one of the colours are very fmall; in the
leaft refrangible rays, when the light falls perpendi-
cularly upon a-plate of air, the interval between the
middle of two fucceflive fits of eafy refletion, that is;
DF in the precgding figure, is not the y8c00th pare
of an inch, and in the moft refrangible rays fcarcé
the 125000th part, In water thefe fits are about §
only of this length, and in glafs not quite 3. If the
plate of air were but the Booth part. of aa inch;
whereby according to. computatiop from Sir Ifaac
Newton’s numbers, the leaft refrangible rays would
arrive at the farther furface in the ggth fit of reflec-
tion, a ray: at the confine of the red and ordnge will
have 10% fits of reflection within the plate; aray at
the confine of orange. and yellow will have 111 fits
of refleftion, a ray at the confine of yellow and
green 119 of thofe fits, aray at the confine of green
and blue 129 fits, a ray at the confing of blue and the
indico 139 fits; a ray at the confine of the indico and
violet 145 fits; and laftly .the moft refrangible rays
156 of thefe fits. - Hience many fpecies of the rays of
each denomination of colour will be found in fits of
eafy reflection at the farther furface of fuch a plate;
all which together can compofe nothing fhort of per-
tect whitenefs in the réfleéted light, and confequently
the light tranfmitted will be equally free from any
tinge of colour. Nay fo foon does the light lofe all
diverfiry of colour, that Sir Ifaac Néwton found it in
his obfervations to become white, as foon as it had
more than 8 or g fitsin paffing through a thin plate*.

14. AnoTHER circumftance is here ftill to be con-
fidered! 'While the tranfparent plates in Sir Ifaac
Newton’s experiments were fo thin as to exhibit rings
of ‘colom‘s; the rings, where the plate was thinneft,

[
. * Optics B. z. part 1. obferv. 12, re
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refle@ed the greater quantity of light. The reafom
of this is evident from the method he has laid down
for finding the colour reflected in each cafe, where.
‘by it appears, that in the moft luminous part of the
rings, where the plate was thinneft, a greater pro- -
portion of the whole light was in a fit.ef refletion at
the farther furface of the plate, But when any. plate
comes to be fo thick, that the light of each denomi-
nation of colour has many parts refle(ted, and many
parts tranfmitted, by reafon that the whole contai
many fpecies, which (hall have different numbers o
fits of eafy refleftion or eafy tranfmiffion ; then the
light reflected will not only be white, but the num-
ber of the fpecies-of light in fits of reflettion will be
fo equal to the number ofthofe in fits of tranfmiffian,
that the proportion between the quaatity of reflected
and tranimitted light will not be varied by any ins
creafe of the thicknefs of the plate. . T

15. For inftance in the plate of  air before mens
tioned the 8ooth: part of an ineh im depth the extrame
red light in the middle of a fit of ‘eafy tranfmiffion ar
the firft furface, would arrive ar the farther fusface in
the middle of the ggth fit of eafy refle@ion, and the
extreme violet in the middle of . a fit of eafy tranfs
miffion at the fisft furface, would: arrive at the fare
ther furface rather beyond the verge of the 156th. fit
of eafy tranfmiffion; infomuch that, as theré¢ would
be at leaft 57 different fpecies of rays, which would
arrive at the farther furface after a different narhber
of fits of refletion, fo there could not be reckoned
above one lefs in fits of tranfomifion. Were the
plate the tenth part of an inch in thicknefs, the num-
ber of fpecies arriving at the farther furface after dif-
ferent fits of reflection would be no lefs than 4629,
and the number of ?)tcics in fits of tranfmiffion can-
not at moft differ from this. above one.. Hence it
comes to pafs, thatin all thick plates, and confe-
quently in all the common appearances, the light
. reflected
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refle@ed from every point of either furface of cos
lourlefs tranfparent fubftances, whatever be the fi-
gure of their fuperficies, is not only always white,
but alfo the fame in quantity of light, the fame pro=
portion of the whole light arriving at each point of
fuch furfaces in fits of eafy reflection.

16. HEnce appears how abfolutely this gentles
man has erred in this whole matter, when, in order
to account for the double, or more compounded ap-
pearance of objefts feen indiftinétly he imagined,
that by reafon of thefe alternate fits of eafy refleGtion
and rranfmiffion whenever a pencil of rays, from a di-
ftant object falls upon the cornea ; that becaufe fome

-parcels of its rays will be tranfmitted into the eye,
while other parcels are refle€ted back into ‘the air,
therefore, if the light were received upon a plane
placed before the cryflalline, it would confift of a
middle circle furrounded with rings dark and lumi-
nous alternately. ‘ ,

17. NEITHER can any diverfity be made, as this
gentleman farther fuppofes, in the tranfmitted light
at either furface of the cryftalline ; for the brighteft
part of the light in paffing between the cornea and
cryftalline, which is the leaft of the two intervals,
and that wherein the fits are longeft, will have more
than 12000 fits of refle&tion, or refraltion.

18. Bur as little as this gentleman appears to have
ynderftood the fubject, he had far other thoughts;
for he has not contented himfelf with applying this
curious dotrine, as he terms it, to vifion, but even
takes upon him to corret and improve upon Sir
Ifaac Newton by making the fits of reflection of dif-

- ferent extent from the fits of tranfmiffion in a manner
contrary to what Sir Ifaac Newton has reprefented.
From what we faid above, it appears, that in com-
mon half the light incident upon any furface is in a
fit of tranfmiffion, and the other half in a fit of ree
flection.  Hence arifes this obvious queftion, Why

B



ON Dr JURIN. 289

4s not half the light refletted at all furfaces ? But in
regard to this it muft be confidered, that Sir Ifaac
"Newton has purfued his fpeculations upon this fub-
ject no farther, than what he could determine by in-
dubitable experiments and obfervations, and he has
found, that at all furfaces, where the light is atted
upon by bodies, as a part is tranfmitted into pellucid
-fubftances, fo a part is reflected ; and he likewife
finds, that as the tranfmitted light is diverted from
its ftraight courfe by a refractive power, where that
power is ftrongeft, the greateft quantity of light is
refleCted. . From this and other confiderations he
concludes, that it is one and the fame power, by
which the-light is refrated and refle¢ted ; and that
the light, which is reflected, is only fuch, as is in a
fit of eafy refleCtion, when it arrives at the furface s
-and as thefe fits in the paflage of the ray to the tran-
fparent fubftance are alternately changed for fits of
granfmiffion, and return at certain intervals ; fo each
" fat likewife continues for a certain fpace, and that the
.intervals of thefe returns, and the fpace, through
which each continues, depend altogether upon the
.medium, through which the light pafies, and not
-upon that, whereon the light falls. But as Sir Ifaac -
‘Newton had not difcovered, wherein this power in -
bodies of refracting and refleCting light exprefly con-
fifts; fo he is filent in relation to the caufe, why
.more light is reflected from fome bodies than from
.others. oo s ’
. 19. Now this gentleman imagines this defect in
Sir Ifaac Newton may be fupplied by correting him
in regard to the extent of each fit of reflection, and
fuppofing that to be varied according to the medium,
.upon which the light falls; for inftance, when the
-light pafling through air ujon glafs, or through glafs
-upon the air, the extent of the fit of eafy reflection
" fhould not be what Sir-Ifaac Newton fuppofes, half
the interval between the middle of the neareft fits of
You.ll. T refle&ion,
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refleétion, but only ;Ia% of that interval, and at fus

. 6. .
faces between air and water ;—66 Of that interval,

But' this fuppofition is abfolutely ‘inconfiftent with
the very experithents, from which Sir Ifaac Newton
deduces his whole dottrine. If the extent of thefe
fits varied thus, not only the quantity of fight ro.
fleCted from a tranfparent furface would: be varied. by

changing the contiguous medium, but aifo tie co-

lour, which, Sir Ifaac Newton fays, he could never
obferve. The colours, which arofe fucceffively up-
on the bubble of water, Sir Ifaac Newton has de-
feribed' very diftinétly with ail the concomitant cir-
cumftances ; but were it examined according to tie
new regulation of our author, what colours ouglit
to have appeared, we fhall find, that from the yel-
low, which Sir Ifaac Newton ranges in the 5th order
of colours, to-the total blacknefs, each-colour ouglit
to-emerge almoft uncompounded, being, where the
leaft fimple, fcarcely mixed with the contiguous co-
lours of the fame order, and never with thofe off any
other. In' particular the purple in the sth order,
which, Sir Ifaac Newton fays; was much inclined'to
red, muft have been a pure violet without any. mix-

ture, and a dark interval have been feen between that

and the red of the next order; even in the 4th or-
. 'der, where they are moft compounded, no thicknefs
of the bubble can be affigned, at which more than
three colours will be refleted ; infomuch that in nb

part of this 7th order of colours any whitenefs could

appear : nay, were the extent of the fit of eafy re-
flection any thing lefs than what," Sir Ifaac Newton
fuppofes, a fenfible interval void of refle&ion muft
have appeared between this and the order preceding.
This fhews, that the proportion affigned by SirIfaac
Newton between the extent of each fit of eafy re-
fletion and the interval of the fits was the refulc of

‘ mature
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mature deliberation, and neceffary towards ‘pro-
ducing the appearances. : ‘ ‘ '

20. HENcE it appears, that whether more or lefs
light be refle@ted from a body, the extent of the
fits of refleion in the incident rays is the fame,
and the difference in the quantity of refletted light
is owing ta the greater or lefs portion of that part of
the light, which arrives at the body in a fit of
eafy refleCtion, being thrown back by the refle&tive
Eowcr of the body. The caufe this gentleman has
been pleafed to affign for this, is fo abfolutely in-
confiftent with the effential principles of Sir Ifaac
Newton’s do€trine, that the thought could never
have been entertained by one of the leaft degree of
fkill in the fubject. But this gentleman feems fo
great a ftranger to the matter, he has writ upon,
that he does not appear-in the leaft to have known,
that rays of different colours have their fits of re-
fleftion and tranfmiffion of differenc lengths. For
from this. it follows;, that, when a thin tranfparent .
g’lqte, whether the bubble of water in Sir Ifaac

ewton’s experiments, or the plate of air between
the flat and convex glafs, is expoféed to the open
light of the day, fcarce any part of it is exempted
from: refle@ing light, except the central fpot only,
but ‘the reft: appears fpread over with different co-
Jours contiguous to one another. But had this
gentleman been at all apprized of this, he fhould at
leaft have fufpefted, that if the phanomenon, he
is here-endeavouring to’ account for, depended upon
the caufé, he affigns for it, inftead of a multitude
of feparate images a broad one fhould have pre-
fented itfelf variegated with colours. .

21. APTER it has been thus made appear, how
totally unfkilled this gentleman is, in this doctrine
relating to the fits or difpofitions of eafy refiettion
and of eafy tranfmiffion accompanying the rays of
light ; I know not,whether it may be thought wotth.

o T 2 . . while
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while to take notice, how little this gentleman’s er
roneous opinions concerning it will ferve his purpofe.
By computing on fuppofition that rays of all colours
have the fame intervals between their fits, and the
extent of each fit what this gentleman affigns, the
magpnitude and number of the rings, that are formed
at the cornea, when the rays are incident in fucha
manner as to make the rings the largeft, will be a-
- bove 670, if the aperture of the pupil be fuppofed

;IB of an inch; and if the magnitude of the firft or

largeft dark ring be defired, it will be found, that,
if the rays falling on the middle of the cornea be in
a fit of eafy tranfmiffion, the breadth of the firft -

dark or refleCted ring will be about the -%c—) of the

whole pupil ; but if the rays falling on the middle
of the cornea, be in a fit of eafy refletion, then the
breadth of the firft dark ring will be but about the

I . . .
6 Part of the whole pupil; if we conceive now

the vifion to be fo indiftin&, that a luminous point
appears under an angle of 20 minutes (a degree of
indiftin@nefs five times greater than that, under
which he fuppofes thefe rings to be perceptible). the
breadch of the firft or broadeft dark fing cannot,
under all thefe favourable circumftances, fubtenda
. greater angle at the eye than 2% feconds; and con-
fequently none of thefe rings could, even on his own
reprefentation of this dotrine, be ever fenfible. It is
evident then, that, when our author, to account for
the double appearance of objelts feen by indiftinét
vifion, fuppofes the vifibility of thefe rings, it was
not only neceffary, that he fhould utterly- mifappre-
hend Sir Ifaac Newton’s doltrine; but that he
fhould alfo be ignorant of the moft obvious confe-
quences of thofe abfurd conceptions, he had formed
to himfelf on this fubjeét. o

: . ~ 22, IN
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22.. IN the laft part of this effay our author has
difcourfed very diffufely upon the dazzling, to which
the eye is fubjet from the immediate contraft of
light and darknefs, and tells us, he fhould not have
been fo particular, had he not fufpe&ed, that Sir
Ifaac Newton was once led into a miftake by an ap-
pearance fimilar to thofe, he here treats of; at leaft,
fays this gentleman, I do not find, he hasany wh re
accounted for the extraordinary ftrength of the ring
of light next the central black fpot fpoken of in Ob-
fervation 23, Part 1. of his fccond book of Op-
ticks ; nor do Ifee any way of accounting for it,
but from fome fuch confideration.

23. Here it is fuppofed, firft, that Sir Ifaac
Newton, inattributing any fuperior degree of brighta
nefs to this.ring, was deceived by the neighbourhood
of the central black fpot; fecondly, that Sir Ifaac
Newton has no where accounted for this extraordi-
nary brifghmclé; and laftly, that no account can be
given of it, but what our author here affigns.

. 24. Ir this were indeed a. miftake of Sir Ifaac
Newton, it muft be owned a very fignal one ; fince
he fo little fufpeéted this appearance to be owing to
any duch incidental caufe, that when he is ranging
the colours of bodies under the feveral rings pro-
duced in thefe experiments, he places the light of
white metals under the clafs of this ring, on account
of their fuperior brightnefs. But it is further evident,
that he was nat impofed upon by any fuch deception,
. from the method he took to fatisfy himfelf of the
extraordinary brightnefs of the light of this ring, by
comparing two bubbles of water blown at diftant
ties s in the firft of which the whitenefs appeared,
which fucceeded the colours, and in the other the
whitenefs, which preceded them all *; and before
+ he tells us, this whitenefs, which fucceeded the
¢olours, “would often fpread and dilate itfelf over

*® Opticks, pag. 196. T + Ibid. pag. 190.

3 the
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the greater part of the bubble, befor¢ that even the
fucceeding blue emerged on the top; nay, would
decay gradually, and quite vanifh, before the black
fpot appeared. ,

25. Acain, though Sir Ifaac Newton has not
feparately difcuffed the caufe of this particular ap-
pearance, yet it is fo unneceffary to have recourfe to
this gentleman’s chimerical imagination cancerning
it, that it is a moft obvious confequence from - the
method, Sir Ifaac Newton gives for inveftigating the
feveral colours exhibited by thin plates. For it
thence appears, that at this thicknefs of the plate
no part of the light, which enters it, arrives at its
farther furface in a fit of eafy tranimiffion, which
never happens in any greater thicknefs.

26. THUS then has this learned gcnﬂe&mn un-

happily attempted the application and improvement

of 2 doltrine, of which, it appears,. he was not .

qualified to defcribe even the very rudiments.
27. For the firft principle laid down by Sir Haac

Newtop, in the fecond part of - his fecond book of

Opticks, is the inequality of the length of the fits
of tranfmjflion and refleftion in rays of different
¢olours, and it is only from the .combinations of
thefe different lengths in plates of a different thick-
nefs, that all the appearances defcribed in the firft
part are deduced. o

- 28, Bur the defcription and application of this
dotrine, as given us by our author ¥, do neceffari-
ly fuppofe the lengths of thefe fits to be the fame in
rays however different in colour.

29. AcaIN, Sir Ifaac Newton in the fame ray
makes che fit of refle€tion equal .in length to the fit
of tranfmiffion, the experiments in the firft part ne-
ceffarily requiring it. . ' .

- 30. O~ the contrary Dr. Jurin tells us, that in

water the fit of reflection is infength but 5 of the
* Art. 209, 210, 211, &C. S ﬁt
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fit of tranfmiffion ; an affertion that abfolutely de-
ftroys the whole theory eftablifhed by Sir Ifaac New=
ton, fetting it at variance with almoft every appear»
ance, it is intended to folve. iy
. 31. LastLy, The immediate confequence of Sir
Ifaac Newton's theory, as defcribed in the fecond
book of  Opticks, is, that the light of the firft ring
furrounding the central fpot thould be much ftronger
than that of the fucceeding rings, all the rays being
. there in a fit of refleGion.
32. YeT fo little was our author verfed in this
dottrine, that he conceives the remarkable ftrength
in the light of this ring to be only an. illufion, fu-
fpeéts Sir Ifaac Newton to have been miftaken in his.
defcription of it, and ‘tells us, that he does not fee,
* that its reality can be any way accounted for. S
. . w*s THUS Mr.Robins fbewed the fallacy of what
s bad been advanced in the Effay upon diftinét and indiftin
" wifion. But its author was net & man to he convinced
. -even by demonftration ; for be publifoed a Reply, whereof .
Myr. Robins foon printed a Full Confutation ; thers ex-
pofing alfo the many exrars be bad further commitied.
But the above Remarks are abundantly fufficient o pre-
vent any intelligent perfon from being impofed ocn by Dr.
Jurin’s Effay, or by whatever may be wrged in its de-
Jence.  For the Dogior labowred in vain to account for
an appearance, that depended folely om mixt and betero-
Zenesus light, from a property of the moft pure and unmint
light, fuch as exifts no where. - 1 fball therefore only
give two paragraphs from Mr. Robins’s laft Trafi, as
they comtasn a certain proof of a particular, be bad ds-
livered merely as a conjsiure. .
¢ To, fpare this gentleman (Dr. Jurin) the®
¢ labour of framing a new hypothefis, and be-
“ wildering himfelf further in this fubject, I will
% inform him of fome particulars relating to the
““ multiple appearance of objects feen indiftinétly,
¢ that will not only evince, that the fits of tranf-
‘ T 4 . “ miffion
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s« miffion and refle&tion have nothing to do in this
*« affair, but will- alfo prove, that the caufe, I had:
¢ hinted at in my Remarks *, is undoubtedly the
¢« genuine one. . ,

¢ It is true, that a narrow line of light, fuch
¢ as the interval between' the edges of a parallel
s¢ ruler brought very near together, will appear
¢ bordered with other lines of light, when held
¢ either too near or too remote for diftinét vifion.
« If Dr. Jurin’s aflignment of the caufe of this
¢ appearance can at all take place, the ftars ought
$¢ not to appear radiated, but invironed with con-
<« centric circles of light ; as the forementioned line
s¢ of light is bordered with parallel lines. A very
#¢ {mall pin-hole in a piece of paper being held up
¢¢ againft the light, firft at a diftance from the eye,
‘¢ wherein it may be feen diftinétly ; and then, while
¢ the eye is directed to it, drawn gradually nearer ;
~#¢ this hole, as foon as it ceafes to be feen diftinétly,
¢ will alfo appear radiated like a ftar, not incompafied
~¢¢ with luminous circles. If the appearances in this
-¢¢ experiment are duly attended to, they will account
-¢¢ for the lines of light in the other obfervation : far
-¢¢ thefe rays will moft of them, if notall, have a lucid
¢ fpeck in them; fo that if a flit were cut'in the pa-
«¢ per, through the pin-hole, of the breadth of the
-¢¢ hole, each of thefe fpecks will become a line of
¢¢ light parallel to the flit. But circles of light not
s¢ appeating about the pin-hole in this experiment,
¢ fhews plainly, that 'no fuch luminous circles are
¢¢ formed in the bottom of the eye, by rays iffuing
¢ from a luminous point, either beyond, or within,
¢ the limits of diftin& vifion +.* - '

® Remarks on Dr. Jurin, §. 3. p. 280. 1. 16. '
+ Robins’s Full Confutation of Dr. Jurin’s Reply, pag. penul.

APPEN:
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'APPENDIX

BY THE

"PUBLISHER.

S my friend, befides the abufive treatment,
A\ which he received from Philalethes Cantabri-
gienfis, has not efcaped cenfures from other quar-
ters ; I here purpofe to vindicate his memory from
thofe afperfions. This will lead mé to obviate fome
late inlg:uations againft Sir Ifaac Newton himfelf.
And I fhall farther make a few obfervations on that
great man’s early writings ; having been énabled from
papers, that have fallen into my hands, to determine
more fully, than has been done, not only the order,
in which the feveral trats, he had from time to time
compofed, were writ; but alfo, a point which I con-
ceive to be of much greater confequence, by what
fteps, he gradually corrected the crude ideas, he
had received of indivifibles; till he perfeted the
doftrine, which Mr. Robins has diftinguithed him-
felf by explaining.
Dr. Robert Simfon, the learned profeflor of the
mathematicks in the univerfity of Glafgow (whoml{
: my
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~muft always honour for his zeal towards reviving a
tafte in geomerrical fubjects) at the end of the

fecond edition of his Conick-Sections, printed at

Edinburg in 1750, after having given the folution
of a celebrated problem of Albazen, has furprized
me by the following infinuation againft Mr. Robins’s
eandour, ¢¢ Solutionem hant, tam analyfin quam
¢ compofitionem, diu ante annum 1729 inveni ; ex
¢ eo autem anno difcipulis eam quotannis pralegi,
*¢ iifque etiam fcripto communicavi. Anno autem -
¢ 1739 vir clarifimus Benjaminus Robins, in libello
¢ cui titulus, Remarks upen Mr, Euler’s Treatife
s¢ of Motion, p. 75, 76, &c. * compofitionem a

" s¢ pracedente non multum ablidentem publicavit.
¢¢ Num eam jpfe invenerat, aut aliunde acceperat,
“ npon dicit vir do&iffimus. . Verifimile autem
¢ eft eum analyfin hujufmodi problematis, ope
« cujus ad compofitionem retrogradaretur, non ha. -
¢ buiffe; dicit enim problema in multis cafibug

" s¢ magis camplicatum effe, quam ut folutionem
¢ fimplicem et elegantem accipiat.  Praecedens -
¢ vero analyfis, five folutio =que fimplex eft, ac
¢ compofitio ex e3 derivata, eamque excogitave.
% ram diu antequam Slufii conftrutionem vide.
#¢ ram; et,in compofitione analyfm ita prefle fecu.

¢ tus fum, ut non obfervaveram reftamr LM
¢¢ parallelam effe juntte BC, ante vifam Slufii con-
¢ ftrutionem. H=zc autem monenda duxi, ne
¢ quis putet me tantum analyfin preecedentem Slufii

¢ conftru@ioni aptafie.”

: Here Dr. Simfon has in the firft place wholly
- miftaken Mr. Robins in regard to the problem,
which he fpeaks of as too complex in moft cafes
to admit of a fimple and elegant folution ; for
Mr. Robins does not fay this of Alhazen’s problem,

- which he had not yet mentioned, but has reference
to the propofition of Dr. Smith there animadverted

- * Remarks on Dr. Smith, §. 64.
' 0la
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on, in its full extent; and Dr. Smith’s propofition
is this: “ When a large piture, or a plane obje
“ of any given fhape, ftands perpendicularly to the
~ ¢ common axis of any number of refraéting or re-
¢ fleCting furfaces, its apparent fhape, fituation,’
 magpitude and diftance from the eye, at

‘ point of the axis, may be found as follows *.”
And,Mr. Robins charges the explanation of this
propofition with being defective, becaufe there is
‘no notice taken, that ¢ the place of the image
“ cannot be determined, as here required, till it
¢« be fhewn, how to find the liney in which it is
“ feen; that is, how to aflign the reflefted or
¢ refracted ray, which fhall enter the eye 1.
Though, to avoid the cenfure of unreafonable
captioufnefs, “he acknowledges, that “ the pro-
‘ blem, thus generally propofed, is, in moft cafes,
“ too complex to admit of a fimple and elegant-
“ folution ;” but, however, thinks this no juft ex-
cufe for Dr. Smith’s paffing over in filence, what
folutions had been given of particular cafes; and
fpecifies two, this problem of Alhazen, and another
concerning refraction given by Dr. Barrew in his
Optical Lectures. . .

AcaiN, with refpeét to Alhazen’s problem in par-
ticular, I am morally fure, Mr. Robins was wholly -
unapprized of Dr. Simnfon’s having ever 'had 1
under confideration. For whenever Mr. Robins
was in London, there was fcarce a day paffed,
wherein I was not in his company ; and he could
not have failed mentioning to me a thing of this
kind. The demonftration publifhed in his Remarks, -
had been communicated to him by me from the
papers of my friend Dr. Pemberton §, who had con-

* Compleat Syftem of Opticks, book 2. chap. xx. . 1.

+ Re_mgrks on Dr. Smith,p§. 64. ) P pop

4 This the Do&or permitted Mr. Robins to publifh, but not
to make yfe of his name, .

. fidered
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fidered this problem above 40 years ago, when we
were fellow ftudents at Paris, upon the following
occafion. - ‘ : : '

Tue treatife of Apollonius De Setione rationis
having then lately fallen into his hands, he was greatly
ftruck with the elegance of the ancient method of
feeking the. folution of problems, delivered there
more fully and explicitly, than in any of their
works, which had before been known to the modern-
world ; though feveral fpecimens of their methods,
fcattered about in thofe writings, had enabled fome
to difcover in part this ancient form of analyfis,
My friend’s admiration of this method, induced him
frequently to apply it to the problems, he met with
folved by the calculations of algebra. And in
particular, turning over Sir Ifaac Newton’s treatife
on Algebra, with the intention of confidering his
problems in this light, where, among others, this
occurred. To find the locus of the vertex of a
triangle, wherein the angles at the bafe thould have
a given difference; he applied to this the ancient
method of analyfis in the following manner.

Supposk, in the triangle ACB, the angle CAB
exceeds the other angle at the bafe CBA, by the

C a given angle BAD.
: . Then the angle CAD
D~ will be equal to CBA,

and the triangles CAD,
- CBA fimilar ; .whence
- X BCistoCA as ACto

A - E 2 CD, and the reétangle
under BCD equal to the fquare of AC. Hence if

" AB be bifeéted by EFG parallel to BC, the rec-
tangle under EGF will be equal to the fquare. of -
AG, or of GC. Confequently the point C will be
in an equilateral hyperbola, in which EFG will be
a diameter, E the center, CA ordinately applied to
that diameter, and AF a tangens to the hyperbola -
in
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in the point A. Therefore the given line AB will
alfo be a diameter, and the line AF, given in
pofition, the tangent of the hyperbola at the vertex
A; fo that the point C is in an equilateral hy-
perbola given in pofition. '

Tras very analyfis was afterwards applied by
'Dr. Pemberton for afligning the vertex of a triangle,
whofe. angles at the bafe differ by an angle given,
in the {econd of two problems concerning the rain-
bow, publithed by him in the Philofophical Tranf-
ations, N° 375, for the months of Yanuary and
February 1723 *.  Where it is likewife noted, that
if a line is drawn from the vertex of this. triangle,
here the point C, fo as.to be ordinately applied to
the diameter AB of the hyperbola, which is alfo
the bafe of the triangle, this line will make an angle
- with AC equal to the angle ABC+. But this is
the principle, whereon the demonftration, -publithed
by Mr. Robins of Alhazen’s problem, is founded.

Bur this analyfis of Sir Ifaac Newton’s problem,
immediately led my friend to the following method
of trifecting a circular arch.

Let the arch o
be rrifeéted be AB.
In the circle ABC,
draw the femidia-
meter AD, and to
AD, as a diameter,
and to the vertex
A, draw the equila~
teral hyperbola AE,
to which the right
line AB, the chord
of the aich to be

* Viz. the triangle CML in the figure of page 253.

4 Viz. the line LT in the figure of page 255 thewn to be
ordinately applied in the hyp rbola to the diameter MC, and
the angle SCL to be equal to tue angle TLM.

trifeCted,
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trifecteds fhall be a tangent in the point A; then the
arch AF, included within this hyperbola, is one
third of the arch AB.

Draw the chord of the arch AF, divide AD into
two equal parts at G, fo that G be the center of the
hyperbola, join DF, and draw GH parallel to DF,
cutting the chords AB, AF in I and K ; then the
byperbola being equilateral, every diameter is equal
to its latus reftum, and the reCtangle under GKI
will be equal to the fquare of AK, that is, GK will
be to KA s AK to KI, the triangles GKA, AKL
fimilar, and the angle KAI equal to AGK, which
equals the angle ADF. Now the angle ADF, at
the center of the circle, being equal to KAI at the
circumference ; the arch AF will be equal to half
FB, and therefore equal to one third of AB.

Ar the fame time, his determination of this locus
fuggefted to him, how eafily it might be applied
to Alhazen’s problem :
fince, if from the point D
(I refer to Mr. Robins’s
p figure) right lines were
drawn to the points E and
F, affigned according to
Huygens and Slufius, the
angles CED, CFD would,
as the Marquis de I’'Hé-
pital had obferved *, be
equal, whereby EF being
Joinedy the angles DEF,
DFE. would have the
fame difference, as the
angles CEF and CFE in the given triangle ECF.

Anp now 1 hope, from what has been faid,
Dr. Simfon will no longer retain any fufpicion,
that Mr. Robins could be guilty of an ‘a&t of
meannefs, whereof (if I may be allowed to know

* Settions Coniques, Liv. x. . Exemsl: vii.

the
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the temper and difpefifion. of one, with whom I
converfed fo intimately for many years) I may pro-
_nounce him. utterly incapable in any occurrence of
life whatever.. = _ -
But I muft beg leave further to add, that though
Dr. Simfon’st analyfis leads very direétly to the de-
monftration - publifhed by Mr. Robins; yet, if ex-
hibited: as.an adequate folution of the problenn, it is
incompleat. We fee by the treatife above men-
tioned of Apallonius, that: the cuftom of the an-
cients,. in.their analyfis, was to inquire into all the
various cafes.of a problem, and the limitations, to
which the folutions in each were fubjeét; and
Dr. Simfon has juftly obferved, that ¢ fine deter-
“ minationibus, -five’ degauois, problema rite folu-
¢ tum minime habendum eft *.” But here Dr.
Simfon has imitated Huygens and Slufius in' at~
tending only to the general folution.of this problem,
as Dr. Bacrow. had. dome before in his Optical
Lettures ; whereas. Alhazen has taken into con-
fideration the feveral: cafesy though in fome meafure
unfuccefsfully. g
THe problem admits of folution only within the
angle ACB, and in. the angle vertical: to it, com-
prehended: by the lines AC, BC continued back~
wards *. Therefore, when both the points are given
withouty the fpeculunr (though the hyperbolas cut
the circle in fous points) they exhibit but two
folutions: anly; ome .on the tonwvexity, where the
hyperbela,. whofe vertex in. Mr. Robins’s figure is
F, paffes through the furface of the fpeculum within
the angle ACB; and another in the concave part,
where the oppofite fection to this hyperbola, that
whofe vertex is E, ‘paffes through the fpeculum
within the angle vertical to that under ACB.
Bur -when one of ‘the peints, and more efpe~
cially, when both- are: gjven within the fpeculum,
* Preface to his Comics, povi. -+ Alhazey, libes . prop. 66},;
: the
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the problem is fubjett to a greater variety of
folutions. - ‘
~ In relation to the hyperbola, whofe vertex is E,
as it pafles through the center of the fpeculum, it
muft always exhibit
one folution within
F the angle vertical to
ACB; but when the
point A fhall be
within the fpeculum,
as in the annexed
fcheme, the point E
fhall bewithout, and
this hyperbola fhall
enter the f{peculum within the angle ACB, and
exhibit another folution of the problem within that
angle. '
%N the next place, in regard to the hyperbola,
whofe vertex is F, when B is within the fpeculum,
F is without. And here it is evident, that if the
angle ABC is either obtufe, or right ; the hyperbola,
whofe vertex is F, cannot meet the fpeculum within
the angle ACB, whether the point A be within
- or without the fpeculum ; fince the tangent of this
hyperbola in the vertex F, being parallel to AB,
muft pafs on this fide wholly without the fpeculum.
But when the angle ABC is acute, if GH be
a third proportional to BC and the femidiameter of
the fpeculum, and GI being taken to IH in the
duplicate ratio of 'the difference between AC and

MIG P HEKON L
LG P M K NHO L

CB to their fum, IK be taken equal to AC, and
prolonged to L, that the ratio of IK, that is AC,

to KL be the duplicate of four times the rectangle
T under
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under AC, CB to thrice the reftangle under their
fum and difference ; and if GM, equal to HK, be
added to HG, when IK exceeds IH, otherwife
taken from it, and to IK be .added KN, a third
propertional . to -thrice ML, and KL, and, NO,
which with ML fhall make a reftangle equal to
that under GKH, being taken ~f\rom IN, when IK
exceeds 1H, otherwife added to it; then if OP,
taken from O towards. ‘G, .fhall be to ,LP, as
the fquare of LP te thrice the retangle under
KLM, -GP will be the verfed fine, .to, the dia;
meter GH, of half the angle ACB, when. the hy-
perbola, whofe vertex is F, touches the fpeculum..
. BuT from this analogy LP, and confequently GP,
may be eafily found by the methods too well known
to make any particular explanation here neceflary, .
OnNwLy it muft be obferved, that when two pointsar
found by this analogy within GH, that neareft to
gives the verfed fine,which determines the angle ACB,
Ir-AC is lefs than IG, or if the angle ACB .be lefs
than this now found, the hyperbola, whofe vertex is
F, will not seach the fpeculum within the angle ACB;
but if greater, this hyperbola will pafs through the
fpeculum, and exhibit two folutions of the problem.
.- ON the .other, hand, if the angle. ACB is. given,
with the two diftances AC, CB; the femidiameter
of the fpeculum,. wherein the -hyperbola, whofe
vertex is F, will touch it, may be found thus.
Find an angle, the cube of whofe tangent, applied
to- the fquare of the radius, fhall be to the tangent
of half the angle given, as the difference of AC
from. CB to their fum; then the retangle under this
femidiameter of the fpeculum, and the -excefs of
AC above CB, will be to the rectangle under AC
and CB, as the cube of the fine of the angle now
found, applied to the fquare of the radius, to the fine
.of half the angle given. oo
* MOREOVER, if the angle ACB and the femidiame-
-, Vour. IL U ter
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ter of the fpeculum were given, together with one of
the diftances AC or CB ; the other may be affigned,
‘wherein the hypéfbola, whofe vertex is F, fhall ex-
hibit a fingle folution by touching the fpeculum,
To fet down at length the inveftigation of ali
thefe particulars, would exhibit an extenfive ex-
ample of ~aﬁ‘plying the dncient analyfié to the de-
terrhining the limits of the higher order of
blems; of which Dr. Pembeérton has long ago given
a very diftin& fpecimen, in the two problems con-
cerning the rainbow above referred to.  But as this
- would carry me too far from my principal defigns
let it fuffice here to obferve upon the whole, that
as the point A may be ¢itheér without the fpeculam,
within, or on the furface, while the point B &
within; when B and A are both withih the fpe-
tulum, the problerh may admit of twe, three, or
four folutions ; for two will be given by the hy-
A Perboia, whofe vertex is E ; but when the point A
3s in the furface of the fpeculum, of without, this
hyperbola will exhibit but one folution, and the
problem may have that fingle folution only, or by
the cohcurrence of the other hyperboela have, i
the whole, three folutions, or perhaps ohly two,
Awnp thus I fhall take leave of this Esrdblem,
after adding the two following fhert remarks.
‘ k. In the fint place,
7 Huygens’s conftrultion
\u ygens’s
Y, - of this -problem will
N8 admit of a concife de-
"~ monftration by the fol-
W= In any triangle ABC,
_N€  if the bafe AC is %i-
"N\ 7 fe@ed in D, and EDF,
‘DGH be drawn, each

making equal les
with tﬁekgs AB?%:.
C




- the four fegments AE, CF, BG, BH will be
all equal. S _
For Cl being drawn parallel to EF, BI will be

equal to BC and the difference between AB and

BC, and AE, EI each equal to half that difference,

being equal co each other, fince AD.isequal toDC:byg

CF 1s equal to EI ; therefore AE and CF are equal.

. In like maan¢r if CK is drawn parallel to DH,
BK is equal to BC, and BG half the difference af
AB, BK, being alfo equal to BH, as the angles .
BGH and BH{> are equal ; therefore GB aod BH
are each equal to AE and CF.. .

‘Now Huygens’s ocoriftruftion is this, The line

EF being bifedted in T, and -the lings AD@, TAR

=D

drawn to make each of them equal angles with EC,
CF, the oppofite hyperbolas having thefe lines for
sfymptotes, and one of them paffing through the
center G, will be interfeéted by the furface of the
fpeculum in the points, .whezein the refle&ion fought
ould be made. Here if D be the poipt, where
the reflection is-made, the .anlglcs_ , and CFD
are equal ; and EF being bifoéted in T'; and ArQ,
A2 making each equal angles with CE and CF, if
A® interfet ED in 1, and DF produced in Z, alfe
TA inwrfe&kx%l;cED in%, and FD in @, in the triangles
3 O



408 APPENDIX.

the angles EANl, ©XF are equal; confequently the
les AIIE, ®ZF are equal, and IIZ drawn through-
I, wherein EF, being the bafe of the triangle EDF,
is- bifeted, makes equal angles with the legs ED,
DF. In like manner, the angles EZT, FA® being:
equal, the angles ETT, I'¢F are equal ; whence, by
the preceding propofition, EIl, TD, @D, FX arc all-
equal : therefore the points E, D, and F are in
oppofite feCtions pafling through E and F, having
for afymptotes 4©, T'A::and in the triangle ECF,
EA- being -equal to CZ, the hyperbola through E
pafles alfo through C.. - - s
" I suavy alfo further add, that if AB be bifected in
9, and J¢ be drawn making equal angles with AC,
’ CB, and interfecting
CDin g, as alfo g per-
_pendicular to J,, meet-
ing DC produced ‘in
-85 then the reftangle
under 6, and. the ra-
dius of the fpeculum,
will be equal to that
under AC, CB. And
thus the problem may
be folved in a manner
_ different from the fo-
~ lutions both of  Huygens and Slufius, or the ori-
ginal of Alhazen, by applying a line, as £, which
thall be to.ane of the lines. AC,.CB, as the.other ta
the radius of the fpeculum. through the point C,
within the lines J¢, 98, given jn-pofition. . - =~
~ I snaLL now proceed o defend my friend from
sefleétions, .that come from another quarter. ;
- TroueH Mr. Robins, in hisTra&s on fluxions and
prime and ultimate ratios, had given a very juft and
clear.account of their nature and ufe, conformable
to the fenfe of their great inventor ; yet, it feems, it
was {o different from the notions, many, had cmex;

.. . < tamn.
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tainéd of thefe fpeculations, that divers objections
- ‘'were made to what he had publithed. Amongft
other things it was pretended, that the way of
demonftrating followed by the ancient geometers,
fo much commended by him, was tedious and per-
plexed, if not inconclufive ; that he had done ill in
diftinguifhing the method of fluxions, from that of
~prime and ultimate ratios * ; that he had been pre-
fumptuous in faying Sir Ifaac Newton was too brief
- in his explications + ; that he had explained wron
Sir Ifaac Newton’s expreffions of the prime an
-ultimate ratios of the quantitates nafcentes and eva-
‘nefcentes, by having maintained, that thofe prime
and ultimate ratios were only the limits of all the
-different ratios, thefe variable finite quantities bore
to one another, while they were rifing or vanifhing
together ; and hence that he had mifreprefented
the firft Lemma of the Principia, by endeavouring
to fhew, that its demonftration did not prove the
-actual coincidence of the infcribed and eircum-
{cribed retilinear figures with their refpective curvi-
Jinear limits, and by afferting that Sir Ifaac Newton
-never intended fuch a coincidence; and laftly, thac
.Mr. Robias had quite perverted Sir Ifaac Newton’
-defcription of the momentum. )

THe gentleman, who under the name of Phi-
-lalethes Cantabrigienfis had undertaken a defence
.of Sir Ifaac Newton againft Dr. Berkeley the author
of the Analyft, not brookiog, that Mr. Robins’
explanation of thefe do¢trines fhould be inconfiftent
with his own, refrained not from cafting out againft
him thefe and other reproaches; all which might
indeed, nay perhaps ought to have bgen, pafied
.over without any notice, as.folely the effects df
-anger and difappointment, -and as having' been
.already anfwered by Mr. Robins himfelf; had not
" . % Account, §: 4o. Differtation, §i g, ro. ' + Difeourfe,
§.4, 94. Account, §.28 , .. 1 * :

- U3 ‘ the
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the behaviour of Philalethes, in thefe cohtefts, been
frioufly commended, and Mr. Robins as much
tenfured, by M. de Buffon, in the Preface to his
Tranflation of Sir Ifaac Newton's Treatife of Series
end Fluxions, printed at Paris in 1740, with a
‘train of general invective, without citing any one
expreffion from Mr. Robins’s writings in fupport
of ity merely, as it feems, from the high notions he
had been infpired with of Philalethes, and his
_ manner of writing; for mentioning his Tra&s againft
~ the author of the Analyft, M. de Buffun is pleafed
w fiy, * qui font admirables pour la force de
*¢ raifon et la finefle de raillerie qu’on y trouve par
“ tout—.” But perhaps, when he calls to mind
a fmall panl:ghiet, entitled Lettre 3 Monfieur de
Buffon par M. Jurin, writ in his own language, he
may not be unwilling, that this high ftrained com-
liment fhould be afcribed to his want of a perfe®t
nowledge in ours, ; :

I am furprized at M. de Buffon’s imagining, that
the author of the Analyft could find any caufe of
. triumph in the reprefentation Mr. Robins had giveh
of Sir lfaa¢c Newton’s doctrine, which at once de-
ftroyed _all his obje@ions; while Philalethes by al-
Jowing, at leaft in part, Dr. Berkeley’s interpre-
tations of Sir Ifaac Newton, denied the confequences
in vainy and was fo far from demolifhing the
Do&or’s writings, 6r humbling his metaphyfical
pride, as M. de Buffon expreffs it *, that Phile-

thes left him room enough 10 write on without
¢ndy but on the appearance of Mr. Robins’s book,
the author of the Analyft thoughit fit to be filent,
Byt M. de Buffon gave fo little attention to witdt
he ferupled not to treat with fo tach ill manner,
that he afferts of Mr. Robins, that ¢ il avout que
¢ ]a gfometrie de Pinfini eft une feience certaie,
s¢ fondée fur des\ principes @’une vérité fire—r 5
© @ Preface, p. wxvii. .
' whereas
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whereas Mr. Robins always contended, that what is
ftyled the geometry of infinites was no certain fcience;
nor built on fure principles; and therefore he has
thewn, according to Sir lfadc Newton, that the pro-
portions of fluxions areé not the- proportions of any
quantities imagined to be infiditely {fmall; but only
the limits of the varying ratios of finite quantities;
that dirninifhi togetheér, till they vanifh.

Wirn the fame precipitancy M. de Buffon cohe
cludes by afferting,- that the' mathematicians pald no
regard to what Mr. Raobins had faid (“ il n'y a pasl,
¢ eu moyen de leur faire croire un feul mot de tout
& cela.”’) But'the contrary is evident ; for the beft
writers foon after trod in Mr: Robins’s fteps, and
exprefled themfelves conformably to his ﬁ:numcntﬂ
and phrafeology without referve:’

Even M. de Buffon’s own countrymen are at
length come into Mr. Robins’s way of explaining
thefe fubjects; for M: de Bougainville, in the Pre-
face to his Traité du calcul integral ¥, fays,  Le
% calcul de Newton. eft independant de la réalit
¢ des quantités infiniment’ petites—. ” And M.d’Aa
lembért has, at feveral times, fhewn his diflike
to the notion of infinitely little quantities. In his
Traité de Dynamique +, fpeaking of the Méthode
des mﬁmment petits, Hie fays, ¢ Que les commen-
‘¢ cans qm n’en penetrent pas toujours P’efprit, pour-
¢ roient s’accoutumer 2 regarder ces infiniment petits
% comme des réalités ; C’eft une erreur contre la-
¢ quelle on doit’ étte ‘d’autant plus en garde, que
¢« de grands hommes y font tombés, et qu'elle-
« métne a donné occafion a quelqucs mauva:s livres
¢ contre la certitude de la geométri€.” * In Tom. l
of the Encyclopédie § he has thefe words, « 1l n’y
¢¢ a point réallement de quantités infiniment peti~
¢ tes,—. Cette idée des lzmzteseﬁ tres-nette et tres=

® Printed at Paris in 1754. p.vili. . - | 4 Tbid. in 1743.
p: 36. 3 Ibidiin 1751, p 845. . S,
Ug . Soutile
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« utile pour reduire la geométrie des infiniment
¢ petits a des notions claires.” Andin Tom. IV.*
¢ Il [Newton] n’a jamais regardé le calcul differen-
¢ tiel comme le calcul des quantités infiniment pe-
¢ tites, mais comme la méthode des ‘premieres et
. % dernieres raifons, c’eft-a-dire la méthode de trouver
¢¢ les limites des rapports.” o

BuT more particularly Mr. Maclaurin publithed,
within feven year¢ after Mr. Robins, his Treatife of
Fluxions at Edinburg in 1742 ; wherein he con-
formed himfelf entirely to Mr. Robins’s fentiments,
in regard to Sir Ifaac Newton’s doérine. And
though he was joined in a long courfe of intimacy
with the chief of Mr. Robins’s oppofers, and per-
fonally unknown to him ; yet in the preface he has
publickly commended Mr. Robins’s performance.
“~Navy, Mr, Maclaurin not only concurs with Mr.
Robins in his interpretation of thefe dotrines, but
has even exprelly followed his plan in treating the
fubject. ‘ BRI .

MR. Maclaurin in the Account he gives himfelf
of his book ‘in the ‘Philofophical Tranfa&ions,
N° 468, p. 325, thus begins. - ¢ The author’s firft
¢ defign, in compofing this Treatife, was to eftablifh
¢ the method of Fluxions on Principles equally
¢ evident and unexceptionable - with thofe of the
¢« ancient Geometricians by Demonftrations deduced
¢ after their manner in the moft rigid form+, and
< by illuftrating the more abftrufe Part of the Doc-
¢ trine, to vindicate it from the imputation of un-
¢ certainty or obfcurity.” Again, in the introduc<
tion to his book, p. 3. Mr. Maclaurin fays, ¢ The
¢ method of demonftration, which was invented by
¢ the author of fluxions, is accurate and elegant § 5
“ but we propofe to begin with one that is fome-
¢ what different ; which, being lefs removed from

® Printed at Paris in 1754. p. 985, 586. + Difcoutfe,
_$ 405151, Account, §.6, 1 Difcousfe, §. 3, 94, 142, 150.
. 3 . ‘ ¢ thag
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% that of the ancients, may make the tranfition to his
« method more eafy to beginners, and may obviare
s¢: fome objections that have been made go it *.”.
Avv this is an exact defcription of the method
Mr. Robins purfued. For though Mr, Maclaarin
has exprefled himfelf thus tenderly; yet his method -
does not indeed differ efflentially from that of the
ancients. S e
He immediatcly fubjoins, ¢ But, before we pro-
s, ceed, it may be of ufe to confider the fleps by
¢ which the ancients were able, in feveral inflanges,
* from the menfuration. of right-lined figures,. to
¢¢ judge of fuch as were bounded by curve lines;} >
“ for as they did not allow themielves to refolve
¢ curvilineal figures into reclilineal ; eJements, i is
¢« worth while to_examine by what art they copld
* make a tranfition from the ofie. ‘to the other }.”?
This alfo is the very orderin which M. Robins pro-
ceeded in regard to the doltrine of prime and’
ultimate raties. Mr. Maclaurin farcher- adds, thae
¢ as they were at great pains to finifli their demons
¢ ftrations in the moft perfet manner, fo by fols
s Jowing their example, as much ‘as peflible in
" demonfitating a method fo much more; genéral
s than theirs, we may beft guatd againft exceps
¢ tions and cavils, and vary lefs fram the old foun<
¢ dations of geometry.” And he illuftraies this
by the very example, which Mr. Robins || had given
before him, in explaining the megthods of the.an-
cients. Thus [p. 8.] ** when Archimedes demons
¢ ftrated, that the area of a circle is equal to a
¢ triangle upon a bafe equal to the circumference
¢ of the circle; of a height equal to the radius, it
¢ was not by fuppofing it to coincide with a circums
¢ fcribed equilateral polygon of an infinite number
* Difcourfe, §. 40, 151.  Account, §. 6. =+ Difcourfe,
§. 89. Differtation, §. 12, 103. . 3 Ibid. §. 13:
ulecﬂurfe, 5' 99« ) « of'
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‘ of fides, but in a more accurate and unexéeps
¢ tionable manner.” R
Mr. Maclaurin fo perfe&ly approved of thd
courfe Mr. Robins took of juftifying Sir Ifaac New-,
ton’s doctrine, by comparing it with the practice of
the ancients; that he chofe to expatiate largely in
defcribing their metbods, and in comparihg them with
the pratice of the moderns before Sir Ifaac Newton.
THus at p. 33. * It is often faid, that turve lines
«¢ have been confidered by thém as polygons of* ar
¢¢ infinite number of fides. But this principle no
- ¢« where appears in their writings. ‘We never find
¢« them refolving an(g figure or folid, into infinitely
<. fmall elements. -On the contrary, they feem .t
* avoid fuch fuppofitions; as if they judged them
< unfit to be received into' geometry; when it was
¢ obvious that their demonfirations might have beert
¢« fometimes abridged by admitting them. They
¢« confidered curvilineal. areds as the limits of cirs
« cumficribed or infcribed figures of a more fimple
«¢ kind, which approach to -thefe’ limits (by a gi-‘-
s¢ feCtion of lines, or angles, that.is continued at
¢ pleafure *,) fo that the differencé betwixt them
¢ may become lefs than any given quantity t. The
s infcribed or circumfcribed figures were always
¢ conceived to be of a magnitude and number ¢hat is
¢ affignable ; and from what had been fhewn of thef¢
< figures, they demonftrated the menfuration or thé
< proportion, of the curvilineal limits themfelves, by
- & arguments ab abfurdo |. They had made frequent
¢« ufe of demonftrations of this kind from the be-
¢ ginning of the elements 3 and thefe are in a par-
¢ ticular manner adapted for making a tranfi:
¢t tion from right-lined figures to fuch as are

* Differtation, §. 13, 107. 4 The ufe made in geome-
try of the above expteflion any given quantity, Philalethes néver
could underftand, which occafioned many of his miftakes. Re:
view, §. 18. Difertation; §. 42, 108, &c. 1| Accotnt, §. 28..

¢ bounded
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¢ bourided by curve lines*. By admitting them'
‘¢ only, they eftablifhed the more difficult and fub-’
¢ lime part of their geometry on the fame founda-
“ tion as the firft elements of the fcience. Nor
¢ could they have purpofed to themfelves 2 more
¢ petfet model +.” :

Tuis is exprefly contrary to what Philalethes con-
tended -for, in oppofition to Mr. Robins, thit Sif
lfaac Newton’s method, by proving the varying

uantities came up to their limits, was more perfect
than that of the ancients. Whereas Sir Ifaac New-
ton never claimed fuch fuperiority ; and had Phila-
lethes comprehended the ancient method of demon-
ftration, he would have known it to be impoffible to
- éxcel it in point of evidence ; and not have laid his
friend Mr. Maclaurin under the neceflity of thus con.
tradi@ting him, Sir Ifaac Newton contented himfelf
with afierting; that his methods were confonant to
that of the ancient geometers. The coincidence
contended- for, and thus highly praifed by Phila:
lethes, is the very effence of indivifibles.

But Mr. Maclaurin proceeds farther, and confitms
all, Mr. Robins had faigl againft lt)hi: te:iiioufnei('; and
perpléxity, which Philalethes obj againft the
anchlent tzode of demonttration. .JC&C &

In p. 35 he fays, < His [Archimedes] method
* has been often reprefented as very perplexed, and
“ fornetithes as hardly intelligible §.  But this is not
% a jult charalter of his writings, and the andients
¢ had a different opinion of them. He finds it
¢ neceflary indeed to premife feveral propofitions to
< the demonftration of the principal theorems ; and
* on this account his method has been excepted
% againft as tedious. But the number of fteps is
 not the greateft fault a demonftration may have;
% nor is this number to be always computed from
¢ thofe that may be propofed in it, but from thofe
® Diffessation, §.'12. + Difcourfe, §. 40. 3 Differtation, §.53.

~ & that
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¢ that are neceflary to make it full and conclufive.
¢¢ Befides, thefe preliminasy propofitions are generally
¢ valuable on their own account, and render our
s¢ view of the whole fubject more clear and com-
¢¢ pleat. In his treatife of the fphere and cylinder,
« for example, by his demonftrating fo fully the
<« menforation of the furfaces agd folids,. generated
¢ by the internal and external polygons, we not only
¢« fee-how the furface and folid content of the fphere
<« itfelf is determined, but we acquire a more perfe&
¢ knowledge of. this theory, and of all that relates
¢ to it, with a fatisfaCtion * that we are fenfible is
¢ often wanting in the ingompleat demonftrations of
¢« fome other methods.” - .
. InpEED the perplexity of a demonftration does not
arife from the number of. fteps in it ; but from the
diforderly difpofing thofe fteps, and which are gene-
rally increafed from want of order, ' This Philalethes
could never underftand ; not being able to diftinguifh
between a long and a perplexed demonftration.
THE confequences of the moderns, departing from
this rigour in demonftration ufed by the ancients, in
introducing infinites, are thus exprefied by Mr. Mac-
laurin at p. 38, 39. * But when the principles
¢ and ftri€t method of the ancients, which had hi-
s therto preferved the evidence of this fcience entire,
¢- were fo far abandoned, it was difficult for the
s¢. Geometricians to determine where they fhould ftop.
¢¢ After .they_had indul?q:d themfelves in admitting
¢¢ quantities of varjous forts, that were not affigna-
& ble, in fuppefing fuch things to be done as could
¢ not-poffibly be ctgfeéted, (againft the conftant prae-
¢ tice of the ancients,) and had involved themiclves
4 in the mazes of infinity, it was not eafy for them
to avoid perplexity, and fometimes error ¥,; or to
¢¢ fix bounds to thefe liberties when they were once
-. * Differtation, §. §4. + Account, §. 3, 38. Differ-
tation, §.30, 31, 32, 33. : ) ]
s : ¢ intro-



<t
s
L3
13
(33
s
«
{3
«<
"
“«

&t
[13
€

€.

£¢
‘€¢
.66

[
[ 13
&€
[ 19
N1d

A1

K
€6

s’

.68
K13

APPENDIX: 317,
introduced. Curves were not only confidered as po?
lygons of aninfinite number of infinitely little fides,
and “their differences deduced frony the differerit
‘angles that were fuppofed to be formed by thofé
fides ; but infinites and infinitefimals were admitted
of infinite orders, every operation in geometry and
arithmetick applied to them with the fame freedom
as to finite real quantities, and fuppofitionsiof this
nature multiplied, till the higher parts of geometry
{as they were moft commonly defcribed)-appeared
full of myfteries, - - SRR
«« FrRom geometry the infinites and infinitefimals
pafied into philofophy, carrying with them the
abfurdity and perplexity: that cannot fail te ac-
company them.” : . A
AT page 46 Mr. Macldurin fays; ¢ We:mdy
perceive ‘from thefe inftances, that it isinbt' by
founding the. higher : geometry on the do€tride
of infinites we - can propofe to-avoid the a?pa‘tcht
- inconfiftences that have been objected to it';=.
ACCORDINGLY, at page 49, it is- faid, i -Sjt
-Ifaac Newton accomplifhed what Cavalerius withed
for, by inventing the method of fluxions, - and
propofing it in a'way, that admits of ftrit de-
meonftration *, which requires the fuppofition of
_no quantities -but fuch asiare finite, “and: eafily
coniceived; -The' computations: in this method
aré the famle as in the method of infinitefinrals
but it i$ founded on accuraxe principles, agreeable
to the ancient geometryt. ‘In it, the premifes
"and condlufions are. equally accurate, no.quant
tities arerejected as infinitely fmall, andino.part of
a curve is fuppofed to coincide ‘with a right hine.” -
FaArRTHER, ‘Mr. Maclaurin has exprefly ‘ copiéd

“Mr. Robins’s reprefentation of fluxions in thefe
words, Art. 10, page 56, 57. ¢ The velocity

tion, §. 1. . 1 Difcourfe, §. 3, 142, 150,

* Difcourfe, §. 3, 94, 142, 150. Account, §. 4. Diflerta.

¢ with
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s¢ with which a line flows, is the fame as that. of
¢ a point which is fuppafed to defcribe or generate
s¢ jt *. The velocity with which a furface flows,
s i3 the fame as the velocity of a ?ivcn right line,
¢ that, by movisg parallel to itlelf, is fuppofed w
?e a rectangle which is always equal to the
& furface +. . .. In this method likewife quantitics
¢ of the famc kind may be reprefented by right
< lines, and the velocities of the motions by which
%¢ they are {uppofed to be gemerated, by the ve-
¢¢ locities of points moving in right lines J.”
. Awp the fenfe of this paragraph is delivered
g Mr, Maclaurin in the Philofophical Tranfaitions,
° 468, page 329 ; as follows.
% LiNgs are fuppofed to be generated by the.
% motion of points, ° veloaty of pint that
¢ defcribes the line is its Auxion, and ures the
¢ Rate of its Increafe or Decreale |,  Other magni~
¢¢ tudes may be reprefented by lines shat increafe
“ or decreafe in the fame Proportion with thems
s -and their Fluxions will be in the fasne Proportion
¢¢ a3 the Fluxions of thofe lines, or the Velacitics
#¢ of the Points that defcribe them $4.”
- Tre ufes 0 be made of th yelgcisies, Mr.
Maclaurin thus expreffes, in conformity with Mr
Robins, in the laft Article of bis beos.
* e Iy this dottrine, when she velpcity of amonon
* is determined, it is always with relation 0 the
4¢ velocity of fome other :motina; and: whep we
4¢ -emquire at what rate the ondinate, for example,
 increafes or decreafes, . it is alweyp in selation
5¢ ¢o the bafe, or fome other magaituds, swith whioh
¢ it\is compased.” .And thus Mr. Robips, « Jtis
“ by means of this proporion aply, tbat Auxions

" - -+ are:applied ob goemetrical wfes ;. for this doctrine

® Difcourfe, §.6. Differtation, §. 3 ' -[-Difcourfe, § 49.

-3 Ibid. §. lo,u,‘” Differtation, §. ~|j Difoourfe, §. 6.
Differtation, §. 3, 'xul)ﬁ'oou:fe,i.-:o,gg. iffertation, §. 7.
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% never requires any determinate degree of velocity
% to be affigned for the fluxien of any onc flucat*.”

How Sir Ifasc Newton applies his method of
prime and ultimate ratios to the quantitates nafoentes
and evanefcentes, whence are demonttrared the peas
portions of thefe velocities or 8uxions, Mr, Maclaurin
in Article 502 thus declares. ¢t ... Ia onder to
¢ avoid fuch fuppofitions” [infinitefimnls} ¢ Sié
¢ lfaac Newton confiders the fimuiltanenus incres
¢ ments of the flowing quantities as finite, and theti
¢ inveftigates the ratio which is the limit of the -
¢ various proportions which thofe increments bear
“¢ 1o eaclf other, while he fuppofes them to decteate
¢ gogether till they .vanifh +; which raio is thut
¢ fame with the ratio of the fluxions by whar was
“ fhewn in Art. 66, 67 and 68 3. In worder o
¢ difcover this limit, he firft determimes the catio
“ of the increments in peneral, and veduces ic ro
¢¢ the moft fimple terms fo as that (generally fpeaks
“ ing) 'a part a lealt of each term may be inde-
&« mieqt of the value of the imcrememes thedys
¢ fclves; then by ofing the increments ta do»
¢ creafe till they vanith, the limit readily appears.”
* CoNcErNING this limit Mr. Maclaudinturther adds
fAr. g05] that it is called the #rf# or priwme vasio of
thefe increments, and may with equal poopriety be
faid to be the dsff ‘or wirimate ; becaufe -though the
ratio of thole increments continusily waries, whea
the modion is continually acocleraved or retarded,

the vatio of the generating motion s the term or

imit from which the variable ratio.of ghe increments

procectds, or fets out to increafe or deareales and

foon after he obferves, that a satio may dimit che

varinble ratios of the incremems, though it tannot
be faid to be the ratio of any real incraments j.

" * Pilcourfe, §. 15. + Account, -§ 31. Review, g 5
Differtation, §. 6é 1 Difcourft, %, 126,149, Review; §.73.
Differtation, §. 65. || Difcourfe, §. 104, 105, 107, 108.

Arcovht, §. 31. Diflertation, §. 58, 73. Now
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- Now this is the very doétrine Mr. Robins always
infifted upon, and which Philalethes pretended to
treat with fo much fcorn and contempt. . ~

BuT to conclude, I ought not, perhaps, to omit,
that Mr. Maclaurin has once indeed fpoke of in-
finitefimals, which he has thus exprefly condemned;
more favourably than Mr. Robins has done, when
he fays [Introducion, p. 47] ¢ we would not be un-
¢ derftood to affirm, that the method of indivifibles
¢ and infinitefimals, by which fo many uncontefted
¢ truths have been difcovered, are without a foun-
s dation.” : o :

- WHaar this fuppofed foundation is, Mr. Mac-
laurin has no where explained ; and .whether this
was faid by him in compliment to his friend Phila-
lethes, or the effect of prejudices remaining fromr
former opinions, .1 leave undecided. It is certainly
;x::::nﬁﬁcnt with all, that has been here cited from

. THus, upon the whole, I cannot doubt, but

M. de Buffon, when he fhall have calmly perufed
what Mr. Robins has writ, and obferves, how ex-
aétly he has been followed by others; he will fee
reafon to wifh, that all, he has faid againft my
Friend with fo much infult, may be underftoad to
proceed from his not having duly. himfelf confidered
Mr. Robins’s tratts,” but taken upon truft the
fuggeftions of fome other, which were the effects of
prejudice and ill will. . And indeed when he talks
of the obfcurity of Mr. Robins’s ideas, the infigni-
ficancy of his phrafes; and the unintelligiblenefs of his
ftyle; he gives the moft certain proof, that he had
never carefully read his writings, or has. a very
imperfect knowledge of the language in which they
are writ; for Mr. Robins is much admired here
for the contrary excellencies, on whatever fubj
he has employed his pen. :

“ ‘:M.'de
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* M. de Buffon attempts to juftify his abufive
treatment of Mr. Robins, from his having the pre--
fumption to cenfure the Grand Bernoulli, as he ftyles
him. This wonderful man, it feems, my friend has
prefumed to call an inelegant computift *; which
aflertion he was very able to juitify from that
writer’s numerous productions. But the principal
-motive of his ufing this freedom was the indignati-
on, he had early conceived at M. Bernoulli’s infuf-
ferable vanity and indecent carriage, without any
caufe, towards many eminent mathematicians. In
particular, Dr. Keill he had abufed in a moft out-
rageous manner; which fcandalous behaviour the
Doctor has treated, as it deferved, in his Letter to
M. Bernoulli +, which Letter being in Latin, I
wonder, it was not reprinted by the collectors of Dr.
Keill’s works : for though it has fome perfonal re-
flexions, all juftifiable from the ufage he had re-
ccived (a ufage much blamed even by fome of
M. Bernoulli’s beft friends  and greateft admirers)
yet it alfo contains curious particulars relating to the
mathematicks ; efpecially the applying fecond and
third fluxions, in which many gave committed er-
rors. There the Door’s afferrions are fupported by
irrefragable arguments, the weaknefs of his antago-

* Remarks on Dr. Smith, §. 1. +J. Keill Epiftola ad J,
Bernoulli. . Lond. 1720.in 4to. =~

t What an opinion M. de Montmort had of M. Bernoulli’s
behaviour, appears from his letters to Dr. Taylor. In one it is
faid, ¢ ]l eft certain que M. Bernoulli eft trop jaloux d’honneur
¢ et porte trop loin fes pretentions dans la difpute avec fon
¢¢ frere, ils avoient tort tout deux mais luy 3 mon avis beau~
‘¢ coup plus que Jacques;” in another, ¢ J'ay déja pris la
s¢ liberté de dire & M. Bernoulli que bien de gens trouvoient
‘¢ qu'il n’en ufoit pas bien & 'egard de feu M. de I’Hofpital ;"
and in a third, ¢ Il y a un endroit contre M. Keill que je blame
s¢ extremement— J’en fuis faché pour M. Bernoulli qui n’a pas été
*¢ en droit de faire un pareil reproche & M. Keill quelque fujet
¢ quil puifle avoir de #'en plaindre.” Keiil Epiit. ad J. Ber-
noulli, at'the end.

Vou. II, X nift’s
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" nift’s reafons clearly evinced, his abufes expofed, 4nd
the whole written in a very elegant manner. .Infos
much that I am apt to believe, if M. d*Alembert had
duly examined this difpute, and feen this letter; e
would fcarce have faid of M. Bernoulli, ¢¢ Peut-étre
« éroit-il excufable ¥ 1'egard de M. Keill, qui avoit
« en quelque maniere violé les régles du droit des
<t gens, et dont les procédés n’ctoient pas moins
¢ blimables que les difcours *.” ' '

Again, my moft dear and worthy friend Dr.
Taylor, a gentleman of fortune; who allotted fome

rt of his time to mathematical ftudies, and has pub-
ithed works of genius and invention; as his Methodus
Incrementorum +, with feveral curious Differtations
in the Philofophical Tranfactions}. = And oblerving -
the imperfe& manner the art of Perfpettive wa
delivered in all the books he had feen, he wrote his
treatife on that fubje@ ||; which is highly efteemed
by our moft knowing painters {fi. This excel.
lent perfon M. Bernoulli fell upon without cere-
mony, to which atrack the Dottor gave a fufficient
anfwer in the Philofophical Tranfa&tions, N° 360;

* Eloge Hiftorique de M. Jean Berneulli, in M. d’Alem:
bert’s Melanges «de Literature, &c. + An account of this
book is given by the author himfelf in the Philofophical Tranf -
attions, %\1“ 345. 1 Ibid. N° 336, 352, 353, 354, and 367.
1} See an account of this Perfpective by the audz«, rgtd Ne 344,

1l As Dr. Taylor’s treatife is written briefly, not to fay
obfcurely ; fome have attempted to explain it. Though I have
rTeafon to think my friend found out by himfelf the excellent
method, he deferibed; yet he is not here an original inventor.
For that very method was long before publithed by Guide
Ubaldi, in his Perfpedtive printed at Pefara in 1600. Where it is
delivered very clearly, and confirmed by moft elegant demon-
ftrations. In the laft book, Ubaldi applies his method to the
delineating the fcenes of a theatre. And in this particular,
with regard to the praitice, he is followed by Signor Sabbats
tini in his Pra&ica di Fabricar Scene ; whereof was made, at
Ravenna in 1638, a new edition, to which was added a fecond
book, containing a defeription of the machines afed for pro-
ducing the fudden changes in the decorations of the ftage.

: fetting
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fetring forth, at the fame time, the grofs vrrors hig
antagonift had committed in the folutien of the
Ifoperimetrical problem. But M. Bernoulli pere
fifting, that Dr. Taylor had flole from him the
method of determining the center of ofcillation, the
Doctor demonftrated, that his own had been pub-
lithed in the Philofophical Tranfattions, N° §37,
before that of M.-Bernoulli’s*, On this clear con-
vi€tion, M. Bernoulli had recourfe to.the low fhift
of pretending, that what Dr. Taylor had publifhed
in the Tranfattions, was but a fketch of what he
afterwards produced in his Methodus Incremene
torum_ 1. Now in contradition to this, it is cera
tain, what was delivered in the Tranfattions, is more
full and- explicit; than what is contained in the Me-
thodus Incrementorum, though even that treatife
had begn printed before M. Bernoulli’s difcourfe
was publifhed. _

Lasryy, in regard to Sir Ifaac Newton, this great,
moteft, and generous perfon, has often, by M. Ber«
noulli, been moft unreafonably infulted, and morg
particularly in a paper, that was publithed in an
infamous libel, daed 29 Julii 1713 §, and ther
fiyled Judicium primaru Mathematici. That this
primarius Mathematicus was M. Bernoulli, could’

not long remain a fecret; as the paper bore fuch

ﬁuine marks of its real parent. However, M.
noulli three years after, in a letter to M. Leib~
nitz, wonders how it came to be knownj§. Bue the

weaknef§ of this judgmene has been fully expofed

* AQ. Erudit. Sept. 172a. + A& Erudit. Supplem.
Tapm. viii. Se&t. v, 1 This libel was tranflated into French,
and printed at the Hague in the Journal Lireratre for Nov. and
Decemb. 1713. p. 448. A! « Miror quomods Newtonum
¢¢ {cire potuerit me auftorem effc epittol illius, Quam infcruifty
¢« chartz illi contra Newtonum publicatz; cum tamen nemo
¢« mortalium fciverit me illam fcnipfife, nifi tu ad quem Kripta
@ cft, et epo a quo feripta eft,” ~ Leibaittii et Bernoullii Com-
mercium Epiftolicum Laufanz 37(45. Tom. i, Epit, 231,

32 by



424 APPENDIX

by Sir lfaac Newton himfelf, ac the end of the
Commerciam Epiftolicum. See alfo the Journal
Literaire for July and Auguft in 1714; where
the grofs abufes thrown on Sir Ifagc Newton by the
author of the libel itfelf, in relacion to Dr. Hook .
and Mr. Flamftead, ar¢ excellently -well anfwered
by Dr. Keill. As to what was afterwards faid in
the A&a Eruditorum for March 17120, in giving an
account of M. de Fontenelle’s Elogium of M. Leib-
nitz, where an opportunity is taken of upbraiding
Sir lfaac Newton for having been beholden to M.
Huygens and Dr. Hook ; it may be replied, that
he had quoted them both in his Principia, Lib.i.
Prop. iv. in the Scholium.

- AcAIN, Mr. Robins’s Remarks on a Treatife of
M. Euler, are by M. de Buffon brought into the
account. And here I cannot but obferve the dif-.
ference in the behaviour of a perfon of knowledge,
who thinks for himfelf, and of one carried away
- with the unjuft reports of envy and malice. M.
Euler, highly to his honour as a gentleman, far
from being influenced by any private difguft, not
only has publickly. praifed, but has taken the pains
to communicate to his countrymen in their own
language, a work *.of Mr. Robins’s, which he
thought worthy thefe marks of his efteem.

But to be mare particular upon the railings
thrown out againft Mr. Robins in regard to Sir
Ifaac Newton. .

M. de Buffon has charged Mr. Robins with want
of refpet towards that great man, hy making him
affert, that Sir Ifaac Newton had not well confidered
the ancient geometers, that his L.emma was obfcure
. and hypothetica), and his ideas not clear, and even
* fetting himfelf aboye him. - -

~ "% 'New Principles of Gunnery, tranflated into High Dytch
B M.Buler. Printed at Berlin 1a 1745, e
N IR . A:
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- As’'M. de Buffon has not referred to any par-
vicular paffages in Mr. Robins’s writings; it is not
eafy to guefs, where he pickt up all this ftring of
.accufations againft one, who has always pro“gﬂ'cd
the greateft deference for Sir Ifaac Newton *. Mr.
Robins has indeed fuppofed, for which he had very
good grounds, that, when Sir Ifaac Newton in-
vented his method of fluxions, he had not then
much ftudied the ancients+. But is this afferting,
that he had never well confidered them ?
Nerreer has Mr. Robins ever reprefented Sir
Maac Newton’s Lemma as obfcure, much lefs as in
any meafure hypothetical I; nor has he any where
infinuated, that Sir Ifaac Newton was ever deficient
in the perfpicuity or diftinétnefs of his ideas, de-
claring, in the ftrongeft terms, that his exprefs de-
- fign was to fhew, that the milapprehenfions of
vthers had given rife to all the objeétions, that had
been advanced agaioft Sir Ifaac Newton’s dotrine;
which objeétions will be at once removed by a
careful choice of expreflions, adequately accommo=
dated to Sir Ifaac Newton’s real meaning |l
M=e. Robins has indeed made mention of the
great brevity with which Sir Ifaac Newton wrote |,
a fa well known to every one, that reads him. If
to declare this be a crime, he is followed in it
by Mr. Maclaurin . But this was the moft com-
- oL ' plaifant
* Difcourfe, §. 129, 159. Account, §. 24. Differtation, §.93,
194> 96, 98. Remarks on Dr. Smith, §. 52. New Principles of
Gunnery, in the preface, p. 51. + Differtation, ‘j_- 93.
1 Ibid. §. 42. || Ibid. §. 93. To the fame purpofe, it is faid by
M. d’Alembert, fpeaking of the differential method, « Il faut
¢ avaiier que fi ce calcul a eu des enemis dans fa naiffance,
¢« c’eft la faute des geométres fes partifans, dont les uns 'ont
s¢ mal compris, les autres Pont trop peu expliqué.” Encytlo-
pédie, Tom. iv. p. 988. But here is the difference, it is im-
poffible tOTuﬂifyM.igibnitz’s notions. || Difcourfe, §. 4. -
Account, §. 28. ||t *“ What he [Sir Ifaac Newton] has given
¢ on this fubje& being very )fgort, his concifenefs may be fu d
TR 3  pols



. 436 APPENDIX

phaifant reafon, M. Robins could alledge, why the
guthor of the Analyft might not underftand Sir [faac
Newton. It was in oppofition :to- Dr.. Berkeley,
that Mr. Robins compoted his treatife; all that he
wrote afterwards agaiaft Philalethes, that gentleman
brought upon himfelf by his impatiencs .to fee.
another enter the lifts againft his antagoni, wich
different weapons from his own; and tusniag his
affaule againft him (as M. de Buffon exprefles it)
¢« comme defenfeur de ka verité s’eft charge do
“ lui fignifier ce s‘u’on enténdoit fort bien Newton
s fans Robins *;* but unfortunately for himfelf,
as it now appears, that cither he, or Mr. Maclaurin,
as well as Mr. Robins, did not underftand Sic Haac
Newton. . - ‘ :

- Bur if Mr. Robins had afcribed to Sir Ifaac New.
ton fome degree of negligence 1, it will be no mare
than what was freely admitted by Dr. Saunderfon,
Profeffor of the Mathematicks at Cambridge, whe,
ro body believes, ever wanted refpeét for Sir Ifzac
Newton ; yet did own, “ that the great Inventos,
< pever expeéting, to have it” [dofrine of fluxions]
¢ canvafled with fo much trifling fubtility and cavil,
¢ had not thought it neceffary to be' guarded every
‘¢ where by expreflions fo cautious, as he might
# have otherwife ufed 1.” . ’
- Tus truth is, Sir laac Newton at firft made
the fame ufe of indivifibles, others had done: in
his Analyfis per =zquationes numero terminorym
infinitas, - he exprefly fays, ¢« Nec vereor lo-
¢ qui-de unitate in punclis, five. lineis infinice
* parvis |f 3 and in bhis - Lectiones Optice he

de ’;:ofed_ to have given fome occafion to the obje&ions whick

* have been raifed againft his method.” Maclaurin’s Treatie

of Fluxions, p. 2. . '

. * M. de Buffow’s preface, p. xxviii, _ + Differtation,

t 101, 102, 1 See Memoirs of Dr. Sawnderfon’s lifty
¢ his Algebra, p.xv. . . |} Comm, Bpift. p. 85.
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Gemonftrated by indivifibles *; where he alfo at-
tempts, by their aid, ‘to accommodate the defi-
nition of proportionality in commenfurable quan-
tities to fuch as are not commenfurable 4, But
when he compofed his Principia, he propofed to
eftablifh a more accurate methed of conception ;
and explicitly inftruéts . his readers, how they are to
underftand, whatever expreffions may occur, that
amay appear fimilar to what are ufed in the doftrine
of indivifibles, in faying, * Siquando quantitates
_¢* tanguam ex particulis conflantes confideravero,
¢ vel fi pro re€lis ufurpavero lincolas curvas;
st nolim indivifibilia, fed evanefcentia divifibilia,
“ non fummas et rationes partium determinata-
% rum; fed fummarum et rationurn limites femper
< intelligi }.” ‘ : -

But experience has fhewn, that notwithftanding
this caution, many had miftook - Sir Ifaac Newton’s
meaning, even after he had éxplained, in the Intro-
dudion to his Treatife on Quadratures, his dotrine
in terms guarded againft every objection, that could
be raifed. g =

Acarmn, M. de Buffon is too fond of his talent
for invelive to confine it to one obje&, but muit
needs extend it to Sir Ifaac Newton himfelf -alfo in
the fame heedlefs manner; that becaufe Sir Ifaac
Newton died not long after the laft publication of
his Priacipia, he takes upon him to prefume, that
while that work was under his revifal, his intelleéts
were fo impaired by age, that he was not mafter of
his own thoughts, without confidering in the leaft
the caufe of his death, which, notwithftanding his
years, was not occafioned. by the mere failure of

* Differtation, §. 93. See alfo a demonftration of Sir Ifaac
Newton’s, by indivifibles, in Hunt’s Ganger’s Magazine, printed

st London in, 1687, + Le. Optic. Part. 1. Sedt. 3.
Lem. 6. Corol. 1. - 1 Princip. Lib.{. Lem. xi. in the
Scholium, e

: X 4 S the
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the principles of life; but from one of the moft
tormenting difeafes, that human nature is fub-
je€t 1o *; for excepting fome degree of that defect
in memoty in regard to recent occurrencies, which
is the ufual concomitant of age, he is well known
to have retained his intelle€tual faculties to the laft.
And this unjuft refle®ion is thrown out upon Sir
lfaac Newton only; becaufe he had not pleafed
M. de Buffon in omitting a paffage in his book
relating to M. Leibnitz. ’ :

Now the original defign of inferting this paflage
was to fhew, that Sir Ifaac Newton had before
found out the method of fluxions. Of that affair
be indeed had given an account in a letter written
to Mr. Collins, of an earlier date } than that }
alluded to in the paffage, whofe omiffion is com-
plained of by M. de Buffon. But for abeve 20
{ears after the Principia had been publithed; Sir

faac Newton did not know, that this letter to
Mr. Collins exifted, or”that a copy of it had been
fent to Slufius, M. Tchurnhans, and M. Leibnitz.
‘I'his letter contained a particular defcription of the
method, he had delivered in the book of feries and
tluxions, which he had written the year before;
and as he was prevailed on by Dr. Pemberton {,
while the laft edition of his Principia was carrying
‘on, to fuffer this treatife of feries and fluxions,
after it fhould have been revifed and augmented by
himfelf, to come abroad; he thought proper te.
exchange the paflage relating to M. Leibnitz, for
what he had inferted from the abovementioned
letter to Mr. Collins ; for as it was written before
M. Huygens’s Horologium Ofcillatarium was pub-

* See his elogium by M. de Fontenelle, in the Hiftory of the
Royal Academy of Sciences at Paris for the year 1537. ‘

+ 10 Dec. 1672, 1 24 O&ob. 1656, || View of Sir
Hazc Newton’s Philofophy, in the preface,

lithed ;
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fithed; fo it. mentioned Sir Ifaac Newton's having
then determined the ¢urvature of curves *.
- As to the pafiage, that "‘;B“ds M. Leibnitz, it
may be obferved, that Sir ifaac Newton has faid,
s¢ He (M. Leibnitz] pretends, .that in my Book of
¢ Principles, p. 253, 254, I allowed him the in-
s« vention of the calculus differentialis, independently
¢ of my own+; and that to attribute this invention
“ to myfelf, is contrary to my knowledge there
¢ avowed. But in the paragraph there referred
¢ unto, I do not find one word to this purpofe; on
¢ the contrary, I there reprefent,. that I fent notice
¢ of my method to M. Leibnitz before he fent no-
s¢ tice of his method to me; and left him to make
¢« it appear that hehad found his method before the
*¢ date of my letter, that is eight months at leaft
¢ before the date of his own 1.” And afterwards
Sir lfaac Newton adds, ¢ As for the Scholium upoa
¢ the fecond Lemma of the fecond Book of the
s¢ Principia Philofophiz Mathematica, which is fo
“ much wrefted againft me; it was written not to
¢¢ give away that Lemma to M. Leibnitz, but on the
¢ contrary to afferc it to myfelf . And accord-
. #ngly it is referred to and quoted at length in the
slifpute about the invention of fluxions **,

Bur Sir Ifaac Newten finding M. Leibnitz, as well
as others, had mifreprefented this paflage; he re-
folved to leave it out. On which account M. de-
Buffon afks, ¢¢ Pourquoi fupprimer cet article ?
¢¢ puifqu'on I'avuit laiffé fubfifter dans la feconde

* Comm. Epiftolic. p. 104. 4+ Recueil de Diverfes
Pieces fur la Philofophia, &c. printed at Amfterdam in 1720,
Tom. ii. p. 3&, 42. 1 Raphfon. Hiftor. Fluxion. p. 115.
As alfo in Recueil, &c. Tom. ii. p. 87. See alfo Philof.
Tranf. N 342. p. 218 ; or Com. Epift. p. 51. || Raphfon.
Hitt. Fluxion. p. 122. Qr Recueil, &c. Tom. ii. p. 108.
** Journal Literaire 1p14. p. 340. Philofl Tranf. N° 342,
g.A 198 ; or Comm. Epiftolic. p. 30; and Recueil de Diverfes

ieces, &c. Tom. i. in the preface, p. iii,-
) ¢ edition
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« edifios en 1713." Ceft-i-dire, dans le tems de fa
¢ chaleur ‘de la conteftation.” I anfwer, that edi-
tion was in the prefs, and great patt printed off, be- .
forc the difpute about the ‘invention of Auxions
began, before Sir Ifaac Newton kmew, that his
letter to Mr. Collins was in being, and long before
the paffage of the Principia had been mifreprefented.
And now there was no farther occafron for that
paffage 5 fince Sir Ifaac Newton’s right to the inven-
tion of fluxions had been fully demoaftrated in the
Commercium Epiftolicum. Befides, i did not be-
«come him to be upon any terms with fuch. perfons as
- M. Leibnitz and M. Joha Bernoulli, who not con-
tent to . ufurp. his inventions, had loaded him with
clumnies. The former, nok to infift on the inven-
tion of fluxions, pretended to the difcovery of the
principal propofitions of the Principia; but the
paralagifms he committed, betrayed the plagiarifm *.
The lateer, with no fmall degree of vamity, claimed
to himfelf the integral calculus 4, when what he had
produced was but a very inconfiderable part of what
is comtained in Sir Ifaac Newtona’s letters fent to
- M. Leibnitz 1, and whoever fhall confider the feven
theorems, he long afterwards publithed § with the

fame - degree of boafting, muft be furprized- at his

¢bftinacy in perfevering fo to neglect, what Sir lfiae

Newton. bas done, as not to know, that the four firft

of thofe theotems were but a fmall pittance of the

feries for the quadrature of curves, exhibited-in the

shovementioned letters ; even after the ufe of -it had

been farther explained in the Treatife of Quadratures ;

nor that the three laft were only one very fimple cafe

~of the feventh propofition of that book, viz. when
the part of the ordinate under the vinculum is a bi-

® Philof. Tranf. N° 342. p. 208. Or Commer. Epift.
. 41, &c. Journal. Literaire 1714. p. 348. + A&a
g.ruﬁ:‘:. 1716. p. 299. 1 Keill Epift. ad Bernoul. p. 3.
i AQa Erudit. 1719.. Merf, Jun. p. 26g.
‘ . nomial,
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nomial, and the index of that vinculum & negative
ioteger. They talk indeed of their expaorential cal-
<ulus as a grear difcovery* 3 but this Sir Ifaac New-
ton himfelt has hinted to be really of no ufet.

- Tnus, 1 prefume, I have fufficiently vindicated
bath my friend Mr. Robins and Sir Ifaac Newian
.from the pragmatical refiections of M. de Buffoa,
But as Sir Hfaac Newton has at different times been,
cenfured on many points; I | I may, without
blame, here add, to what others have already writ in
his juftification, fome animadverfions an fuch ob-
- je&ions, as 1 find to have been lately advanced ox
revived. S e

- TuEe brevity, with which be has writ, particulasly
- in his Principia, ¥ abferve fill ta be complained of § 3
however M. de Buffon has been pleafed to reproach
Mr: Robins for making any conceffion on that head.
But to fuch as have duly prepared themfelves by a
fofficient knowledge in geometry to enable them to -

undesftand his meaning (and who elfe oughs to at-
tempt it !} this concifenefs is moft agreeablef. In
the beginning of his book, what relates ta the laws
of motion, and centripetal forces, is delivered mofk
clearly ; and therefare it ought pot to have hindered
any g:fon of fkill from -comprehending, what he -
- had demonftrated of the influence gravity has in the

{yftem of the univerfe. But his concifenefs peshaps
- moay have difoouraged athers lefs expert from giving
‘@ o« Ut taceam calali expomentialis, qui tranfcendentis-perfec-
“* tiflimue, eft gradus, quem L. ., . us prinis oxercuit, Johanpes
““ vera Bomoullins preprio marte etinm affecutus eff,  nullam
“ N....o aut gjus difcipulis notiem fuiffe.” The paper
dated zg}h of July, 1713. Or Journ. Liter. 1713, p. 453.
. % Philof.Tranf.N® 342. p. 212. Or Comm, Epitt. p. 46. 1 Dans
¢ la plupast des endroits difficiles il {[Newton} emploie un tsop
¢ petit nombre de paroles 3 expliquer fes principes.” Mem. da
PAcad. Royal. des Sciences & Paris; 1745. p. 329. § ¢« Pra~
¢¢ lixitas inutilis eft obtufis et faftidiofa ingeniafis. Illis enim
¢ muha nil profuit; his vero pauca fufficiunt.” Mauralyci,
Opufeal. Mathem. p. 48 s
e o i : : ue
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due attention to what. he Has delivered very diftinétlys-
if they had, his do&rine of the exterifivenefs of tl{e
wer of gravity could never have been conceived to «
e an attempt to eftablifh that operation as an original
power in nature, for which no caufe was to be in-
quired after ; and putting it tipon the foot of the’
ancient. principle of .occult qualities. Certainly, .
when Galileo and Torricellius fhewed the line, thac
projectiles would move in by the a&tion of gravity
upon them (fo far as they were not refifted by the
medium they pafled through) they were never charged
with introducing, under the name of gravity, an
occult quality ; nor will~anfy one obje&t to the ex-.
plaining any of the effeéts of the fpring of the air by
thofe, who afcribed.them to that elaftic power, which®
the air is known to be poflefled of, as afferting an
occult quality, and reject thofe explanations, as un-
philofophical, though the caufe of that elatticity was,
and ftill remains, wholly unknown to us. If the-
cffects of no power in nature were to be inquired-
after, till that power could be traced up to its firft:
original caufe, all natural philofophy would be at an
end. .

Now no writer was ever more cautious, than Sir:
Haac Newton has been, to avoid all obje&tions of
this kind. In the former part of his book, where.
he treats of the effe&s of centripetal powers in gene-
ral, and of the tendency bodies may be fuppofed to
have towards each other ; he frequently repeats in
the moft explicit manner poffible, that under the.
name of attraction he had no intention of confining
it to any particular phyfical caufe whatever *. A

_ ND.

' ® ¢ ——confiderando vires centripetas tanquam attra&tiones,
¢ quarum fortafle, fi phyfice log:amur, verius dicantur impu}-
¢ {us.” Newton. Princip. Lib.i. Se&. xi. at the beginning. Again,
¢ Vocem attrationis hic generalites ufurpo pro corporum conata
« quocunque accedendi ad invicem : five conatus ifte fiat ab
*s agfione corporum, vel {¢ mutio petentium, vel per fpi{i&::
S « emi
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Axp whenin the third book he applies the mathe-
matical fpeculations of the firit to the fyftem of the
world, he does not give the name of gravity to the
centripetal powers, he finds to operate on the maoon
and other planets; till he has fhewn, that action in
the moon to be the fame as that, which here upon
‘the earth we call gravity. And from that time he
fubftitutes this: gravity in the room of the term at-
traltion, he had before made ufe of ®*. In all this
there is not the leaft ground to imagine, that he had
any other idea of gravity, than what he had before
exprefled of attraétion as a caufe, whofe effetts he
treats of without taking upon him to determine,
whence that power arofe. : :

‘I am as much furprized on the other hand, that
what, Sir Ifaac Newton has fuggefted at the con-
clufion of the latter editions of his book concerning
the poffibility of the operation of gravity being
owing to fome fubtle fluid extended through the
‘univerfe, -fhould be confidered as drawn from him
by thefe objections, I have been fpeaking of, againft
the general tenour of his former fentiments +; whea
in one of the paffages 1 juft now cited, which occurs

‘s emiffos fe invicem agitantium ; five is ab a&ione =therls, aut
*¢ aeris, mediive cujuicunque feg corporei feu incorporei oria-
¢ tur corpora innatantia in fe invicem utcunque impellentis.”
Ihid.. Lib. i, at the end of $e&. xi. in the Scholium. See alfo
Philof. Tranf N° 342. p. 222, 223. Or Com. Epitt. p. 55, 59.
* « Propterea vis illa, qua luna retinetur in orbe fuo ea ipfa
' erjt quam nos gravitatem dicere folemus.” Newtop. Princip.
in Schol. Prop. iv. Lib.iii. Agdin, « Haftenus vim illam qua
s« corpora cceleftia in orbibus fuis retinentar centripetam appel-
¢¢ lavimus. Eandem jam gravitatem effe conftat, et propterea
‘125 avitatem in poficrum vocabimus.” Ibid. in Schol. Prop. v.
. jii. _
¢ 4+ Le principe d’une matiere fubtile—que M. Newron lui-
¢¢ méme, plus intereflé que perfonne i w.e le pas admettre, n’a
“¢ pi Yempécher d’adopter—.” Hift. de I'Acad. Royal des Sci-
ences a Paris 1749. p. 53. . ) _
"1 ¢ Sive conatus iftc fiat ab a&tione ztheris” &c. Princip.
Bib. 1. Se&, xi. ag the end. ' ’

n
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in the firft edition as well as in the followihg, he hax
fo explicitly enumerated this among the other caudes,

be has fuggefted as poffibly capable of producing the-

However, as cffects and caufes cannot be ex-
" tended in infinicum, there muft be fome frft caufey .
to which the fubfequent are owing. But that Sir
Ifaac Newton was ‘not fo hafty. as to conclude
gravity to be fuch a firt caufe, -is .cvident, from
what has been here faid. Though I fird M. d’A~
- Jembert rather fuppofing that he confidered it as
fuch; confirming himfelf in that opinicn‘from Mr.
Cotes having adogned that fentiment in. a preface, -
which M. d’Alembert prefumes to have been writ
-under. Sir Ifaac Newton’s infpettion, and to have
received his entire approbation *. . - :
-Now Sir Ifaac Newton has himfelf informed
us+, “ Qux nova Principiorum.editioni preemifla
¢ funt, Newtonus nmon vidit antequam Liber im
¢ Jucem: prodiit ;> and it is well known, that he
was much diffutisfied with -that preface for mare
reafons than one; which contains things unwarthy of
him, in particular towards the end, where mention
is made of Dr. Bentley ; and that he therefore once
intended to have made another édition ‘of his book,
in arder to omit that preface, being much difpleafed
with Dr. Bentley on that account. However, his
mild temper could not long retain refentment againft
one, with whom he had for a great part of his life
a familiar acquaintance ; fo that when at length he
came to make the laft edition of his Principiay

®—« jl [Newton) a fouffert que M. Cdtes fon difeiple
©oe adoPtit ce fentiment fans aucune réferve, dans la préface

* amife 3 la téte de la feconde edition des Principes ; préface
« faite’ fous les yeux de Vauteur, et qu'il paroit avoir ap-
s prouvée.” Epcyclop. Tom. i. p. %54. The fame thing is
repeated in another place of the Encyclopédie, Tom. vif.
p-876. ¢ Comm. Epiftolic. in the preface, pag. penult.

AR
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in regard to the memory of Mr. Cotes, and' an:un- - .

willingnefs to offend Dr. Bentley, who was :thew
alive, and to..whom he had been for many years -
peconciled, he fuffered - that. preface to be again -
prefixt to his book: : o

Twmoucn this preface is one, and even the moft
confiderable of thofe writings, which gave occafion-
to what he was wont to eomplain of, That opinions,
which he never had entertained, have been imputed
to him; becaufe they were found in the writings
of others, whom fome had been pleafed to call his
difciples. But that no opinions may be attributed
%0 this great man, which he never heid; fee whas
ke has faid excellently well himfelf in the Philofos
phical Tranfactions, N° 3412, p. 222 ¥, about his
method of philofophifing. See alfo his letter to
Signor Conti . :

Here M. d’Alembert intended to concur with
Sir Ifaac Newton ; though he has been miftaken in
afcribing to him an opinion, he never held. Ia
another place F he joins with the Bernoulli’s, whea
they charged Sir Ifaac Newton with having .com.
mitted a miftake in determining fecond fluxions §.
And though that affair had been already cleared up
from their objections by Sir lfaac Newton himfelf
in the Philofophical Tranfattions, N° 342. p. 20913
yet M. d’Alembert has again rencwed the ac-

eufation, which he fupports by infiting, that Sir -

¥aac Newton .had confounded the idea of a real
curve with an imaginary form, which thould confift

* Com. Epift. p. 55, &c. 4 Raphf. Hif. Fluxion. p.1oo; er
Recueil des Pieces, &c. Tom. ii. %.16. 1 Encyclop. Tom. iv.
Pp- 988. § Mem. de ’Acad, Royal des Sciences Ann. lZ{I 1. .
g} Or Com. Epiftol. p. 40. See alfo what Dr, Keill has faid in

e Journal Literaire in 1714. p. 343 ; and in 1716. p. 428; and
in his letter to Bernoulli, p. xg. See likewife Riccati’s letter,
at p. 24. of Suzius’s Di(lt’;uiﬁ:iones Mathematice, Frintcd' at

Venice 1725. In fo many places has this affair been fettled.
of
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- of polygons ®. Whereas the fa& is, thofe, who'
wrote upon curves according to the principles of
indivifibles, were guilty of confounding thefe two
ideas. together ; and Sir Ifaac. exprefly diftinguifhed
them. Thofe, who had confidered curves. as con-
fifting of polygons of an infinite number of fides,
fuppofed the tangent to be one of thefe fides con<
tinued ; whereby the portion, intercepted between
the curve and tangent in an ordinate parallel to thae
through the point of contact, has for its ultimate
limit the fecond fluxion of that ordinate; but Sir
Ifaac Newton has confidered the tangent. not as
coinciding with any particle of the curve; but as
making angles with every line drawn from the
point of contact within the curve either way; and
thus the ultimate limit of the aforefaid portion,
intercepted between the curve and tangent, ‘is half
only ot what was affigned by others.

Sir Ifaac Newton feems alfo torbe blamed by

M. d’Alembert in the Encyclopédie + for having
ufed fynthetick demonftrations; as if he did it to
conceal his method of inveftigation. But Sir Ifaac
Newton has himfelf told his real motives}; and
fo long ago as 1671 he advifed, after a problem
is once folved by algebra, to demonftrate the fo-
lution 3 ¢ that laying afide all algebraical caleu-

. %¢ lations, as much as may be, the theorem may be’

«¢ adorned, and made clegant, fo as to become
¢ fit for publick view |.” And in his algebra

ke has blamed the introducing the expreflions of

arithmetick into geometry. He there fays, * Aqua-

*¢ tiones funt expreffiones computi arithmetici, et in

~ # « J1 (Newton) 2 confonduy la gourbe polygone avec l1a

# rigoureufe.” En(zciop. Ibid. + Tom. vii. p. 637.
3 Philof. Tranf N° 342. p. 206; or Comm. Epifs p. 39.

§ Method of feries and fluxions, Prob. ix. §.107. 1 have above

" quoted the words of the Englith tranflation ;. becaufe the French

wanfladion gives not the full force of the paffage. ! M

. ' ¢ geo-
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¢ geometria locum non proprie habent.~~Multi-
t¢ plicationes, divifiones, et ejufmodi computa in
¢« geometriam recens introduéta funt; idque incons,
¢ {ulco, et contra primum inftitutum fcientize hujus.
¢ —Proinde hz duz {cientiz confundi non debent.,
¢« Veteres tam fedulo diftinguebant eas ab invicem,.
* ut in geometriam terminos arithmeticos nuna”
¢ _quam introduxerint. Ert recentes utramque con-.
¢¢ fundendo amiferunt fimplicitatem in qua geo-,
¢ metriz clegantia omnis confiftit *.” ,

_AND other writers before him had fpoke to the
" fame purpofe +. But his example, M. d’Alembert
is of opinion, has had an ill influence on the Englith
mathematicians, who hence becoming great efpoufers
of the fynthefis, have not gone fuch. lengths " in
fc,omc,try, as might otherwife have been expected’
rom them ; and after enumerating.many improve- .
ments in the phyfical. aftronomy, adds, * Qu’on
¢ _eflaye d’employer la fynthefe a ces recherches,
¢ on fentira combien elle eft incapable.”
- HEere this ingenious gentleman confounds the
analyfis and fynthefis together ; an inadvertency, he
“might have avoided, had he recolletted, what he

. * Arithmetica Univerfalis, p. 288, at London in 1722.

1+ “'Neque vero placet barbarum idioma, id eft algebricum ;-
¢ geomefrica geometrice trato.” Vietz Op. p. 305. * Artifex
¢ geometra quanquam analyticum edocus, illud defimulat et tan~
¢ quam- de opere efficiundo cogitans profert fuam fyntheticum
¢« problema, et explicit.” Ibid. p. 335. * Solutio non eft
¢« geometrica, fiquidem algebra geometrica non eft—.” Kepler
de Mota Martis, p. g3. ¢¢ Monemus tantum viros clariffimos
¢ [Wallis et alios] ut fepofitis tantifper [peciebus analyfiox
s¢ problemata geometrica vid Euclediani et Apolloniani exe-
¢ quuntur, ne pereat paulatim elegantia et confiruendi ct de-
¢ monftrandi, cui przcipue operam dedifle veteres innuunt fatis
¢« et.data Euclidis et 4lii a Pappo enumeratitanalyfeos libri.”
Fermat’s Epitle to Sit Kenelm Digby, firft piinted in Dr.
Wallis’s Commercium Epiftolicum in 1658, and afterwards
reprinted in Vol. IL. of his works in 1693. ~This letter is not in
M. Fermat’s Mathematical Works printed at Thouloufe in 1679.

You. I, S 4 has



538 APPENDIX.

has faid in another place ®, where he acknowledges
the ancients to have had an analyfis of their own
different from ours; he could not but have feen,
how infufficient ‘the terms of fynthefis and analyfis
are to diftinguifh the ancient geometrical amalyfis
from the modern algebra. \

AwaLysis is in general the unravelling the ftate
of a queftion, ahd conducting it back to fome known
principles; and this may either be effected by the
ancient method, which extends itfelf through the
whole compafs of geometry in fearch of the neareft
and moft approfpﬁatc principles; or by the modern
computations of algebra, which are confined to a
‘very few elementary propofitions only +. And in
like manner the folution of any problem may be
proved after the ancient method of fynthefis or
compofition from fuch sropoﬁt‘io’ns already known,
~as will moft directly lead to' the' point in queftion s
or by the round-about g‘tc)thcﬁs:of an algebraical
calculation, compefing thé proof from the moft
rfemote principles, in compliment to fuch, as have
fearnt only two or three elementary propofitions.
This algebraical fynthefis abounds in the medern
writers 3 but fuch as were apprized of the excel-
lency of the ancient demonftrations, whatever ufe
they might have made of the alggbraic analyfis,
thought it a neceflary improvement of their folutions,
tf: prove them by a fynthefis of a more elegant

rm. ~

. AND here, it may be remarke, that an obfervation
made by M. d’Alembert, on the analyfis'of the anci-
ents, requires correction ; who fays,* nous ignorons en

*® Encyclop. Tom. i. p. 401,  + See a letter of. Des.
€artes to the Printefs Elizabeth, being the Soth of the 3d Vol.
1 See an eminerit inftance at p. 331. of the 1ft Vol. of Cartes’s
~ Geometry, whete Schooten endeavours to make out by algebra
in a dozen papes, what James Gregory demonttrated in half
* that number of lines in his Geometriz pars Univerfalis, p. 130.
- : - % quok
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¥ qubi confiftoit precifement leur nalyfe *;” when
Pappus has given fo diftipct and particular a relation
of it with many examples. And it has been for+
merly practifed and defcribed by divers of the modern
geometers °t 3 but perhaps no where more diftinctly
explained than in the Scholia on-Vieta’s lfagoge,
printed at Paris in 1631 3. which particylar fcholig
were amitted by Schoot¢n, when he publithed Vieta’s
works. Joannes della Faille promifed to write upos
it ; and Hugo de Omerique in his Analyfis Geome-
trica, printed at Cadiz in 1698, treats of it, though
“as a difcavery of his own.. I. obferved above, that
the perfecteft knowledge of ir is to be learnt from
Dr. Halley's edition of Apollonius de Sectione ra-
tionis. -
 Rut the praftice of this analyfis requires more
knowledge in geametry, thap M. d’Alembert feems
to think neceflary ; cenceiving that much reading is
the mathemasicks ‘may hindér making difcoveries,
by fo filling the head with foreign ideas, asto leave
no.:room for the admiffion of new ones of - qur
own §.  This fancy is confuted by the examples of
Vieta, - Fermat, Huygens, Slufius; Barrow,- and
James Gregory, who, though they were great
siponfers of rhe fynthefis, were juftly efleemed the
principal improvers of the modern geometry; and -
their thorough acquaintance with the writings of
theic predeceffors, I prefume, laid no reftraint on
their own iaveotion: if his Hero Bernoulli had

% Byeyclopedie, Temicis p. 673.  + ¢ At algebra quap
¢ tradidere Thean, Apallonius, Pappus et alii veteres analyRe
¢ geoimetrica ¢ft.”” “Vietz Op. p. 33g. ¢ Subjiciam igitur
& aliquot problemata, quz fub algebram non cadupt, ea-
« ?;;e refolvam et componam iethodo quz veteres in re<w.
& folvendis et componendis problematibus utebantur” Ghe-
taldus de Refolutione et Compofitione Mathematica, printed &g
Rome in 1630. p. 330. I mentioned M. Fermat's authari%
“above. 1 In the preface to his book De Centrq Gratita
circuli, &c. || Encyclopédie, Tom. i. p. 401. L.
o ~ X a . - imi-
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imitated them, he would have faved himfelf five
* years puzzling about fo eafy a problem, as the deter-
mining the time of the fhorteft twilight *4 feeing it
already done with great elegance by Petrus Nonius 1.
And if he had duly confidered the works of Sir
Ifaac Newton, and others, and not depended fo
much on his own uninformed invention ; he might,
by gaining of time, and acquiring a better manner
of writing, have made ftill further improvements, and
given a more elegant turn to his inveftigations.
I come laftly to give fome account of Sir Iaac
Newton’s difcoveries; not forgetting his defeace,
as occafion fhall offer. o
..M. de Buffon, at the beginning of his preface, has
faid, ¢ L’ouvrage dont on donne ici la Traduiion
< a &€ commencé en 1664 et achevé en 1671.”
But this is not exact; for Sir Ifaac Newton com-
pofed it in a very fhort fpace of time; juft before
Chriftmas in 1671. He never finithed much above
half of what he defigned tj: The refolution he had
taken towards the end of his life, of revifing and
augmenting it, being prevented by his death; it
came into the hands of his heirs, in the ftate it was
originally written. They indeed would have put
it forth, in the condition it was left; had not the
bookfeller declined the terms, upon:which it was
offered him., : - :
“WEe know from Sir Ifaac :Newton himfelf §;
that he was firft led to his method of exhibiting
by infinite feries the areas of curves not quadrable
In finite terms, from confidering the method Dr.
‘Wallis propofed in his Arithmetick of infinites.
* Eloge Hiftorique de M. Jean Bernoulli, in M. d’Alembert’s
Melanges de Literature, &c. + Nonius de Crepufculis,
printed at Lifbon in 1542. 1 General Dittionary, under the
:ird‘?tk pNexw;w' See alfo €om, Epift. p. 165. |} Conr.
LpHte P 159, : .

- ' Tue
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- Tue Doctor for this purpofe confidered the fub-
ject thus. That if the ordinate of any curve confift
of two terms, one of which'was an invariable quan-
tity, and - the other fome power of the abfifs; he
thews, not only, how this curve, but others alfo,
whofe ordinates fhould be the feveral integral powers
- of this in fucceffion, were to be meafured; and then
takes into confideration, how the areas might be ex»
refled of curves confifting of fractional powers, which
ould be inferted intermediately between each of the
terms of this feries with integral powers, {o as to com=

pofe a feries of this form, 1, 1 — xx%, 1 —xx,

3 2
11— ¥x|*, 1—xx] , &c. For thefe Dr.Wallis found
an infinite feries to be neceffary ; and difcovered
fuch a feries upon this principle for the menfuration
of the circle. Sir Ifaac Newton, in confidering this
method, obferved, that by what is now ufually
called his Binomial theorem, the feveral terms,
which compofe the areas of the original feries of
uadrable curves, might be affigned : and concluded,
that the fame mighr be applied to the intermediate
‘curves, with this difference, that in the curves,
whofe ordinates were an integral power of the firft,
the feries would exhibit a certain finite number of
terms; but when applied to the intermediate terms
with frattional powers, the feries would run on in
infinitum. And this gave the firft rife to this cele.
brated theorem. ,
Bur foon after he obferved, that this theorem
might more commodioufly be applied to exprefs
thofe intermediate ordinates themfelves; and then, -
in fearching after a more dire& praof of the truth
of this theorem, he found, he could extend the
methods of divifion and extraction of roots, taught
in books of algebra, into the very fame feriess
and appears to be the firft, who thought of con-
finuing on thofe operations in this manner: Dr.
’ Y3 Wallis
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Wallis obferves of hlmfelf thae though he was 'hot
unapprifed of thofe opcranons {in %ls treatife of
Arithmetick he had def¢ribed them *] yet this
tontinuation of them had efcaped him .

Trese difcoveries Sir Ifaac Newton made in 2
thort fpace of time, bétween the years 1664 and
1665. Then alfo he found out a method of
tangents, like that Slufius afteriwards produced, abd
how to determine the curvature of curves .

In the fummer of 1665, befides employitg him-
feif in making trials upon the facility, wherewith
his feries for meafuring hyperbolick fpaces might be
applied to the computing logarithms to a grea
number of figures § ; he firft thdught of his method
of cxprcf'ﬁng umvcrfally the soth propofition of
Dr. Wallis’s Anthmtuck of mﬁmtcs by an ifde-
finjte jndex.

THuese difcoveries, with others, were communi-
cated to M. Leibnitz in 1676, by Sir Ifaac Newton's
letters. In them was the binomil theorem, .twhere
it was fhewn, how by it to raife any nomial whac-
ever to any power, and to extratt its root i3
there alfo M. Leibnitz was inftruted ih the ufe of
;ndeﬂmtc indexes ; yet t is cuftomary to attribute

. Cap xx. reprinted in the 1ft Vol. of his Op. Mathetnetica.
« Non quod ego nefciverim divifionem et'radicui extradtio-
“ nem pofle in fpeciebus inftitui: fed quod in hujufmodx cafi=
¢« bus res abjtura fit in infinitum, parter ac fi velim fraQio-
« nem 3§ ad decimalem redigere 0.3333 &c. aut mumeri noh
# quadrati z radicem quadratieath. ekquitere T.41yz %c.”
Wallifii Op. Math. Vol. IL. p. §76. 1 General Di&on.
(Art. Newton. Concerning this curious fpeculation it may | be ob-
ferved that Apollonius had in his sth book determined the
oint, ‘Where only one bcfPendxcu‘la.r could be drawn to-tire confe-
ction; and this poiht is'the cénter of the ¢ltele, which 1s noer
xcénfidered as of equal curvature wich the conicfetion dt the
oint, where theVPu ndicular falls :. and Kepler gp 76. m lns
g pomena to Vite 102 makes expreﬁ menuon of thefe cird
Faraﬁola. and.ob; efves themn to- be different in dd&rbﬁt
;m‘zs p ‘thecurbe, %) Comtn. EpiR. p. 164. 1| Ibid. pt.gs_a.
o o- therr
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their introduction into analyfis alfo to that gentle-
man, even prior to Sir Ifaac Newton *.

As to the invention of feries, there has been raifed
fome doubts. It is faid, Sir Ifaac Newton himfelf
has .acknowledged, that he found them out at firft
by very indirect rmeans f. .

How he difcovered and compleated that inven.
tion has been above related ; all which he accom-

‘plithed, three years before Lord Brounker and
Mr. Mercator publifhed their quadratures of the
hyperbola by a feries}. The former indeed had
found out that feries long before; for it is mentioned
by Dr. Wallis in 1656 ||; but fuch a feries is not -
4 general method. As to Mr. Mercator, he lived
#6 years after, and made no farther progrefs or
pretenfions . He could not but know, what Sir
Ifaac Newton had done, either from Mr. Collins,
wor .at leaft from Sir Edward Sherburne’s Tranflation -
of the Sphere of Manilius (which he had read jt),
awhere, in the Appendix .p. 116, Sir Ifaac Newton’s
Anventions are mentioned; and indeed Mr. Mercator
kept a correfpondence ** with Sir Ifaac Newton
himfelf 5 and in his excellent Aftronomy, printed in
36y6, at p. 286, fpeaking of the librations of the
moen, he fays, ¢ Harum tam variarum atque im-

- #¢ plicitatum librationum caufas hypothefi elegan-
¢« tiffimd explicavit nobis Vir cl. Ifaac Newton,
¢ cujus humanitati hoc et aliis nominibus plurimum
¢ debere me lubens profiteor.” Sir Ifaac Newton’s
;additions to Mercator’s Aftronomy were mentioned
in the Appendix to Sherburne’s Manilius, printed
in 16%5. :

* Di&. Univerfelle de Mathematiqne et de Phyfique par
‘M. Saverien 2 Paris 1753. Tom. i. p. 361. §. 5. + Ibid,
&423. 1 Com. Epiit. p. 95, 103, 130; and alfo General
:Di&. Art. Newton. | Oper. Math. Tom. . p. 232. 1|{ Philof.
Tranf. N° 342. p. 174. Or Com. Epift: p. 3. lit See the
Preface to his Aftronemy.  ** Princip. Prop. xvii. Lib. iii.
of the laft edition, _ -

X4 In
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In the year 1665, Sir Ifaac Newton alfo found
out the dire® method of fluxions, and the follow-
ing year the inverfe method, as likewife the theory
ofg light and colours, and confidered the effeéts of
gravity on the moon, and on the planets gravitating
towards the fun *, A L
- But as to the invention of fluxions, Sir Ifaac
Newton himfelf, in anfwer to what M. Leibnitz had
boafted of his own difcoveries, has faid, ¢ And am
*“ not I as good a witnefs that' I invented the
¢ methods of ferics and fluxions in the year 1665,
¢ and improved them in the year 1666, and that I ftill
<¢ have in my cuftody feveral mathematical papers,
<¢ written in the years 1664, 1665, and 1666, fome
<t of which happened to be dated ; that in one of
¢ them, dated the 13th of Novemb. 1665, the direct
¢ method of fluxions is fet down in thefe words.

¢ PROB. A~ equation being given, exprefling
¢ the relation of two or more lines x, y, z &c.
¢ defcribed in the fame time by two or more
*¢ moving bodies A, B, C &c. to find the relation
< of their velocities p, ¢, r &c. : ‘

¢ ResoLuTioN: SgT all the terms on one fide of
-¢ the equation, that they become equal to nothing,

‘¢ Multiply each term by fo many times % as

“ x has dimenfions-in that term. Secondly, Mul-

«¢ tiply each term by fo many times £ as y hath

* dimerifions in it. ‘Thirdly, Multiply each term
"¢ by fo many times -;- as z hath 'dimenfions in it,

¢ &c. The fum of all thefe produts fhall be
* equal to nothing, Which equation gives the

* « Aufli grand au moins par fes experiences d’optique que

‘¢ par fon fyfiéme du monde,” fays M. d’Alembert, {peaking of

-Sir Haac Newton in defcribing his philofophy. Encyclop.
Tom. vi. p. 208. '

: f’ rdas ’
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relation of p, ¢, » &c. And that this refolution
is there illuftrated with examples and demon-
ftrated, and applied to problems about tangents,
and the curvature of curves. ‘And that in an-
other paper, dated the -16th of May 1666, a
general method of refolving problems by motion
is fet down in feven propofitions, the laft of
which is the fame with the problem contained
in the aforefaid paper of the 13th of Novemb.
1665. And that in a fmall cradt written in
Novemb. 1666 the fame feven propofitions are
fet down'again, and that the feventh is improved
by fhewing how to proceed without fticking at
frattions or furds, or fuch quantities as are
now called Tranfcendent. And that an eighth
propofition is here added, containing the inverfe
method of fluxions fo far as I had then attained
it, namely, by quadratures of curvilinear fi-
gures, and particularly by the three rules upon
which the Analyfis per equationes numero termi-
norum -infinitas is founded, and by moft of the
theorems fet down in the fcholium to the tenth
propofition of the book of quadratures. And
that in this tra&t, when the area arifing from.
any of the terms in the valor of the ordinare
cannot be exprefled by vulgar analyfis, I repre-
fent it by prefixing the fymbol (3 to the term.
As if the abfiiffa be x, and the ordinate ax —

b+ a—g; , the area will be jaxx — bx 43

b - . .
;{-;. And that in the fame tralt I fometimes
ufed a letter with one prick for quantisjes in~
volving firft fluxions; and the fame letter
with two pricks for quantities involving fecond

fluxions *. . And that a larger tract which I

* # In bis problem for determiriing the curvature of cugves.

¢ wrote
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¢ wrote in the year 1671, and mentioned in -

¢ letter of the 24th of Octob. 1676 *, was founded
¢ upon this fmaller tralt, and began with the
% redultion of finitc quantities to converging
¢¢ feries 3 and with the folution of thefe two pro-
¢ blems: 1. Relatione quantitatum fluentium inter
“ fo data, fluxionum relationem determinare. 2. Ex-
““ pofita equatione. fluxiones quemtitatum iwvolvente,
 nuenire relationem quamtitatum inger fe. And
¢ that when I wrote this traft, I had made my
‘¢ analyfis compofed of the methods of feries and
< fluxions together, fo univerfal, as to reach te
« almoft all forts of problems, as I mentioned in
< my letter of the 13th of June 1696 t, and this
¢ is the method defcribed in my letter I of the
« joth of December 1642 ||.” ‘

ABouT the year 1708, all the papersof Mr. John
Collins, who had kept a correfpondence with the
mnoft eminent geometers in Europe, fell into the
polleflion of Mr. William Jones, then a teacher of
the mathematicks in this city. Amongft them were
<opies of fome treatifes of Sir Ifaac Newton, par-
ticularly of his Analyfis per quationes.numero ter-
minorum infinitas §|. Thefe Mr. Jones communi-
<ated to their author, who thereupon ient him the-
.abovementioned trals, which Mr, Jones tranfcribed,
and ufed to diftribute- fragments of them :to. his
{cholars. So that :many fuch are in the hands of
different perfons. _

AMonGsT them was a Tmill tratt divided into
two parts. In the firft leaf was written ¢ :Con-
¢ ftrutiones Geometrice Aquationum per D, Maac
¢ Newtonum. Ex Apographo D" Collins.”

THE firft part isa fort of Elements.of geometi¥,

* Commerc. Epiftalic. p. lﬁﬁ. _ + Ibid. . p. 141
1 Ibid. p 10s. || Raphf. Hift. Fluxion. p. 115. Or
Recueil &c. Vol. IL. p. 87. 3|l Phil. Tranf. N° 342.

p-176. Or Com. Epift. .p.5.
- ) Whel'e



where motion is introduced, in order to effeét feveral
problems after a different manner from what is,
common, -and there is given comsftru&tions of folid’
problems (fome of which are tranfcribed into his
Algebra) by placing a ftreight line of 2 given length
- between two othér lines given in pofition, fo as to
pafs through a given poiat, £5¢c. and from the faci-
" lity, wherewith this may be performed mechanically,
by moving the given line between the others, till ic
arrives at the pofition required ; he propofes to admit
into geometry fuch motions, as an additional poftu-
late to thofe of the elements. ) ,
_ Tuz fecond part, which anfwered to the title,
fomebody had prefixt to the whole, delivered in eight
roblems the conftru@ions of quadratic, cubic, bi-
quadratic, and equations of higher powers by the
circle, «omic-fetiofis, and cubical parabola. The
gth and laft problem was this, “ Quontodo pro-
¢ blemata folvenda funt, ubi per intricatam termi-
¢ norush complicationem non licet ad =quationes
¢ commode pervenire 3 but the folution was want-
ing. And indeed this copy was very imperfect ; as
I learn from fome paflages extracted from another
manufcript.  The conftruction by the <cubical para-
bola * Sir Ifaac Newton fpeaks of -in a letter to
Mr. Collins, dated July 13, 1672 7.

. As fome of thefe conftrutions are particularly
accommodated for obtaining the firft figures of the
roots of equations.} ; fo Sir Hfaac Newton found oug
two other expedients for the fame purpofe. The
firft of thefe he takes notice of in the abovementioned
Jetter to Mr. Collins, and it was defcribed by Mr.
Oldenburgh in a letter to M. Leibnitz, dated the
24thof Jure 16%5 . . But Ifhall here give a par-

ticular ‘accoiint of ‘both. Ir
* Enumeratio lin. tertii ordin. Se&. vii. + General
Di&ionary Art. Newton, p. 78z. 1 Newton Arith,

Univerf. p. 28s. || ¢ Dominus Nesuvtonus, beneficio
$¢ logarithmorum graduatorum in fcalis wepairsaws locandis ad
. *¢ diftantias
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Ir within a frame feveral equal lines of logarith
metick numbers, i;&lch as are defcribed on Gunter’s

P {cale, AB, CD,
A | g| EF and GH are .
G- ' - placed equidiftant
B D from one another,

} and all but the

G ‘ —H lat GH upon

feparate moveable fliders, and upon the fixt fide
of the frame a point P be placed at the fame
diftance from the firft of thofe lines. Then, when
the beginning of all thefe lines ftand direétly under
" the'point P, a ruler laid from P to any number upon
the firft line AB fhall mark upon the fecond line CD
the fquare of that number, upon the line EF the
cube, and upon GHuthe fourth power of the fame.
But if any one of the fliders be moved backwards,
‘the ruler fhall mark upon that flider the refpective
power of the forementioned number multiplied by
the number, which in this flider in its prefent fitua-
tion ftands directly under the point P.

- THEREFORE any equation z*— gz® — b2t 4 ¢
= m being given, if the flider EF be moved back,
till in that flider the number 2 ftand direétly under the
point P, and if the number 4 in the {lider CD, and
the number ¢ in the flider AB, be likewife brought
under P, then, if the ruler laid from P mark upon
" GH the true value of 2¢, it will mark upon EF the
value of a4z}, upon CD the value of 42*, and upon
AB the value of ¢z, and thefe collected together

¢¢ diftantias zquales, vel circulorum concentricorum eo modo
¢ oraduatorum adminiculo, invenit radices zquationum, Tres
¢ regulz Tem conficiunt pro cubicis, quatuor pro biquadraticis.
¢ In harum difpofitione refpe@tive cceflicientes omnes jacent in
¢« eadem linea re®a; a cujus pun&o tam remoto a prima re-
*« gula ac fcalz gradvatz {unt ab invicem, linea refta iis fuper-
¢¢ extenditur, una cym prafcriptis conformibus genio zquationis,
“ qua in regalaram una datur poteftas pura radicis quefitz.”
Comm. Epift. p. 123. - - - ‘
‘ ‘ under
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under their proper -figns will be. equal to m; but
when the numbers markt out by any fituation of this
ruler, being thus colleted together, are either greater
or lefs than.m, then the ruler does not mark upon the
line GH any true value of 2*, but by moving its
fituation, and ‘collecting the numbers marke upon
the fliders, all the values of 24, and thence all the
‘roots of the equation, may by repeated trials be
found. . : .

His fecond method, which is more commodious,
was thus. ' S

Ir within a frame feveral lines of numbers are
placed after this manaer. Suppofe the firft AB fixt

upon the fide of the L

frame, but the reft ' ' ,
upon parallel fliders, ‘é — DB
the ﬁr_(g of which CD b
fhall be the fame with T F
'AB; the fecond EF ¢ 34
thall have its divifions I o K

but half as long, .the . A ' k_
~divifions of the third GH one third, and the divi-
fions of the fourth 1K one fourth, of the divifions of
the firft; then, when' the beginning of thefe lines
ftand: under each other, if any line LM be drawn
: pc;‘fcndicularly crofs them, it fhall mark upon tha
firft of the fliders the fame number as on the fixe
line, upon the fecond flider the fquare of that num-
ber, upon the third the cube, and upon the fourth
the fourth power of the fame. But if any one af
-thefe fliders be moved backwards, then fhall the
-tranfverfe line LM mark upon thart flider the refpec-
tive power of the forementioned number multiplied
by the number, which in this flider, in its prefent
fituation, ftands direétly under the point A, the be-
ginning of the fixt line. : S
. Now let any equation be given ez 4 52* — &’
*} dz* =m. 1t the flider C be moved back, tzll
S _ in
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in that (lider the number 4 ftand dire®ly under A;
«;nd if the number 4 in the flider EF, and the

L : number ¢ in d‘ﬂ

A B flider GH, and

. C ‘ ~——P the number d in
B ~ ¥  the flider IK, are
-G, . H  alfo brought un-
X ————— R der Aj; then, if
M thetranfverie line

LM mark upen the line AB the true value of z, the
root of the equation, it will give upon CD the value
of az;, upon EF the valus of 42, upon GH the
‘walue of ¢z, and upon IK the value of dx*; infg-
much that the numbers markt upon the fliders by the
tranfverfe line LM, collefted together under their
proper figns, fhall be equal to.-m. ~
Bur what Sir Ifaac Newton had done by thefe
fliding rules, may be effected by any fingle line of
artificial numbers, though not fo expeditionfly ;. for
C i if AB be fuch a line; in

A ) i B which the number . ex-
RS - 7 prefling the value of the
oot z of the foregoing equation be at C, the diftance
AC taken from the number a.will give upen this line
‘azy and double this diftance taken from 5 will give
:bx*; and triple the fame. diftance .taken from ¢ wijl
"give ¢’ and four.times the diftance taken from 4 will
give dz*. Which indeed may be performed moft
commodioufly by thefe numbers inferibed on a circle
after Oughtred’s manner *, = -

- TuxrEe were alfo papers containing problems re-
lating to the center of gravity ; and to curves inter-
fefing right lines given in pofition in given angles j
and feveral examples of finding fuents from fluxions
according to what is faid at the end of the quadra-
tures, “ Fluens pro lubitu affumi poteft, et affumptio

* See his Treatife, called The Circles of Proportion, .
printed at London in 1633. -

¢ cof«

AN
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* corrigi, ponendo fluxionem fluentis affompte
¢ a2qualem fluxioni propolit®, et terminos homo-
 logos inter fe comparande.” '
" THEREwas one paper intitled, Notz in A&. Erudit.
An. 1689, 1706. This ended thus, ¢ Prop. 19, col-
¢ ligitur ex duabus, falfis propofitionibus 12* et 15%
¢ Nam 12* non valet nifi in circulo viribus cencen-
¢ trico, et prop. 15. falfiflima eft. Leibnitzius
¢ igitur non invenit prop. 19. per calculum differen-
¢ tialem, fed inventam computare conatus eft, ut
¢ faam faceret, et computando bis erravit *.” But
thefe paralogifms of M. Leibnitz have been quoted
even as preserable to Sir lfaac Newron’s moft clear
and accurate demonftrations. After M. Leibnitz had
been fhewn thefe paralogifms, he was far from ac-
knowledging his miftakes, faying, « Paralogifimus,
¢ quem mihi Keilius imputat, nihil eft, et redit ad
< modum loquendi.” Epift. Leibn. ad Bern. Tom. ii.
P- 347- What a judge of demonftration was this

ntleman ! ‘

Tue faid Mr. Jones alfo gave to Dr. Pellet a copy
of the fmall tract of fluxions, written by Sir Ifaac
Newton in Nov. 1666. ' This copy of Dr. Pellet a
friend lent me, and I found it agreed exaltly with
Sir Ifaac Newton’s defcription. '

" As itisin Englifh, had it been publithed 4, fome
miftakes, that have been made about the nature of
fluxions, pcrhzﬁs occafioned by Sir Ifaac Newton’s
brevity I, might have been avoided.

- Here the author often calls the fluxions of lines,
as well as of other quantitiesfl, the velocities of in-
creafe y the velocities with which they increafe, 8te. as
will appear from the folowing quotations.

* Philof. Traaf. N° 34z. p. 208, Or Comm. Epift. p. 4¢.
See alfo Journal Literaire 1714. £ 348, {5 + Why he
did not publifh this tra@ may be learnt from the Commercium
Epiftolicum, p. 164 ; he not thinking himfelf then at an age
* propee for writing. { Difcourfe, §. 4 . || Differtation, §.I6.

. : N
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.. 1~ the fcholium to his problem for finding Auxions -
he fays, “ Note, that if there happens to be in any
< equation either a fraction, or furd quantity, ora
¢« mechanical one (i.'e. which cannot be geometri-
¢¢ cally computed, but is exprefled by the area or
¢ length or gravity or content of fome curve or
‘¢ folid &c.) to find in what proportion the un-
¢« known quantity increafes or decreafes do thus.”.
What follows is fuitable to what is delivered in the.
Treatife written in 1671. Prob.1. §.§. 5—12.

In the Problem for drawing tangents it is faid,
* With what welocity, they” [the flowing lines].
¢ increafe or decreale—." . )

Acain, < If the celerity of the increafing or fluxion.
of AB be called p, and of BC be g, I make CE :

, : o «GC::p:4::(CE:

Gf D¢ “ ER::)HB: CB; and
AT, ¢¢ the point C fhall move.
o JILS -———-ZR— « e PO

T A7 ¢ in the diagonal line CR.
, ¢ (by Lem. 7.) which is.
. . - ¢ therefore the required

HA‘ B ¢ tangent, -
P ‘e

~

o «“ Now the. relation of
- . “ p and ¢ may be found
« by the, foregoing equation * (p fignifying the in-
« creafe or fluxion of x and ¢ of y) to be 4pxi—
« gpyx* |- 2payx — 2Py’ — 3¢%* - qax* — 6gy’x
¢ — 4% = 0. And therefore HB = I—;Z =

3yx? = aya® + 6y'x 4+ 4%

4 — gpx* 4 2ayx — 2y*

¢ tangent. ' . -

« Hence may be obferved this general Theorem

¢ for drawing tangents te curve lines thus referred

¢ to ftreight ones. Muliiply the Terms of the

s E?uation, &c.” See the abovementioned Trea-
s¢ tife, Prob. iv. §. 4.

* viz. xt— px) - @t = i - at — y4 = o.
’ ¢ Acain,

[ {3

which determines the
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_Ascalx, in his example of eurves defcribed by
the interfections of right lines révolvin§ about cen-
ters, he fays, * That is the celerity of the increaft
* of «x being called p and of y being ¢, DE : EF
“ ::p:q Then fhall thediagonal CE be the re-
¢ quired tangent.” - See the abovementioned Trea-
tife, Prob, iv. §. 39.. ‘ o

In the Prablem tor determining the curvature of
~curves. are thefe expreffions, * The wvelocity of the
¢ gncreafe, or fluxion of v,” and ¢ The motion
¥ of the point C from B (that is the velocity with
“ which y = CB increafes) will be ¢.”

In the Preblem about Quadratures, he fays,
¢ The velocities with which they” [areas] ¢ increafe, .
* will be as BE to BC” [ordinates]. Again,
“ Thé welocities 'with which the areas ABC and-
¢ DEF increafe.” - C

Now fome of thefe expreffions are rendered in
Latin thus. In the Principia, ¢ Pelocitates incre-
< mentorum ac decrementoram * 3 in Dr. Wallis’s
"Works t, ¢ Per earum fluxionem intelligit” [New-
tonus] © celeritatem incrementi vel decrementi 3 and in
the Quadratures, *¢ Incrementorum velocitates,” and

© 8¢ celeritates crefcendi.”’ }

But the ‘expreflion Pelocitates incrementorum ac
decrementorum being ufually tranflated, The velocities
of the increments and decrements §, has occafioned
Sir Ifaac Newton to be mifunderftood by the un-
fkilful || ; they not attending to his expreflion Cele-
ritates crefeendsi, which might have pointed out to
them the real fenfe of the other expreffions i+-

. . \
*# Lib. 2. Lem. 2. p. 244. and Differtation, §. 77.

+ Vol. IL. p. 391. - 1 See Mr. Motte’s Tranflation of the
Principia, as alfo the Tranflation of the Quadratures in Dr.
Harris’s Lexicon Techuicum, Vol. IL |I Difcourfe, §. 87.
- Account, §. 4, 5. Review, §..1. Differtation, §. 6, 97.

Wt Thus his exprefiion quantitates nafcentes having been always
tranflated nafcent guantities, has led many -into miftakes, See
Difcourfe, §. 107. Differtation, §. 72. :

- Vou. II. z Iy
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In this Tra& Sir Ifaac Newton determines. the
relations of fluxions both in the manner he had done
in his gaper of the 13th of Novemb. 1665, and alfo
by multiplying the terms of the equation by arith-
metical progreflions. In the demonftration he ufed
indiviﬂb&s ®; faying in the premifed Lemma,
« And though they” [the bodies or points de-
fcribing the Howing lines] ¢ move not uniformly,
¢ yet are the infinitely litth lines, which each mo-
& ment they defCribe, as the velocities, which they
¢ have, while they defcribe them.” But,in the
following Problems he makes no ufe of indivifibles
at all, nor of his method of prime and ultimate
ratios ¥, ever exprefling fluxions by finite right
Jines, that are to one another in the fame propertion
with them }.

As in drawing tangents, he fuppofes no part of
¢he tangent to coincide with the curve, but to lie in
the diagonal of a parallelogram, whofe finite fides
are to each other as the Ruxions of the varyt::f
lines, by whofe interfetions the curve is defcribed.
Hence in his defcription of fluxions, in the Intro-
duction to the Quadratures, he fays of themj
¢ exponi autem poffunt per lineas quafcunque quz
« funt ipfis proportionales.* And he feems to
have had this old tra&t in his eye, when he faid

© ® Account, §. 45. Diflertation, §. g3. - + Ibid. §. 30, 93.
1 In his aper"(sscom:cming the cent%? of gravity, he indzed
‘ufes indivifibles: as in the fecond Problem, which is this,
« To find fuch plane figures, which are equiponderate to any
« given plane figure in rel’pe& to an axis of gravity in any
< given pofition,” he thus exprefles himfelf, <« The motions
¢«¢ whereby ¥ and y do increafe or ducreafe, 1 do call p and g.

“ Now the ordinates multiplied into their- mptions p and

«« may fignify the imfimirely kel parts of thofe areas, whi
. ¢ each moment they defcribe, which infinitely little parts do
“¢¢ equiponderate (per Lem. 1 & 2.) if they maltiply’d by their
-« diftances from the axis AK do make equal produéts;—And
< if all the refpeStive infinitely litthe pasts do equiporderate, the

¢ fuperficies muit do fo.too.” . :

. (fpeak-
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aking of the comparifon of his method with that -
‘of M. Leibnitz) * It s more clegant, becaufe in
* his calculus there is but one infiwirely little quan-
“ tity reprefented by a fymboly the fymbol 0.~ We
* have no ideas of infinitely little quantities, and
“ therefore Mr. Newton introduced fluxions into his
« method, that it might proceed by finite quane
* tities as much as pofiible *.” o
Nixt he determines ¢ The quantity of the
“ curvature of lines”. by finding * that paint fixed
 in the curve line’s perpendicular, which is then
* in leaft metion; ‘¢ for” [fays he] * it is the
¢ center of a circle which pafling through the given
s¢. paint is of equal curvature with the lipe at
“ that given point.” Here the velocities of the
points in the radius of the curvature iaterfeting the
curve and the abiciffe are moft ingenioufly exprefied
by finite right lines, that arc ufed in the folution of
the problem. ' )
uEnce he determines the points between the
concave and convex portions of curves, as alfo where
. they are moft or leaft curved.
‘ ’¥‘x-n methods of {quaring and reflifying curves
ate there given after the fame manner, as in his

book written in 1671. But there _

is one problem relating to the C/

latter fubjed thus delivered. . :
To find the nature of a curve p E

whofe length is exprefied by
any given equation (when it N
can be.) . A B

: RESOLUTION. .

Lzr AB, BC, AC be exprefied by », ¥, 3, and
their motions by p, g, r, refpeQtively, and let the
relation between x and z be given. Then finding
the relation between p and r, make /irr —pp =¢3

" ® Phil. Tranf No 342, p.205. Or Com. Epitt. p.'38.
, 2 for
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for drawing CD a-tangent to the curve at C, arid
DE perpendicular to BC, the lines DE, EC, DC,

fhall be as p, ¢, r; but /' DC*—DE' = EC,
thérefore /rr — pp = g. Now the ratio between
» and 2 being thus found, find y, and the relation"

betwen x and y determines the nature of the curve.
.In this difcourfe Sir Ifaac Newton finds infinite
feries’s by divifion {and extraCtion of roots. But as
he here for extraiting the roots of adfected equations
refers to Vieta’s Exegefis; he feems not to, have
then difcovered the Compendium, which he found
out a very little time after, and fully defcrived in
the Tra&, that was fent to Mr. Collins in 1669 *.
IT has been lately faid + of Sir Ifaac Newton,
— ¢ i] a trouvé le calcul differentiel, en ne faifant
¢ que genéralifer la méthode de Barrow pour les
¢ tangentes.” ‘Whereas Sir Ifaac Newton found out
his method by confidering .the proportions of the
‘velocities of increaling, or fluxions of quantities
enerated together by motion, Thefe proportions
EZ_ demonftrated in the beﬁinning by indivifibles,
- and afterwards by his method of prime and ultimate
ratios. It was Mr. Robins, who firft demonftrated
them by exhauftions. B :
Acaln, as it has"been fuppofed, that M. Leib-
nitz indeed deduced the differential calculus from
Dr. Barrow’s method of tangents; it has been con-
cluded I ¢ en ce cas ce ne feroit, ni Newton,
- ¢ ni Leibnitz, ce feroit Barrow qui auroit trouvé
¢ le calcul differentiel.” But is this logic ?* For
though we believe, M. Leibnitz by the hints given
him in Sir Ifaac Newton’s letters, was enabled to
deduce his method from that of Dr. Barrowy yet
we know, that Sir Ifaac Newton had difcovered-

* Comm. Epift. p. 75. 4 Encyclopédié, Tom. vii.
p- 119, b Ibig. Tom. iv. p. 983. petes hi
* 1S
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his method about five. years before Dr. Barrow’s
Geometrical Lectures were publithed *. =
Anp Dr. Barrow approved of thefe inventions,
and was fo well fatished with young Newton’s
fuperior genius, that he gladly fubmitted his.own
works to his examination and corre&ion +; and
refigning to him the: Profefforfhip of the Mathe-
maticks, he wholly dedicated his future ftudies to
- Divinity ; which produced thofe moft excellent dif-
- courfes, that have acquired him-a univerfal and
lafting fame. : (
" Sir Ifaac Newton has often by foreigners been
reprefented as a-fcholar of Dr. Barrow ; but this is
a miftake, he having had no inftrutor (as indeed in
thefe ftudies is often the cafe) and falling on mathe-
matical treatifes by chance, fuch as were very im-
proper for a beginner; yet without any one’s afiift-
ance, by his own unequalled fagacity and invention,
‘he not only overcame the difficulties of the fubjetts,
increafed by the manner, they were delivered in the
books he read; but immediately made improve-.
ments, and very foon laid the foundation for all
the marvellous difcoveries, he afterwards produced.
As he was very rapid in the courfe of his inventions;
fo he feems to have been from time to time tired in
their purfuit; and to have refumed thofe ftudies
at two or three reprifes only. Infomuch that a fmall
portion of his long life was employed in thefe fpe-
culations. '
BuT to return to eur narration ; Mr. Jones alfo
gave the faid Dr. Pellet a copy of Sir Ifaac Newton’s
reatife of feries and fluxions, written in 2671 ||

% If we may prefume to guefs, perhaps Sir Haac Newton took
the hint of his method of fluxions from what Merfennus faid of -
. M. de Roberval’s inventions. See his Balliftic. p. 115.

+ Barrow, Le&. Optic. in the preface. 1 Comm. Epift.
p- 141. || He alfo let Dr. Taylor fec this Treatife, whence
1t is referred to in his Methodus, Incrementorum, p. 64.

Z 3 This.
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This was deficient in feveral places; for Mr.
Jones was wont to curtail gr otherwife difguife the
papers, he communicated to his {cholars, that none
might make out a compleat book. ; :

Tug tranflation Mr. Colfon has publithed of thiy
treatife was from Mr. Jones’s awn copy ; which, I
believe, was very perfet, as far as Sir Ifaac Newton
had at firft 'compogd ity as well as I can remember
from my having read many years ago the original
tnanuftript, when it was in my friced Dr, Pembers
ton’s cuftody. C
~ In this treatife Sir Ifaac Newton chofe the method

of determining the relation of fluxions, by muldi.
plying the terms of the equation by arithmetical
progreffions, which he had before defcribed in his
abovementioned Tract written in November 1666,
¢ This indeed,” fays the Tranflator in his Com-
ment, p. 242, * i not fo fhort as the method of
s¢ taking fluxions, which he clfewhere delivers*,
¢t .and which is commonly followed 3 but'it makes
¢« fufficient amends by the univerfality of it, and
« by the great variety of folutions it will afford,
¢ For we may derive as many different fluxional
s¢ equations from the fame given equation, as we
¢ fhall think fit to affume different arithmetical
“ pro&rcfﬁons.” - .

M.Van Hudden in his Tra&, printed at the end
of the firft volume of Cartes’s Geometry in 1659, oa
the maxima and minima, after having given a rule {:
for determining thefe from an equation containing
one variable quantity only, which is altogether fimi«
lar to Sir Ifaac Newton’s firft method .of taking
fluxions 3 fubjoins the fame remark Mr. Colfon has
here made, that by the ufe of fuch arithmetical pro-
grefiions [as Sir lfaac Newton propofes] the method
would be rendered more general and ufefulf. But

* In Dr. Walli’s Op. Math. Val. I &392; and in the
- Quadratures. + Pag. 511, 1 Ibid. p. 513,
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this iinplex method Sir Ifaac Newton aftetwards
laid afide, obferving the other to be preferable *, and
for this he had very good reafon: for in reality ne-
thing more is effected by thefe different progreﬂions,
than combining with the fimple form of the fluxio-
nary equation fome multiple of the original equa-
“tion divided by the flowing quantity. :
Hzere, as in the Analyfis per quationes numero
~ termhinorum infinitas, moments, as infinitely fmall
parts, are introduced ; ‘accordingly in Dr.Wallis’s
works it is faid +, ¢ quamvis fluentes quantitates et
 earum fluxiones prima fronte conceptu difficiles
¢ videantur, earum tamen notionem cito factliorem
¢ evafuram putat [Newtorus} quam fit notio mo-
S smentorum aut partinm minimarum vek differentiarum
¢ infinite parvarum.— Attamen non negligit theoriam .
s * Henee Sir Haac Newton, in
th is Quadratures, fays, ‘¢ Peragi
¢ tamen poteft analyfis in figuris quibufcunque feu
¢ finitis feu infinite parvis qua figotis evanefcentibus
¢ fingumtur fimiles, ut in figuris qua per methodos
. % indivifibilium pro infinite parvis haberi folent,
¢ modo caute procedas.”
© Turs tra@ Sir Haac Newton intended to finith
and publifh with his Le€tioney Optict §, that he
was then reading in the univerfity of Cambridge,
and wherein he had mentioned ir §, Buc difputes
arifing from what was already extant of his on the
fubje¢t of light and colours in the Phitofophical
Tranfactions, he refolved not to print thofe Iec-

* In his remarks on the Judicium primarii Mathematici, he_
obferves the method delivered in his Quadratures is the moft
perfe& of any in thefe words; ¢ Methodus fluxiones omnes -
s¢ capiendi, J}e'u [in the ftyle of M. Leibnitz] differentiandi
¢ dilferentialia habetar in Propofitione prima Libri de Quadra-
¢ turis: et eft verifima et optima.” Comm. Epit. p. z49. -

+ Vol IL p. 391. "% Second letter to Mr. Olden-
burgh in Comm. Epiftolic. p. 165, || Part. i. Se&t. iv.
Prop. 33, 34 Lo e :

Z4 tures.
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tures *. However, his Treatife of feries and fluxions
was . t0 accompany a tranflation out of Dutch of -
Kinckheyfen’s Algebra +, that Mr. Pit, an eminent
bookfeller of London, had procured; and which
_Sir lfaac Newton was defired to improve and pub-
lith.- But he at length, not liking this propofal,
inferted many of his improvements in the public
Le&ures, intended to contain’ a general fyftem of
algebra, which' he read about the year 1675.

In that Treatife, he mentions prime  and- uld-
mate ratios }; but he never finithed it, being then
employed in difcovering fome of the propefitions,
that make the fubjetts of his Principia, and in
writing his Treatife of Quadratures [|; a cafe of the
‘5th propofition’ of which, together with the forms,
of curveg, that might be compared with the conic-
fections, as alfo cyphers, containing the two firft
problems of his Treatife of feries and fluxions, written
in 1671, with a defcription of his method of ex-
tralting the fluents out of equations involving
fluxions, and alfo of affuming an arbitrary ferics,
were fent to M., Leibnitz, in a letter dated Otob.
24, 1676 +|. Notwithftanding all which M. Leib~
nitz has, even long after the cgphers,had been ex-
~ plained, afferted, he believed Sir Ifaac Newton at
that time had no knowledge of the chara&eriftic
and algorithm of fluxions }|l, that is, he was igno-
rant of  what he had written in a paper fo long ago
" as the 13th of November, 1665. ‘

WhaEereas Sir Ifaac Newton has truly faid, that
he had then made his method of fluxions much more
univerfal, than thé differential method of M. Leib-
nitz is at prefent. ‘¢ For when the method of

* Comm. Epift. p. 165, + Ibid. p.1o1.  § Pagl 236,
237, of the fecond edition at London, in 1722, | Phil. Tranf.
No 342, p.202, 206. Or Com. Epift. p, 34, 40. - 1] Com.

- Epift. p. 166, 167, 173, 188 - | Igaphf. Hift. Fluxiog.
P. 97. or Recueil de Divers Pieces, &c. Tom. il. p. 4. :
- ¢ fluxions

o
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% fluxions proceeds not in finite equations, he re-
¢« duces equations into converging feries by the
¢ binomial theorem, and by the extraltion of
¢ fluents out of equations involving or not in-
¢ volving their fluxions. And when finite equa-
% tions are wanting, he deduces converging feries
# from the conditions of the problem, by af-
¢ fuming the terms of the feries gradually, and
¢ determining them by thofe conditions. And
¢ when fluents are to- be derived from fluxions,
¢ and the law of the fluxions is wanting, he finds
#¢ the law quam proxime by drawing a parabolick
s¢ line through any number of given points %.”
All this, together with -the comparing curves
with others, that are more fimple, is thewn in the
fmall treatife entitled Analyfis per feries, fluxiones
et differentias quantitatum, publithed by Mr. Jones,
at London in 1713, - :

Tuus Sir Ifaac Newton had been fucceflively,
by fundry accidents and his own unwillingnefs to
appear in publick 1, prevented hitherto from pub-
lifhing his treatifes on fluxions. This delay was not .
the effeét of any formed refolution to conceal his
inventions, that he might be the more admired in
what -he fhould -be enabled to perform by their
affiftance in -any future work: it does not appear,
that he had any exprefs intention of  writing his
Principia, till Dr. Halley accidentally fuggefted to
him that defign. :

ON the coming out of that immortal book, thefe
difeoveries of Sir Ifaac Newton became to be much
talked of; fo that Dr. Wallis prefled their. author
to publith fomething further of  his method  of

.

* Phil. Tranf. N° 342. p. 193. Or Comm. Epift. p, 25.

1 ¢ Je ne parle point ici de Part avec lequel il [Newton]
¢ avoit caché fa methode des fluxions, la chef de toutes fes
¢¢ feavantes recherches—.” Says M. Clairaut in the Mem. of
the Royal Acadgmy of Sciences.for 1745. p. 329. =

A ] fluxions ;
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fluxions 3 which occafioned Sir Ifaac Newton to fend
to him, with other things relating to the fubjed,-
the firft propofition of his Treatife on the qua-
dratures of curves, wherein is determined the feveral
orders of fluxions. Thefe particulars the Do&or
printed in the fecond volume of his mathematical
works in 1693 *; three years before M. Leibnitz
had given his rules for finding thofe  orders in
differentials. ‘ '
NorwiTnsTANDING this, it was faid in the pre-
face to the Analyfe des infiniment petits in 1696
by M. de Fomtenelle (who, we are more than once
rold 4, wrote that preface), ¢ Mais le caralleri-
« ftique de M. Leibwirz rend le fien beaucoup plus
¢ facile &t plus expeditif; outre qu'elle, eft d’un
¢¢ fecours merveilleux en bienr des rencontres F.”
Does . not this anfwer to what M. d’Alembert has
faid on another -occafion, *“ Notre -fureur d’ecrire
“ avant que de penfer, et de juger avant que de
s¢ connoitre j.”° For M. de Fontenelle had no rea-
" fon to give the preference to M. Leibnitz’s me-
thod on any account whatever, unlefs he had per-
fuaded himielf, that-a 4 was more eafily writ than a
ticle. - ~
. Bur this partiality is flill kept up, and one of
thé authors of the Journal des fgavans 14, in giving
an account of Mr. Maclaurin’s book, has thought
fit to fay, * M. Leibnitz a réprefenté les differences
¢¢ par la caraeriftique 4, ce qui eft infiniment com-
«« mode.” This fancy can only arife from having
been accuftomed to that letter; and fo, on the con-
trary, others think Sir Haac Newton’s characteriftics
- for diftinguithing -the different orders of fluxions

~ *® Pag. 392. 1 Eneyclopédie, Tom. i. at Paris in 1751,
“p677. and Tom. vii. Ibid. An. 1757. p. 630. T See
hilef. Tranfa®. N° 342. 'p. zo4. Or Com. Epift. p. 37.

/i Encyelop. Tom. v. in the Advertifement, p. 4. at Paris
in-1755.  ¢|| For the month of Auguft 1750. -b’
' ¥
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by as many points. to be much more commo~
diaus *, :

" TwuerE has indeed of late been alledged important
reafons for the preference of that of M. Leibnitz.
To make this the more apparent, there has been
prefented to our view a fymbol with a dozen points
over it, to denote a fluxion of that order; as if any
fuch order would ever be ufed, or that 12 points
would not be as eafily told, as 12 ds.

IFr it is not ridiculous to be ferious upon fo triflin
an obje, may it not be reafonably urged again
the ufe of this letter d, that it took its rife from the
term and idea of differentials, which are cither erro-
_neous quantities, or have no being in natute; fo that
dx, dy, &c. were introduced to’denote falfe quan-
tities not bearing the propartions to one another, that
were required ; or imaginary quantities incapable of
any proportion., , :

Bur it is aflerted, ¢ Intreduire ici le movement,
¢ c’eft y introduire une -idée étrangere, et qui n’eft
. #¢ point néceffaire 2 la demonftration: d’ailleurs on
- n’a pas d’idée bien nette de ce que c’eft que la
‘¢ vitefle d’un corps a chaque inftant, lorfque cette
¢ viteffe eft variable. 1 a vitefle n’eft rien de réel 3
*¢ c’eft le rapport de Pefpace au temps, lorfque la

© - % vyitefle eft uniforme. Mais lorfque le movement eft

*¢ variable, ce n’eft plus le rapport de Iefpace au
‘¢ temps, C'eft le rapport de la differenticlle de
- ¢ Pefpace a4 celle du temps; rapport dont on ne
¢ peut donner d’idée nette, que par celle des /imites.
“Anfi il faut néceflairement cn revenir a cetté
¢ darniere idée, pour donner une idée nette des
¢ fluxions.” Encyclopédie, Tom. vi. p. 923.
TuaT motion is not foreign to geometry, we
know from the example of the ancients, who ad-

_ * Philof. Tranf. N° 342. Or Comm, Epift. p. 30. And
Journ. Liter. for July and Auguft, p. j42. L
‘ mitted
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miitted it in the deferiptions of figures *; and Proclus”
has faid, *¢ that this fcience takes cognifance of”
¢ magnitudes and figures, and of the limits attend-
¢ ing them, and of the ratios they bear ta each
¢¢ other, and of the affections, various pofitions,
< and motions, to which they are fubjeét +.”

‘T'uE introducing motion into geometry may be of
great ufe. © Some have thereby endeavoured to over-
come the difficulty about parallel lines, which has
been fo much canvaffed amongtt the mathematicians,
And after the great Galileo had thewn, how bodies
defcended with an accelerated velocity, whereby be-
ing projected obliquely, they defcribed in their me-
* tions parabolas ; the geometers, “as Torricellius,
Roberval and others began to confider the effe&ts of
fuch motions in the defcriptions of curvilinear figures,
and ‘applied that idea to the determining their tan-
gents, &c. See Torricellius de Motu gravium, p.12r.
Lettera di Timauro Antiati [Sign. Dati] p. 14. Mer~
fen. Balliftic. p. 115." Dettonville [M. Pafcal] de.
la Roulette, p. 6. ' " '

" THis gentleman in his fecond objeion contradicts,

himfelf, firft in afferting that there is nothing real in
velocity, which isas much as to fay, that it has no
exiftence in nature, and at the fame time pretends
to define it, though indeed in terms, that have no
real meaning; for he tells us, that velocity is the
proportion of fpace to time, thus confounding the
two feparate ideas of velocity and proportion, and
without fpecifying what fpace and- WE:I: time he
means 3 nor is it very neceflary to inquire, for how-
ever explained, the definition is abfurd ; fince fpace
and time being heterogeneous quantities, are incapable
of bearing proportion one to the other.

* See Sextus Empericus, Ed. Genev. p. 96, 97. Alfo Barrow,
Le&. Mathem. An.1654. Le.iv. p. 6g. Newton’s Quadratures,
in the Introdu&ion; and Philof.Tranf. N© 342. p. 205. Or Com.
Epift. p.38. 1 Proclus in Euclid. lib. 11. p. 16. at Bafil in 1533.

THE
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.+ The idea of motion, and its affeCtion velacity,

~are very diftin® from the ideas either of time or

{pace ; for both of thefe may be prefent to the mind
without the other;. True it is, that different degrees

“of_velocity in the motion of any body are in: the

.fame proportion to each other, as the fpaces, which

-would be defcribed by thofe refpective velocities,

were they" uniformly continued for any one fpecified
portion of time, whether thofe velocities remained
dong ‘enough uniform for the moving body atually

.to" defcribe thofe fpaces or not. And how fuch

finite fpaces 'are to be applied for meafuring: the
degrees of velocity at each point of time in bodies,
whofe motion is continually varying, is diftinctly
<xplained by Mr. Robins in his Treatife of fluxiens,

-without having recourfe to any imaginary differential

of time, as this author exprefles humfelf, of which

:he truly fays, we have no clear idea; he fhould

have faid no idea at all. - : -
Byt at length Sir lfaac Newton himfelf gave an

" accurate account of his method of fluxions in the

Introducion to his Treatife of Quadratures, printed
at the end of his Opticks in 1704. This Treatife

-of Quadratures he was prevailed on to publith; be-

caufe, as he had lent it out *, he obferved fome
things had beeh copied fromit+. The Introdu&ion
exhibited an idea of his method of fluxions entirely
free from the notion of infinitefimals §.

M. Leibnitz alfo had took upom him to corret
the notion of indivifibles, but unhappily. For as he
‘had called his differential method Analyfis indivifi-

* Advertifement before the Opticks; Comm. Epift. p. 222,
in the note §; and Raphfon. Hift. Fluxion. p. 2.+ Joan.

-Craig. de Calculo Fluentium, printed at London in 1718, in the

preface. 1 « In finitis quantitdtibus analyfin fic inftituere,
“ et finitaruam nafcentium vel evanefcentium rationes primas vel
< ultimas invcﬁigare,\confonum eft geometriz veterum, et volui
«¢ oftendere quod in methodo fluxionum non.opus fit figuras infi-
¢¢ nite parvas in geometriam introdycere.” Introd.,ad Quadrat.

bilium,
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bilium, fo now he began to name it Methodus in:
comparabilium. He fays, * fiquis nolit adhibere
s« infinite parvas, poteft affumere tam parvas quamr
¢« fufficere judicat, ut fint incomparabiles, et errorem
% nullius momenti, imo dato minorem producunt?’ -
in ¢ et poflunt adhiberi triangula communia éx-
s affignabilibus illis imilia” 8&c. And afterwards he
adds, *¢ gtce& etiam exprimi conatus centrifugus
« per differentiam radii et fecantis ejufdem anguli
¢ cujus differentie difcrimen a finu verfo eft infinice-
¢ fies, infinitics, infinite parvum, adeoque nulliffimum
¢ refpectu radii *.”- Againft this arrant nonfenfl,
which however wag efteemed as containing pro-
found myfteries 1, Sir lfaac Newton feems to have
levelled that paflage. of the Introdu&tion to his
ratures, ¢ errores quam minimi in rebus mathe-
¢¢ maticis non funt contemnendi;* and in his deman-
ftration of his rule for finding fluxions, he has care-
fully expunged, whatever might favour indivifibles.
D this. defcription of Sir Ifaac Newton, in op-
pofition to M. Leibnitz’s crude conception, rhove
~ the fpleen of the authors of the A&a Esuditorum 1,
when in giving an account of the Quadratures, they -
-t:ﬁ:efemcd, that, what is taught there, was pub-
lithed by Mr. Craig and Dr. Cheyne }? But their
writings contain only an inconfiderable part of what
© was fent to M. Leibnitz in 1676, And Mr. Craig
has owned, that he was obliged ro Sir Haac Newton

for correfting a deficiancy in his method -

¢ A&. Erndit. Menf. Feb. 1639, ¥ M. d’Alembert bas
well obferved, « en general les hommes ne haiflent point I'ob-
7 & feurité, pourvl qu’il en refulte quelque chofe de merveilleux.”
‘Encyclop. Tom. iv. p. g88. Perhaps if it had not been for this
-marvellous abfcurity, the differential method weuld mever have
" acquired the pampaus name of the fublime geometry.

e A&ﬁrﬁit. ﬁnfélia:n;lr. 170§. # M. Ldk:gg i';l;
teer to M. Bernoylli s his judgment in ing flightin
of Sit Ifasc Newton’s dra:\iges. Ep;ﬁpﬁbng ad Ber.
Tom. . p. 124. iI} Philof. Tranf. for 1686. N°183.

' ‘ Acalx,
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. ;AGAIN, as in that account infinuations were throwi
out againft Sir Ifaac Newton’s candour * it occafioned
the controverfy about the invention of fluxions.

Tais account was from its ftyle, and other cire-
cumftances, fuppofed to have been written by M.
- Leibnitz himfelf . He therefore, in a letter to °
M. Bernoulli 1, pretended to be ignorant of it, and
gives ‘a very oddp.renfou, why he ought not to be
thought its author. There, fays he, I hear is praifed
M. Tchurnhaus's difcoveries, which I do not efteem.
But M. Leibnitz has net difdained fuch artificess
for in publifhing the Judicium primarii Mathematici, -
in order to conceal the writer, he rendered his friend
M. Bernoulli ridiculous, by making him quote him-
felf under the title of eminens quidam mathema-
ticus || However, M. Leibnitz afterwards juftified
the account, and endeavoured though in vain to
explain away its moft exceptionable fenfe. ,

ConcerNING the invention of fluxions, there have
been publithed many tracts {§; whence may be learnt
the merits of the caufe; but more efpecially from
the fecond edition of the Commercium Epiftolicum,
printed at London 1722 in 8°; where Sir Ifaac

® This rancour M. Leibnitz had long fuppreffed. In a lettes to
M. Bernoulli, dated 23 Aug. 1696, he fays, ¢ certum eft me dor
** mino Newtono, ante viginti annos mez methodi differentialis
¢ fandamenta communicaffe, antequam ille mihi quicquam de fuis
¢ huc {pe@antibus. An nonnihil inde praofecerit haud fatis fcio.: .
¢ neque ideo dicere auflim.” Leibn. et Bern. Epift, Tom. i, p.19g.

+ Ibid. Tom. ii. p. 308. 1 Ibid. p, 313. || Ibid. p. 330.
Here M. Leibnitz did not prudently f%llow his friend’s advigce,
who had fignified before to him, ¢ rogo vero, ut quz hic fcribo, -
“ ijs fe&te utaris, neque me committas cum Newtono ejufque pa-
¢ pularibus ; nollem enim immifceri hifce litibus.” Ibid. p. 311,
And indeed it proved of ill confequence ; for it engaged him i
_controverfy with Dr. Keill, who exceeded M. Bernoulli in
common fenfe, though he fell far fhort of him in mathematical
invention, Il Journal Literaire for July and Anguft 1714,
and for 1716. Tom. viii. Part 2. Raphf. Hift. Fluxion. at the
end ; and Recueil des Divers Pieces fur la Philofophie, &c.
Tom. i. in the preface, pp. 11—€6, and Tom, ii. pp. 3—124.

Newton
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Newton has, in the Preface, Account and Annétas
tion, which were added te that edition, particularly
anfwered all the objections M. Leibnitz and M. Bers
noulli were able to make, ftnce the Commerciumi
firft appeared in 1712. Co
- Tris Commercium is compofed of ancient letters;
and parts of letters digefted in the order of the time
they were written, -and relates to the invention of the .
methods of infinite feries, moments and fluxions. A¢
the bottom of the pages are added feveral judicious
notes, that tend greatly to illuftrate the whole affair.
To this Commercium M. Leibnitz long threatenedk
to oppofe one of his own *; and upon M. Bernoulli’s
hearing there was a large account of it publifhed in
the Philofophical Tranfactions +, he urged M. Leib~
nitz to haften the fulfilling his promifc%

# Mihi confilium eft, edere aliquod Commercium Literariom

meum, unde apparebit quam in aliis quoque Newtonus olim tenu-

is fuerit. Leibn. et Bern. Epift. 30 Decemb.1714. Tom. ii. p. 341.

+ 4 N© 342. This account is alfo publithed in Latin before the

fecond edition of the Commercium Epiftolicum. It was wrote

by Sir Ifaac Newton himfelf, and the arguments there ufed are

unanfwerable, which M. Bernoulli, in complaifance to M. Leib-

nitz, without having feen them, is pleafed, in a letter to thas

glemleman, to call after him, argutationes, Tom. ii. p. 364, 367.

e in another place, bid. p. 377, fuppofed Sir Ifaac Newton

had ated under a mafk; and the authors of the A&a Erudit.

[An. 1720. Menf. Mar. p. xgﬂ fay, Sir Ifaac Newton’s argu~

ments were the fame with Dr. Keill’s.  As to that, it cannot be

doubted but the Doftor was affifted by Sir Ifaac’s converfation,

and by the excellent notes in the Commercium Epiftolicum.

But the Doftor, in his writings, making ufe of fome afperities,

fuitable to the affronts he had received, not being agreeable to

Sir Ifaac Newton’s temper, he thought fit to puili a difpaf-

fionate account of the affair himfelf. At laft Sig. Conti prevailed

on Sir Ifaac Newton to appear himfelf in this ¢controverfy. What

he wrote was publithed in Englifh at the end of Raphf. Hift.

‘Fluxion. and in French in the Recueil &c. The fubftance of

which Sir Ifaac Newton afterwards included in the preface to a
fecond edition, he made, of the Commercium Epiftolicum.

‘ 1 ¢ Necefle puto, ut nonnihil matures alterum illud, quod

j 4+ ¢ paras, Commercium Epiftolicum priori ab 4nglis edito oppo-

S« nendum.” Leibn. et Bern. Epift.1g Jan. 1716, Tom. ii. p. 367.

( ’ . o . Mo LClb-

Al
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'M. Leibaitz Joudly ¢omplained of the partiality
of the colle&ion, _gnc{ reprefented the notes as malig-
nant and falfe *. He atcempted to give inftances of
the firft, but quite mified his aim 13" and againft the
notes he never produced any thing befides affertions;
Jo that Sir Ifaac Newton himfelf has well obferved
An their juftification, ‘¢ interpretationes ill nullius
* quidem funt auctoritatis, nifi quam ab epiftolis
¢ derivant, fed male fundatas effe Leibnitius nun-

¢ quam oftendit 1.” . :

Acainst the Commercium, M. Leibnitz and
M. Bernoulli ufed to urge, that it regarded the
bufinefs of infinite feries alone ; whereas there is fuf-
ficiently confidered not only that fpeculation, byt
alfo the affair of moments and fluxions . Itis no
wonder, thefe gentlemen difliked the treating here
fo largely on infinite feries; when thence was manis
feft N% Leibnitz’s unfair practices.

Acain they pretended, that it was not likely Sir
Ifaac Newton found out the method of fluxions
fince in -his Principia, publithed in 1687, he had
miftook in regard to their higher orders, and that
he gave, in the Scholium at the end of his Qua-
dratures publifhed in 1704, a faulty rule for de--
‘termining thofe orders . But it has been often de+
monftrated, that in the Principia he committed no
error on that account {fl ; and in 1693 was pub-
lithed by Dr. Wallis |} the firft propofition of Sir
Ifaac Newton’s Quadratures, containing a right rule
for finding all the orders of fluxions; and in 171¢
.Dr. Keill fhewed by a feries how to make out thofe

* Raphf. Hift. Fluxion. pp. 97, 1043 or Recueil &c. Tom. ii.
P 55 36, 475 52, §3. + Ibid. pp. 98, 101, 105, 113; or,
bid. pp. 5, 18, 53, 82 ; and Comm. Epift. at the beginning of
the preface. 1 Com. Epift. in the preface, p. 3. || Journ.
Liter. for July and Auguft, p. 322. Raphfl Hift. Fluxibne
-p- 112; or Recueil &c. Tom. ii. p. 8o. 4] Com. Epift.
P- 246 1|l See above, in p. 335, the note markt §j|.
{i+ Op. Math. Vol II. p 39z. -
Vou. II. ‘ Aa orders,

-
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orders *, which he learnt from Sir Ifaac Newton +.
As to the miftake in the Scholium to the Quadra-
tures, it may be obferved, that Sir Ifaac Newton
gave to M. Bernoulli’s nephew, when in London,
a corre&ted copy §; but as this miftake was after-
wards much urged againft Sir Ifaac Newton, both
Dr. Keill and he made it plainly appear to have
been a mere overfight |l. . .
THey further faid, it was not probable, that
M. Leibnitz. did not find out the infinite feries for
meafuring the ciscle ; when both Sir Ifaac Newton
and Dr. Gregory allowed him that invention. :
Now in 1669, amongft other feries’s of Sir Haac
Newton, one for finding the arch of a circle from
the fine I, and in 1671 another of Mr. Gregory
for finding that arch from the tangent 1}, were fent
to Mr. Collins; who was very free in communi-
cating thefe difcoveries. In 1674 M. Leibnitz men-
tions, in a letter to Mr. Oldenburgh, his béing pof-
fefled of the firft feries§|; and the next year Mr.
Oldenburgh fends both Sir Ifaac Newton’s and Mr.
Gregory’s feries’s to M. Leibnitz [|*. But in 1676
M. Leibnitz, dropping his pretenfions to the firft
feries, not being able to demonftrate it, fends to
Mr. Oldenburgh, as his own, that of Mr. Gregory
with a demonftration **. Sir Ifaac Newton and
Dr. Gregory fcrupled not to allow M. Leibnitz
found out this feries; for they knew nothing of
Mr. Oldenburgh’s letter, which lay buried for above
thirty years amongft the papers of the Royal Socie-
ty1*. This difcovery ftartled at firft M. Bernoullif*;

- * Com. Epift. p. 232.  + J. Keill. Epift. ad J. Bern. p. 19.
1 Epift. Bern. ad Leibn. Tom.ii. p. 310. .|| Journ. Liter.
Ju:{ and Auguft 1714, p. 348. Epift. J. Keill ad Bern. p. 15; .
and Philof. ‘I ranf. N° 342. p. 208; or Com. Epift. p. 41.
+)l Comm. Epiit. Collin. p. 85. 1| Ibid. p. 8.
§ll Ibid. p. 116. Ji* Ibid. p. 118, &c. #* Ibid. p. 148.
+* Ibid. p. 118. 1" Leibn. ¢t Bern. Comm. Epitt. Tom. ii.

P- 399, 317.
" but
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but he was too deeply engaged in M. Leibnitz’s
defence to retract, though M. Leibnitz once ex-
prefied his “apprehenfions of it *. In fhort, M.
Leibnitz was at laft, in 1713, forced to acknow-
ledge Mr. Gregory to be the original author 3
but why he did not acknowledge as much at firft,
. cannot be fairly accounted for. A

OF the fame force were produced, by thefe acute
reafoners, in oppofition to the Commercium Epi-
ftolicum, other arguments, . confifting only .of furs
l;.ni('es and prefumptions ‘againft evident matters of

act. o

Bur from that Commercium it is moft manifeft,
-that Sir Ifaac Newton had difcovered his method of
fluxions many years before M. Leibnitz’s pretenfions.
Hence M. de Montmort has candidly faid, *¢ Pour
“ moy je foutient icy et je I'ai toujours foutenu
¢ hautement que M. Newton a été maitre du calcul
¢ differentiel et integral avant tout autre géometre,
¢ et que de I'année 1677 il f¢avoit tout ce que les
¢ travaux de M. Leibnitz et M. Bernoulli ont de-~
¢ couvert depuis {.” ' _

Besipes, M. Leibnitz, from the whole tenour of
his condudt, may be juftly fufpected of having learned
by information, what he pretended to be the inven-
tor of. For he pretended to Mouton’s differential
method [|; to a property of a feries, that had been
publithed by M. Pafcal 1{; to Sir Ifaac Newton’s fe-
ries for meafuring a circular arch from the fine | ; to
a feries of James Gregory for the fame thing from the
tangent §i; to four other feries’s of Sir Ifaac New-

* Leibn. et Bern. Comm. Epitt. Tom. ii. p. 313. 1
4 Ibid. p.341. 1 Letter to Dr. Taylor, dated Jan. 22,
1717. at the end of Keill’s letter to Bernoulli.
|l Philof. Tranf. N° 342 p. 1§83 ; or Comm. Epift. p. 13.
til Ibid. p. 2153 or1bid. p. 49. 1| Ibid. p. 184; or
Ibid. p. 14. §l| Journal Liter. for July and Auguft 1714,
. 353, &c. and Philof. Tranf. N° 34z, p.185; or Com.
Eyiﬁ. P- 154 and Keill Epift. ad Bernoulli, p. 1g. ‘
A Aaa2 ton;
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ton*; to a method of regreffion +; to the Diffe-
rential Analyfis at a time, when it was certain, he
was ignorant of it }; and, laftly, to fome of the
principal propofitions of the Principia |I.-

By thefe inftances it abundantly appears, how
freely M. Leibnitz could appropriate the inventions
of others 3 and it is farther &cwn, how eafily, from ~
the manner he firft produced this difcovery in 'his
letter to Mr, Oldenburgh, dated the 21ft of June
16071 11, it might be deduced from Dr.Barrow’s Me.
thod of tangents, by the affiftance of what is de-
clared in Sir Ifaac Newton’s letters fj, which had
been fent to M. Leibnitz, efpecially in that of the
10th of December 1672. And hence it is, that the

- committee of the Royal Society in their report ‘refer

particularly to that letter *.

No doubt others, by the help of thefe hirts, might
have difcovered this method ; as Mr. Gregory did fo
from much lefs information ; though his candour
would not permit him to prevent the firft inventor [|*.

But M. Leibnitz’s different manner of producing
this method, firft in his letter to Mr. Oldenburgh,

~ and afterwards in the A@a Eruditorum **, is very

obfervable. In the former, it appears readily dedu-
cible from Dr. Barrow’s Differential method of tan-
gents ; in the other, the refemblance is difguifed -as
much as poffible, and it is delivered with an affeCted
and aftonifhing obfcurity.

Besipes, there is good grounds to ‘fufpet M.
‘Leibnitz had a fight of Sir %faaq Newton’s Analyfts

® Phil. Tranf. N° 342. p. 188 ; or Com Epift. p. ig.
+ Ibid, p.189; or Ibid. p. zo.  f Ibid. p. 162; or Ibid.
'p- 24, || Journal Liter, for July and Auguft 1714, p. 3485
and Philof. Tranf. N° 342. p. 208; or Com. Epift. p. 42.
+{I Comm. Epift. p. 192. tll Journal Liter. 1714,
P. 3255 and Philof. Tranl. N°342. p. 191, 192, 196, 197;
or Com. Epift. p. 24, 24, 27, 28, 31. . 1* Com.Epift.
P- 242, 243. {I* Com. Epift. p. 104, ** Ann. 1684.
“Menf. Ottob, ’
per
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ger squationes numero terminorum infinitas * ; for
e early put in a claim to a feries contained in that

Tra&t+, and afterwards has owned, he had feen

before, in the hands of Mr. Collins, letters of Sit

Maac Newtonf; Mr. Collins being very forward

to boaft of, and fhew to mathematicians, Sir Ifaac

Newton’s difcoveries |. ‘ )

Howeveg, it has been faid 1|, no doubt to make
us believe, M. Leibnitz was capable of inventing
the Differential calculus, that he could not learn
from Sir Ifaac Newton’s letters the artifice mentioned
in them {}, of performing the operation without being
obliged to reduce the equation.

A rEMARK like this has already been taken notice
of by Dr. Keill [*; and I fhall farther obferve, that.
the artifice here alluded to is not difficult to find out
when once propofed ; efpecially by one, who could
be no ftranger to M. Fermat’s general rule of freeing -
equations from fractions and furds 1*. Yet it is
highly probable, M. Leibnitz did not difcover this
artifice by himfelf ; but might have had it of M.Van
Hudden. For M. Leibnitz, in his letter to Mr.
Oldenburgh, dated Amfterdam, 28 Novemb. 1676,
fays, ¢ Amftelodami cum Huddenio locutus fum ;
¢ cui negotia civilia tempus omne eripiunt.—Prz-
¢ clara admodum in ejus Schedis fuperefle certum
¢ eft., Methodus Tangentium a Slufie publicata du-
¢ dum illi fuit nota. Amplior ejus Meghodus eft,

® How the method of fluxions might be gathered from that
treatife, fee the notes on it, as it is publithed in the Com-
mercium Epiftolicum. 4 Philof. Tranf. N°® 342.
p- 184; or Com. Epift. p. 14. 1 Raphf. Hift. Fluxion.

. 98, 106; or Recueil &c. Tom.ii. p.s, 56; and Epift.
f. eill ad J. Bernoul. p. s. f| Journal Literaire for July
and Auguft 1714, p. 328.  1|| Encyclopédie, Tom. iv.
P- 988. 1l Com. Epift. p. 105, 107, 150. Ji* Journal
Literaire for July and Auguft 1714, p. 325. 1™ See amongft
Cartes’s Letters, Vol. III. Let. Lxxv, rxxvi; and Fermat’s -
Varia Opera Mathematica, p. 6o.

Aag ¢ quam”
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* quam quz a Slyffo fuit publicata *.” Now this
method of tangents has been fince publithed +, and
- the editor obferves, that from M.Van Hudden’s pa-
pers it appears, he had improved his' method ; fo
that it proceeded without being obliged to reduce the
equation. Befides, M. Leibnitz has owned, M.
Huygens was mafter of the fame artifice ; whom he
has acknowledged to have been his inftrutor in
thefe ftudies . - ,

Trus M. Leibnitz, from the notices given him
by Sir Ifaac Newton, and thereupon confulting the
writings of Van Hudden, Barrow, and Slufius ||, at
length got at what Sir Ifaac Newton had defcribed ;
and though in his letter, of the 21ft of June 1677,
he fays, what he there explained, he believed to be
what Sir Ifaac Newton concealed ; yet afterwards in
publithing it, 'he did not, as he ought, declare the
information, he had received | +; and what is worfe,
when it had been demonftrated, that Sir Ifaac New- .
“ton had long before difcovered thefe methods, he
and M. Bernoulli by weak arguments endeavoured
to thew the contrary.

- Tuesk have often been fully anfwered by Sir Ifaac
‘Newton himfelf. In his doing of which’M. Leib-
nitz has complained of want of politenefs. But is
it not a jeft for any one to expect infipid flattery,
which moftly paffes under that denomination, .from
another, whom he had fo grofsly and falfely abufed **?

* See Wallis’s Op. Math. Tom. iii. p.646; and Comm. Epift.
p. 190, 101. -1 In the Journal Literaire for July and
Auguft 1713, p 455, in a letter of M. Van Hudden to M.Van
Schooten, dated Leyden 21 Novemb. 1659. 1 Raphf. Hift.
Fluxion. p. g8. ¢ ce n’eft qu’en France que j’ay pris entré et
“ M. Huygens m’'en donna Pentrée.” This paflage is omitted
at p. 5. Vol. ii. of the Recueil &c. See alfo Raph. Hift. Flux,
p- 107 ; or Recueil &c. Vol. ii. p. 58. || Comm. Epift.
P 1g2; alfo Philof. Tranf. N° 342. p. 192, &c. and p. 216,
219. or Comm. Epift. p. 23, &c. and p. 50, 53. I+ Phil.
Tranf. N2 242. p. 220 5 or Com: Epift. p. 54. - ¢ Inan

M. Leibnitz

infamous paper, aated i9 July 1713,
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M. Leibnitz infifted to the laft, in contradition to
what had been demonftrated, that he was firft pof-.
fefled of the characteriftic and algorithm of the
method. Now to produce no other argument againft
this idle pretence, in Sir Ifaac Newton’s letter of
October 24, 1676, M. Leibnitz knew, there was
included this fentence ¢¢ Datd zquatione quotcunque
¢ quantitates fluentes involvente, fluxiones inve-
" ¢¢ nire, et vice verfa,” which was the fubftance of
the two firft problems of his treatife, written in
1671. How then is it poffible to folve thefe two
problems without a knowledge of what M. Leib-
nitz is pleafed to ftyle the chara&eriftic and algo-
rithm? Can it be imagined, Sir Ifaac Newton had no
marks for what he called fluxions ? It is certain, that
fo long ago as 1665 he ufed thofe of p, ¢, » &c. to .
denote the fluxions of ¥, y, z &c. and afterwards
X, y, 2 &c. for the fame purpofe, and alfo other
fymbols as occafion and conveniency required *.
Muft not therefore M. Leibnitz’s affertion appear
very unpolite, not to fay worfe, to Sir lfaac Newton;
who though he had by him trats written in 16635,
1666 and 1671, &c. replete with this charatteriftic
and algorithm ; yet never appealed to their authority,
till provoked by M. Leibnitz’s unfair proceeding in
fo tt;r:'ecly ufing his own teftimony in his own be-
half
Hence I think it very plain, who was the real
inventor of thefe methods; and as the accuracy of
Sir Ifaac Newton’s demontftrations depends on the
firft Lemma of the Principia; this has been objected
to. M. Huygens foon animadverted on it, which
occafioned Sir Ifaac Newton, in the fecond edition of
his book, to make fome alterations in the expreffion.
Notwithftandng this, its fenfe has been miftaken

* Journ. Liter. 1714. p. 241, &c. alfo Philof. Tranf. N* 342.
P- 204 &c. or Com. Epift, p. 37, &c. b
: o y
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by many. Fot which reafon it was tryly and fully
explained by Mr. Robins; as alfo by ¥)r Pember-
ton, he being talled upon fo todo. 'What Mr. Ro-
bins has written of it, is delivered in feveral places
of the preceding trats; and I fhall conclude this
Appendix with Dr. Pemberton’s explanation, as it
was publifhed in the Hiftory of the Works of the
Learned for January 1741.

LEMM A.

Quantities and she ratios of quantities, which confiantly
tend towards equality during any whatever finite [pace
of time, and before the end of that time approach
nearer together than by any whatever difference gives,
become ultimasely equal.

Mere are fuppofed the following conditions.

1. TuAT the quantities or ratios approach more
and more towards equality. B
2, THAT they be known fo to approach duringa
pace of time, whether longer or. fhorter, which is
ufficient to an{wer the fubfequent conditions.

3. TuaT whatever difference, how minute foever,
fhall be named, thefe quantities or ratios fhall be
known to approach, till they come within that
difference. .

4. TuaT after they have pafied that difference,
they fhall be known ftill to continue their ap-
proach. ’

Uron thefe conditions the quantities and ra.
tios in this Lemma are faid to become¢ ultimately
equal. :
qu more briefly, varying quantities or ratios are
here faid to become ultimately equal, if they fo ap-
proach, that, whatever difference be propofed, it
can be fhewn, that within a finite fpace,of ttthcé

- 0
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thofe_quantities or ratios will come nearer than by
ichat difference, and ftill ‘be aﬁproaching, o

For inftance, if from the fame point A three
krei?ht. lines AB, AC, AD be drawn, and in
the line AD the point £ be B
taken, whence the line EFG G
hall be drawn at pleafare, it is
manifeft, that EG is greater 4.
than EF. Bat:if the kne EG
'be fuppofed to turn round the
point E towards the line EA, it
is alo evident, ‘that whatever
‘difference ‘between EG and EF
“be propofed, the line EG may
move fo long towards 'EA, till E
‘the differsnce between'GE and
EF ‘fhall be lefs -than the dif- D .
ference propofed, and alfo the lines GE and EF
fhall Riﬁ continue to approach.

Again, though .the triangle GAE .is .greater
than -the triangle FAE, by the motion of the line
‘GE, thefe ‘triangles ‘will alo approach in -the dame
‘manner. ' '

FarTHER, if any polygon be infcribed in a circle,
by the fubdivifion of -the arches fubtended ‘by each
-fide of ‘the polygon, another may be infcribed of a
greater -number:of fides, which latter will differ lefs
from the circle than the firft; and by the fame
means, a third polygon may be infcribed nearerin
magpnitude to the circle than the fecond, and the like
Pprocefs may be continued without end ; infomuch
that no difference how fmall foever can be propofed 3
but polygons may be infcribed, till that difference be
furmounted, and yet other polygons ftill ‘lefs .dif-
ferent from the circle be defcribable.

2

MorEovEe,
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MoRrEOVER, if the three lines HI, HK, LMN
be given by pofition, and from the point O in LN

the line OPQ_be drawn,
~the ratio of QO to PO
will be greater than the ra-
tio of 1.O to MO. But
if the line OQ_move round
the point O towards OL,
no ratio can be propofed
greater than the ratio of
LO to OM, how fmall fo-
el\:erl be the difference, but
o the line OQ_may approach
N j towards O(I} till tllx? ratio

: of QO to OP becomes lefs
than that propofed, this line ftill continuing in mo-
tion, and the ratio of QO to OP yet farther de-
creafing.

In like manner the ratio of the triangle QLO to
the triangle PMO is greater than the duplicate of the
ratio of the line LO to MQ; but by the motion of
OQ_the ratio of thofe triangles will approach to
the duplicate of that ratio in the fame manner as
before. ,
- Inthe laft place, the ratio of LQ_to MP is greater

than that compounded of the ratio of HL to HM,
and of the ratio of LO to OM; but no ratio can
be propofed greater than this, which by the motion
of the line OQ_fhall not be furmounted, before the
ratio of LQ_to MP ceafes its approach towards that
ratio. .

Now in every one of thefe inftances all the condi-
tions exprefled in the propofition are complied with 3
therefore by this propofition EG muft be faid to be-
come ultimately equal to EF, and the triangle GAE
to FAE, as likewife the polygon infcribed in the cir-
cle ultimately equal to the circle itfelf ; alfo the ratio
of QO to OP is concluded to be ultimately the fat’?l‘:
. . wi

M

~ w
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with the ratio of LO to OM, and the ultimate ratio
of the triangle LOQ_to the triangle MOP, the du-
plicate of the ratio of LO to MO ; an8 lattly, the
ratio of LQ_to MP ultimately the fame with the
ratio compounded of the ratio of HL to HM, and
of the ratio of LO to MO. )

THE only difficulty, which here occurs, is, that
‘whereas GE and EF become actually equal, both
coinciding at laft with the line AE, "and the ratio of
QO to OP becomes at laft attually the fame with
that of LO to OM, the like is not found in any of
the other inftances ; for the triangle AGE can never
e in reality equal to the triangle FAE, nor the poly-
gon by any fubdivifion of the arches be made equal to
the circle, wherein it is infcribed. Again, the ratio
of the triangle OLQ to the triangie OMP muft ever
be greater than the duplicate of the ratio of OL to
OM, and the ratio of LQ to MP always greater
than that compounded of the ratio of HL o HM,
and the ratio of LO to MO. -

Bur if it be faid, that therefore in thefe cafes no-

thing more can be concluded from the conditions -

propofed in the propofition, than that thefe magni-
tudes and ratios are not ultimately unequal ;5 to this
the anfwer is, that this negative conclufion is fully
fufficient for all the purpofes, to which Sir Ifaac
Newton has applied this Ecmma, and that the only
advantage, which accrues from the affirmative form
of expreffion ufed by him, is fome additional degree
of brevity. And this affirmative form of fpeech is
borrowed, not from the dotrine of- indivifibles, but
from the writers on geometrical progreffions, with
‘whom it has been ufual to call the limit of the fum
of the terms in an infinite progrefiion, the fum of
the whole feries, though no number of terms in fuch
a progreflion will amount to that limit. In parricu-
lar, @regory of St.Vincent, who avoids the ufe of

indivifibles,
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indivifibles ®, firft defines this limit thus+. * 'Fer.
s¢ minus [the limit] progreflionis eft feriei finis ; ad
¢ quem nulla progreflio [by the addition of its
s¢ terms] pertinget, licet in infinitum cpptinuetur 3
& fed quovis intervallo dato propius ad eum accer
¢ dere poterit ;” and then in his expofition of .thig

" definition has thefe words ; ¢ Terminus igitur pro- - -

s greflionis talis eft, quemadmodum explicuimus,.
< cum {cilicet aggregatum, five {fumma terminorum
8¢ progreflionis, quantumvis continuate, nuoquam
% excedit quandam magnitudinem ; -excedit verd
¢ omne minus illa magnifudine, atque ita pofiet
< etiam dici productum five quantiras totius, datz
¢ progreflionis, et magnitudo illa =qualis dicetur
‘¢ toti progreflioni datz; hoc.eft.-omnibus terminis
-¢¢proportionalibus fimul fumptis.” »

THE triangles GEA, FEA, and the triangles
.QOL, POM, alfo the lines 1.Q, MP, are by Sir
Ifaac Newton called - quantitates evanefcentes, or
vanithing quantities, becaufe they are fuppofed con-
- tinually to diminifh, till they vanifh or come to
nothing. If the motion be- fuppofed to begin the
-other way from the line EA or OL, -then Sir Ifaac
Newton calls thofe quantities quantitates nafcentes;
and the ratio, which is the limit according to the
.conditions fpecified in this Lemma, -is called ultima
ratio quantitatum evanefcentium, and prima ratio
‘mafcentium, though the quantities never aéually .
bear that ratio.

* See Prop. 45. Lib. de Du&. Plani in Planum, + De-
fit. 3. Libri de Progreflion. Geometricis. _

End of the SEcoxp VorLuMmk.
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